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Preface 


Ihis book gives an elementary account of thermal physics. The subject is 
simple, the methods are powerful, and the results have broad applica- 
tions. Probably no other physical theory is used more widely throughout 
science and engineering. 

We have written for undergraduate students of physics and astronomy, 
and for electrical engineering students generally. These fields for our 
purposes have strong common bonds, most notably a concern with Fermi 
gases, whether in semiconductors, tnetals, stars, or nuclei. We develop 
methods (not original, but not easily accessible elsewhere) that are well 
suited to these fields. We wrote the book in the first place because we 
were delighted by the clarity of the “new" methods as compared to those 
we were taught when we were students ourselves. 

We have not emphasized several traditional topics, some because they 
are no longer useful and some because their reliance on classical statisti- 
cal mechanics would make the course more difficult than we believe a 
first course should be. Also, we have avoided the use of combinatorial 
methods where they are unnecessary. 

Notation and units: We generally use the SI and CGS systems in 
parallel. We do not use the calorie. The kclvin temperature T is related to 
the fundamental temperature t by r = L e T, and the conventional entropy 
S is related to the fundamental entropy tr by S = k„a. The symbol log 
will denote natural logarithm throughout, simply because In is less ex- 
pressive when set in type. The notation (18) refers to Equation (18) of 
the current chapter, but (3.18) refers to Equation (18) of Chapter 3. 

Hie book is the successor to course notes developed with the assist- 
ance of grants by the University of California. Edward M. Purcell con- 
tributed many ideas to the first edition. We benefited from review of the 
second edition by Seymour Gcller, Paul L. Richards, and Nicholas 
Wheeler. Help was given by Ibrahim Adawi, Bernard Black, G. Dome- 
kos, Margaret Geller, Cameron Hayne, K. A. Jackson, S. Justi, Peter 
Kittel, Richard Kittier, Martin J. Klein. Ellen Leverenz, Baice H. J. 
Me Kellar, F. E. O’Meara, Norman E. Phillips, B. Roswell Russell, T. M. 
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Note to the Student 


For minimum coverage of the concepts presented in each chapter, the authors 
recommend the following exercises. Chapter 2: 1, 2, 3; Chapter 3: 1, 2, 3, 4, 8, 
11; Chapter 4: 1,2, 4, 5. 6, 8; Chapter 5: 1,3, 4, 6, 8; Chapter 6: !,2 3 6 12 
14, 15; Chapter 7: 2. 3. 5, 6. 7. 1 1 ; Chapter 8: 1, 2, 3. 5, 6, 7; Chapter 9: 1, 2, 3;’ 
Chapter 10: 1,2,3; Chapter li: 1,2,3; Chapter 12: 3,4,5; Chapter 13; 1,2, 

3, 7, 8, 10; Chapter 14: 1, 3, 4, 5; Chapter 15: 2 , 3. 4, 6. 
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Introduction 


Our approach to thermal physics differs from the tradition followed in beginning 
physics courses. Therefore we provide this introduction to set out what we are 
going to do in the chapters that follow. We show the main lines of the logical 
structure: in this subject all the physics comes from the logic. In order of their 
appearance, the leading characters in our story are the entropy, the temperature, 
the Boltzmann factor, the chemical potential, the Gibbs factor, and tire distribu- 
tion functions. 

The entropy measures the number of quantum states accessible to a system. 
A closed system might be in any of these quantum states and (we assume) with 
equal probability. The fundamental statistical element, the fundamental logical 
assumption, is that quantum states are either accessible or inaccessible to the 
system, and the system is equally likely to be in any one accessible state as in 
any other accessible state. Given g accessible states, the entropy is defined as 
a = logg. The entropy thus defined will be a function of the energy U, the 
number of particles N, and the volume V of the system, because these param- 
eters enter the determination of y; oilier parameters may enter as well. The 
use of the logarithm is a mathematical convenience: it is easier to write 10'° 
than exp(I0 20 ), and it is more natural for two systems to speak of a x + a, than 
ofy,g 2 . 

When two systems, each of specified energy, are brought into thermal contact 
they may transfer energy ; their total energy remains constant, but the constraints 
on their individual energies are lifted. A transfer of energy in one direction, or 
perhaps in the other, may increase the product g x g , that measures the number of 
accessible states of the combined systems. The fundamental assumption biases 
the outcome in favor of that allocation of the total energy that maximizes the 
number of accessible states: more is better, and more likely. This statement is 
the kerne! of the law of increase of entropy, which is the general expression of 
the second law of thermodynamics. 

We have brought two systems into thermal contact so that they may transfer 
energy. What is the most probable outcome of the encounter? One system will 
gain energy at the expense of the other, and meanwhile the total entropy of the 
two systems will increase. Eventually the entropy will reach a maximum for 
the given total energy. It is not difficult to show (Chapter 2) that the maximum 
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is attained when the value nUrn!?u\ 

the same quantity for the second system" ThkT * “ Cqua ‘ to ,he Va,ue of 

in thermal contact is just the properly we cxpcctlflheLmne^! 7 ^1^'° SyStemS 
we define the fundamental temperature T by the relat^n “ 


TlK conventional cnlropy .V is give, b'y V , £ “ ^ U ° IUraa "" C °" S,: ""- 

sTsicmis irtheTate^T^ ° f 'o ?”"*** 

cm ,s in the state of energy 0, the reservoir has energy u 0 and will have 
s S .| C t C0SS,b e l ° “• Whcn the smal1 astern is in the state of energy e ,he 

~ r e e ,T sy u ° ~ £and wi " havc ^ - *> «»•« * 

sLl ™ T as5 “ ,n P ,10n ' raiio Of Hie probability of finding ,hc 
SmJ " Sy5,Cra '™ h “» * 10 "« probability of finding it with e „ e " 

— '■! „ g (t/ 0 ~ C ) _ « p [®{(/ 0 - £)] 

p (°j g{V 0 ) - ' jtfrtUjr- (2) 

The reservoir entropy <r may be expanded in a Taylor series: 

c{U 0 - C ) ~ o{U 0 ) - c(da/cV 0 ) = C (t; 0 ) - c ; t t (3) 

by the definition ( 1 ) of the temperature. Higher order terms in the expansion 

numemtorT ° f lhe ,erin «Pfr«>o)]. which occurs in the 

umerutor and denommator of (2) after the substitution of (3), leaves us with 


P(4 P(0) - exp{ - e/r). (4) 

eZy M oT. a h mw T T ° Sh ° W ^ " Ca!CU,a ‘ e ,hC lh ™« average 

perature l SyStCm ln lhermul contact wilh a reservoir at tem- 


< c > - Z^T(£.) s 0-F(0) + c p( t ) = 


ggxp(-£/r) 

1 + exp(- £ / T ) * 


(5) 
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where we havc imposed the normalization condition on the sum of the prob- 
abilities: * 

m + pm - i- ( 6) 

The argument can be generalized immediately to find the average enerey of a 
harmonic oscillator at temperature r, and we do this in Chapter 4 as the first 
step in the derivation of the Planck radiation law. 

The most important extension of the theory is to systems that can transfer 
particles as well as energy with the reservoir. For two systems in diffusive and 
thermal contact, the entropy will be a maximum with respect to the transfer 
of particles as well as to the transfer of energy. Not only must {ca/CU ) x be 
equal for the two systems, but (co/oN)^. must also be equal, where N refers to 
lhe mm.ber of particles of a given species. The new equality condition is the 
occasion for the introduction of a new quantity, the chemical potential 



For two systems in thermal and diffusive contact, r, = r 2 and /i, = /t 2 . The 
sign in (7) is chosen to ensure that the direction of particle flow as equilibrium 
is approached is from high chemical potential to low chemical potential. 

The Gibbs factor of Chapter 5 is an extension of the Boltzmann factor and 
allows us to treat systems that can transfer particles. The simplest example is a 
system with two states, one with 0 particles and 0 energy, and one with 1 particle 
and energy c. The system is in contact with a reservoir at temperature t and 
chemical potential /<. We extend (3) for the reservoir entropy: 

o(U 0 - e\N 0 - 1) = a(U 0 ;N 0 ) ~ c[c<r/dU 0 ) - 1 • (ca/dN 0 ) 

~ °{Vo>N 0 ) - £/T + fill. (S) 

By analogy with (4), we have 

P{1,£)/P(0,0) - cxp[(/i - f:)/r] , ( 9 ) 

for the ratio of the probability the system is occupied by 1 particle at energy £ 
to the probability the system is unoccupied, with energy 0. The result (9) after 
normalization is readily expressed as 





( 10 ) 
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Chapter 1 


This particular result is known as the Fermi-Dirac distribution function and 
is used particularly in the theory of metals to describe the electron gas at low 
temperature and high concentration (Chapter 7). 

The classical distribution function used in the derivation of the ideal gas law 
is just the limit of (10) when the occupancy P(1 ,e) is much less than 1 : 

P(l,£) 2: eXp[(/i ~ £)/t]. (11) 

fhe properties of the ideal gas are developed from this result in Chapter 6. 

The Helmholtz free energy F = V — in appears as an important computa- 
tional function, because the relation [cF/cx) K y — —a offers the easiest method 
for finding the entropy, once we have found out how to calculate F from the 
energy eigenvalues (Chapter 3). Other powerful tools for the calculation of 
thermodynamic functions arc developed in the text. Most of the remainder of 
the text concerns applications that arc useful in their own right and that illumi- 
nate the meaning and utility of the principal thermodynamic functions. 

Thermal physics connects the world of everyday objects, of astronomical 
objects, and of chemical and biological processes with the world of molecular, 
atomic, and electronic systems. It unites the two parts of our world, the micro- 
scopic and the macroscopic. 


States of a Model System 
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Chapter 1: States of a Model System 


Thermal physics is the fruit of the union ofstatistica! and mechanical principles 
Mccharncs tells us the meaning of work; thermal physics tells us the meaning of 

eat. There are three new quantities in thermal physics that do not appeaf in 
thlTJr ,an,CS: r l 7 y ’ ,Cmpcralurc ' a " d ** energy. We shall motivate 
thereafter ‘ ^ ^ lhree chapters and dcducc ,hcir consequences 

Oj point of departure for the development of thermal physics is the concept 
of the stationary quantum stales of a system of particles. When we can count 
he quantum states accessible to a system, we know the entropy of the system, 
the entropy ts defined as the logarithm of the number of states (Chapter 2) 
The dependence of the entropy on the energy of the system defines the tempera- 
ure. From the entropy, the temperature, and the free energy wc find the pressure 
the chemtcal potential, and all other thermodynamic properties of the system 
t or a system m a stationary quantum state, all observable physical properties 
such as the energy and the number of particles are independent of the time For 
brevity we usually omit the word stationary; the quantum slates that we treat 
are stationary except when we discuss transport processes in Chapters 14-15 
T e systems wc discuss may be composed of a single particle or, more often 
of many particles. The theory is developed to handle general systems of inter- 
acting particles, but powerful simplifications can be made in special problems 
for which the interactions may be neglected. 

Each quantum state has a definite-energy. States with identical energies are 
said to belong to the same energy level. Tire multiplicity or degeneracy of an 
energy lev el is the number of quantum states with very nearly the same energy. 

! 15 lhe number of quantum states that is important in thermal physics not 
the number of energy levels. Weshall frequently deal with sums over all quantum 
states. Two states at the same energy must always be counted as two states 
not as one level. 

Let us look at the quantum Mates and energy levels ofseve.al atomic systems 
The simplest is hydrogen, with one electron and one proton. The low-lying 
energy levels of hydrogen are shown in Figure 1.1. The *ero of enemy in the 
figure is taken at the state of lowest energy. The number of quantum states 
belonging to the same energy level is in parentheses. In the figure we overlook 
mat the proton has a spin of \l, and has two independent orientations, parallel 
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H >' dr °S en Lithium ' ' Boron 


Figure 1.1 Low-lying energy levels of atomic hydrogen, lithium, and boron. The 
energies arc given in electron volts, with 1 eV - 1.602 x HT 11 erg. Tire numbers in 
parentheses give the number of quantum states having the same energy, with no account 
taken of the spin of the nucleus. The zero of energy in the figure is taken for convenience 
at the lowest energy state of each atom. 

or antiparallel to the direction ofan arbitrary ex ternal axis, such as the direction 
of a magnetic field. To take account of the two orientations we should double 
the values of the multiplicities shown for atomic hydrogen. 

An atom of lithium has three electrons which move about the nucleus. Each 
electron interacts with the nucleus, and each electron also interacts with all the 
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Figure i.2 Energy levels, multiplicities, and quantum numbers 
n x , n y , n, of a particle confined to a cube. 


other electrons. The energies of the levels of lithium shown in the figure are the 
collective energies of the entire system. The energy levels shown for boron, which 
has five electrons, are also the energies of the entire system. 

The energy of a system is the total energy of all particles, kinetic plus potential, 
with account taken of interactions between particles. A quantum state of the 
system is a state of all particles. Quantum states of a one-particle system are 
called orbitals. The low-lying energy levels of a single particle of mass M con- 
fined to a cube of side l are shown in Figure 1.2. We shall find in Chapter 3 
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quantum numbem^ by thrcc P osi ‘ iv ' integral 

2M { "' + V + «*')- (1) 

^ ™ “ in the *■ three orbitals 

+ * + * - * 

lo know the set ofvaluTs^^ ° f *' parliclcs - il is “ sen >ial 

state sof the .V particle system InHiSl £ ‘ S he energy of lhe quantum 

states in any convenient arbitrary wa^h m S may bc ass, S ned to «hc quantum 
assigned the same index. V ’ U W ° ‘ lffcrem stales should not be 

as a model a simple binary system h ) ^ CCaI( ' ljlatedexacll y- We choose 

found for the model system are beTievedToal *1 ^ propeni « 

physical system. This assumption t ■ i <PP ! y equa y " e11 lo an Y realistic 
experiment. What general statistical^™ l ° ? rcdiaions that always agree with 
as we go along. ' Pr ° PCrt ‘ eS are of con <™ will become clear 

binary model systems 

The binary model system is illustrated in Figure 1 3 We assnm, ,h 
separate and distinct sites fi»-d «. , l " e assume there are N 

Attached to each ,i,c is an ", T ‘ T « » lb* 

corresponding to magnetic moments ±m To uldl^'theT^ “ P “ d °"' n ’ 
count the states. This reauir« , . d the system means to 

system can be any / TZIZZ “ d ' m ™' <*»" 

numbered, and sites will, differ ™ ? I ^ °' ol ' c ' T,h; si,cs are 

sica. sZ, pp r d r ,o ° mhp - 

a car parking lot, as in Figure 1 4 F . I ^ 5 mimbcrcd parking spaces in 
occupied by one car. ° " *" * P ‘ lr " le Spjcc iias Uvo sl; ites. vacant or 

arrZ’ta ™ ol^oim >" «** by 

Up * w say that the -nagnetic ml^m P ° inCs 

ma ane,ic moment is If lhc ma S ne ‘ P°’nls down, the 
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■ 2 3 T ; 1 ■ ; 0 

Number of the site 


Jgure L3 Model system composed of 10 elementary 
molTm + 00 3 lia * cac h having magnetic 

each site haTit 71 * nUmbCfS shown arc attached to the sites; 
each S1 « has Us own magneL We assume there arc no 

magnetic fi S M m ri' hC ,hcrc iS no cx,cmal 

two ways mo i ma8 "t ,iC m ° mCnt may bc orienled 

two ways, up or down, so that there are 2 10 distinct 
rran e of the l0 magnetic momcn(s $hown jn ^ 

dfe Lh r' rra r n F mCn,S 3rC SdccIcd in a process 

he probabthty of find.ng the particular arrangement shown 


msniiF 


s F pa«s Uc oTi ° f 3 P3rk,ng 101 Wi ' h 10 m,mbered I»*ing 
HZ „ ° S den0,c s P ac « ^copied by a car; the O’s 

shown in^gurc^?' ^ Par ‘ iCU ‘ ai SU ‘ C ‘ S Cquiva,ent t0 lha ‘ 


ai:;: “ cach of t ich bcars - — - y 

nmiv.Kiiif • , 1 aC1 moincnt ma y he oriented in two ways with i 

-It ofaM o,l,er momcws ^ ^ 

i io; by 8ivi ? ,l,c ° r -,„c, 

umrmr— . 


(2) 
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Chapter 1 : Slates of a Model System 


Figure 1 .5 The four different slates of a 
system of two elements numbered 1 and 2, 
where each element can have two conditions 
The dement is a magnet which can be in 
condition { or condition |. 


The sites themselves are assumed to be arranged in a definite order. We may 
numbcMhem in sequence from left to right, as we did in Figure 1.3. According 
to this convention the state (2) also can be written as 

tiTiliLlsTsMsUTio'"- (3) 

Both sets of symbols (2) and (3) denote the same state of the system, the state 
in which the magnetic moment on site 1 is + m; on site 2, the moment is +m; 
on site 3, the moment is —in; and so forth. 

It is not hard to convince yourself that every distinct state of the system is 
contained in a symbolic product of N factors: 

(ti + -l i)(t 2 + la)(Ta + I3) ’ * (T/v + U). ( 4 ) 

The multiplication rule is defined by 

(Ti + i i)(T 2 + 1 2 ) = 1 1 T 2 + tila + i 1 1 2 + lil 2 . (5) 

The function (4) on multiplication generates a sum of 2' v terms, one for each of 
the 2 possible states. Each term is a product of N individual magnetic moment 
symbols, with one symbol for each elementary magnet on the line. Each term 
denotes an independent state of the system and is a simple product of the form 
f 1 T 2 I 3 " ' T,vi f° r example. 

For a system of two elementary magnets, we multiply (t, + l x ) by (| 2 + | 2 ) 

to obtain the four possible stales of Figure 1.5: 

(It + ijXh + h) ~ TiTj + filj + i 1 T 2 + liij. (6) 

The sum is not a state but is a way oflisling the four possible states of the system. 
The product on the left-hand side of the equation is called a generating function : 
it generates the states of the system. 
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The generating function for the states of a system of three magnets is 
(Ti + i , )( T 2 + I 2 KT 3 + W 

Tin's expression on multiplication generates 2 1 = 8 different states: 

Three magnets up : 1 1 T 2 T j 

. Two magnets up: T 1 T 2 I 3 TiIjTj 

One magnet up: 1,1,1, 1,1,1, 

None up: 1,1,1, 

The total magnetic moment of our model system of N magnets each of 
magnetic moment tu will be denoted by Af, which wc will relate to the energy 
in a magnetic field. The value of Af varies from Nm to - Nm. The set of possible 
values is given by 

M = Nm, (N - 2)m, (N - 4)m, (N - 6)m, • • • , - Nm. (7) 

The set of possible values of Af is obtained if we start with the state for which all 
magnets are up (Af = Nm) and reverse one at a time. We may reverse N magnets 
to obtain the ultimate state for which all magnets are down (Af — - Nm). 

There are N + 1 possible values of the total moment, whereas there are 2 s 
states. When N » 1, we have 2* » N + 1. There are many more states than 
values of the total moment. If N => 10, there are 2‘° = 1024 states distributed 
among 11 different values of the total magnetic moment. For large N many 
different stales of the system may have the same value of the total moment Af. 
We will calculate in the next section how many states have a given value of Af. 
Only one state of a system has the moment Af = Nm] that state is 

tttt • ■ • TTTT- (S) 

There are N ways to form a stale with one magnet down: 

(y) 

is one such state; another is 


I1T2T3 

1 1 i 2? 3 


titt-vttft. 


00 ) 
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Enumeration of States and the Multiplicity Function 

=S"™— Sr: ="“ 

diffe r e'„« r “ Ce " P " "“ mbCr d ° Wn) d,M *“ fr °"> 2* to 2, - 2 . The 

N ’~ A '* = 25 (II) 

is called the spin excess. The spin excess of the 4 states in Figure 1 5 is 2 0 0 -2 

The product in (4) may be written symbolically as 

- (t+1)* 

We may drop the site label* (the subscripts) from (4) when we are interested 

paficlrdteT maS " C,S ! " a S,a ‘ e arC “ P ° r dmvn ' a " d »<« i" which 
pamcular sues have magnets up or down, [t we drop the labels and neglect 

h der " lllch ,he afrows a PP“f in a given product, then (5) becomes 


further, 


(I + l) 2 = T? + 2fi + U; 

(f + l) 3 = ITT + 3IT1 + 3TU + in 



( 12 ) 


Enumeration of Slates and the Multiplicity Function 


i xnA * in a sHghuy ^ 

+ .=?i,v(W+ s)T(jiv - 5)! x ih *')'**''• (13) 

With this result the symbolic expression (| + Jf becomes 

+ U4, 

The coefficient of the term in f-p- i s the number of states having 

f + 1 ma8ncls “P a " d W. - i-V - s magnets down. This class of 

dc met SPm r“ S r ' ~ ,V ‘ = 2j and nel ma S”" ic 2sm. Let us 

the number of slates m this class by S (N,s), for a system of N magnets- 


Of>.) 

0°^ <T> n<\!A- N[ N\ 

,0° ’ (i A ' + *)'■ (W - sjT “ /V,! ;V t ! * (I5 > 

Thus (14) is written as 

U + i)' v = z g[Nj) ]*»+•[ i"-«. {!6) 

We shall call fl(/V,s) the multiplicity function; it is the number ofstates having 
the same value of s. The reason for our definition emerges when a magnetic 
held is applied to the spin system : in a magnetic field, states of different values of 
s have different values of the energy, so that our g is equal to the multiplicity 
of an energy level m a magnetic field. Until we introduce a magnetic field, all 
states of the model system have the same energy, which may be taken as zero. 
Note from (1 6) that the total number of states is given by 

«= }.v 

1 ¥ </(iV,s) = {I + J)- v = 2 V . (t?) 


Examples related to g(A',s) for .V - 10 are given in Figures 1.6 and 1.7. For a 

coin, heads could stand for “magnet up" and “tails" could stand for “magnet 
down. 
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Fi(*iirc 1.6 Number of distinct arrangements 
of 5 t spins up and 5 - j spins down. 

Values of y(N, s) arc for N « 10, where 2s is 

lhc spin excess N T - Ni. Tl,c total number of 
states is 

2 ‘°= i S(lO.s). 

Tltc values of the g's arc taken from a table of 
the binomial coefficients. 



Spin excess 2r 


Binary Alloy System 

To illustrate that the exact nature o[ the two states on each site is irrelevant to 

s sT'r “ T al ' er " a,S sys,em - an all » y with N distinct 
sues numbered from 1 through 12 in Figure 1.8. Each site is occupied by either 

a '° m of Chem,cal S P CC ' CS A or an atom of chemical species B, with no provi- 
sion for vacant sites. In brass. A could be copper and B zinc. In analogy to (3), 
a single state of the alloy system can be written as 

A 1 B 2 BjA 4 8 J A 6 B J B s B 9 A, 0 A ll A,j ■ • ■ . »- (ig) 


Number of times in 100 throws 


Binary Alloy System 
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Figure 1.7 An experiment was done in which 10 pennies 
were thrown 100 times. The number of heads in each 
throw was recorded. 


0 0 0 0 

12 3 4 

Figure 1.8 A binary alloy system of two 
chemical components A and B, whose atoms 
5 6 7 S occupy distinct numbered sites. 

©000 

9 10 i 1 12 
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Every distinct state of a binary ailoy system on N sites is contained in the 
symbolic product of N factors: 

( A . + Bi)(A a + D 2 )(A 3 + Bj) • • - (A.v +B W ) , (19) 

m analogy to (4). The average composition of a binary alloy is specified con- 
ventionally by the chemical formula A, _ S B Z , which means that out of a total 
of N atoms, the number of A atoms is N A = (I ~ S )N and the number of B 
atoms is N 0 = mV. Here .v lies between 0 and 1. 

The symbolic expression 


(A + B) v « V EL. a if -• B r 

,%{N - /)!/!* ° 


is analogous to the result (12). The coefficient of the term in A* - ' B' gives the 
number c/(A',r) of possible arrangements or states of N - i atoms A and i 
atoms B on N sites: 



which is identical to the result ( 1 5) for the spin model system, except for notation. 


Sharpness of the Multiplicity Function 

We know from common experience that systems held at constant temperature 
usually have well-defined properties; this stability of physical properties is a 
major prediction of thermal physics. The stability follows as a consequence of 
the exceedingly sharp peak in the multiplicity function and of the steep variation 
of that function away from the peak. We can show explicitly that for a very 
large system, the function g(\',s) defined by (15) is peaked very sharply about 
the value s = 0. We look for an approximation that allows us to examine the 
form of g[,\',s) versus s when N » 1 and js| « N. We cannot look up these 
values in tables: common tables of factorials do not go above N = 100, and we 
may be interested in A' % 10"°, of the order of the number of atoms in a solid 
specimen big enough to be seen and felt. An approximation is clearly needed, 
and a good one is available. 

It is convenient to work with logy. Fxccpt where otherwise specified, all 
logarithms are understood to be log basce, written here as log. The international 
standard usage is In for log base e, but it is clearer to write log when there is no 
ambiguity whatever. When you confront a very, very large number such as 


Sharpness of the Multiplicity Function 
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2\ where N - lO JO ,it is a simplification to look at the logarithm of the number. 


Wc take ihc logarithm of both sides of (15) to obtain 

\ogcj(N,s) = log AT! - log(iV + S )l - log(iN - s)l , (22) 

by virtue of the characteristic property of the logarithm of a product: 

log xy = log .v + logy; fog(.v/y) = log x ~ logy. (23) 

With die notation 

A 7 | = jiV + s; A', = — s (24) 

for the number of magnets up and down, (22) appears as 

logg(jV.s) = log AM — log A^l - logAf,!. (25) 

Wc evaluate the logarithm of AM in (25) by use of the Stirling approximation, 

according to which j Co 

s 

AM = (2TtN) ll2 N s cxp[~N + 1/(12 N) + ■ • •] , (26) 


for N » 1. This result is derived in Appendix A. For sufficiently large N, the 
terms 1,(12A) + ■ • • in the argument may be neglected in comparison with N. 
Wc take the logarithm of both sides of (26) to obtain 

logJV! S f log 2 tt 4- (N + f) log N - N. (27) 

Similarly 

iog.V,! £ | log 271 4- (A', 4- |) log jV, - A',; (2P) 

log A',! S flog 2a 4- (AM 4- f)logA', - iV,. (29) 

After rearrangement of (27), 

log AM £ f Io£(2a/A’) 4- f.V, 4- \ + .V, + ->) log A' - (.V, + A',) , (3b) 

where wc have used A' ~ A', !- AM. We subtract (2S)aini (29) from (30) to obtain 
for (25): 

logy S i !o[:(l/2;r,V) - {,V, + f ) lotz(,V T /,V) - (,V, -f }) !og(A',/,V). (31) 
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I his may be simplified because 

•og(A r ,/iV) = log J ( 1 + 2s/ A') = -log 2 4- !og(l + 2s/»Y) 

= “log 2 + (2s/iV) - (2s 2 , ’N 2 ) (32) 

by virtue or the expansion log(l + x) = x - \x 2 + ■ ■ - , valid for x « 1. 
Similarly, 

log(N,/N) - log |(1 - 2 s/N) - — log 2 - (2s/A') - (2s J /A’ 2 ). (33) 

On substitution in (31) we obtain 

log 9 S ilog(2/jiN) 4- N log 2 - 2 s l /N. (34) 

We write this result as 


(35) 

where 

g(N,0) ~ (2/nN)' l2 2 s . (36 ) 

Such a distribution or values or s is called a Gaussian distribution. The integral* 
o( (35) over the range ~ co to + co Tor s gives the correct value 2 v for the total 
number or states. Several useful integrals are treated in Appendix A. 

The exact value of y(N, 0) is given by (15) with s = 0; 



g(N, 0 ) = 


N! 

('iN)'-tiNy: 


(37) 


* , Th = replacement of a sum by an integral, such as £ (. . .) by f(. . .),h. usually does not introduce 
significant errors. For example, the ratio of « 

N 

X s = {(N 2 + N) to f s ds = lN J * 

» = o J0 


is equal to l + (1/AO, which approaches i as N approaches co. 


01 X G‘00!)* 
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Figure 1.9 Pie Gaussian approximation to 
the binomial coefficients g(100,s) plotted on a 
linear scale. On this scale it is not possible to 
distinguish on the drawing the approximation 
from the exact values over the range of j 
plotted. The entire range of s is from - 50 to 
+ 50. The dashed lines arc drawn from the 
points at 1 /e of the maximum value of g. 


For N = 50, the value of g(50,0) is 1.264 x 10'*, from (37). The approximate 
value from (36) is 1.270 x lO'^Thedistribution plottedin Figure 1.9 is centered 
in a maximum at s = 0. When s 2 = {N, the value of g is reduced to e ~ 1 of the 
maximum value. That is, when 

s/N = (1/2N) 1 ' 2 . (3S) 

the value ofg is e~‘ oftj(N,0). The quantity [l/2N) l!Z is thus a reasonable mea- 
sure of the fractional width of the distribution. For N =s 10 22 , the fractional 
width is of the order of 10~ 1 *. When N is very large, the distribution is exceed- 
ingly sharply defined, in a relative sense. It is this sharp peak and the continued 
sharp variation of the multiplicity function far from the peak that will lead to a 
prediction that the physical properties of systems in thermal equilibrium are 
well defined. We now consider one such property, the mean value of s 2 . 


1 
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AVERAGE values 

™ **« ~ ■ probability 

<f> = lf(s)P(s) , {39) 

provided that the distribution function is normalized to unity: 

(40) 

The binomial distribution (15) has the property (17) that 

= 2 " * (41) 

! f i al '; ,ateS 3fe P^ablc, then P( s ) = 

will be 2. ( ) I. The average of /(s) over this distribution 

</> = I/(s) P{N,s). (42) 

2s 2 5 = (2 /nN) ' n 2 * J ih cxp(- 2s 2 /N) 

~~ 2* " * 

= (2/nA r ) ,/2 (jV/2) J,J 

- (2/7tA , ) ,/1 (.V/2) 3 ' 2 [n/4) u2 , 

whence 

0 J > = iiV; <{2s) 3 > = Ah (43) 

spin ^ is <<25)!> " ““ SqUarC S P™ roc. mean square 


(44) 
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and the fractional fluctuation in 2? is defined as 

* _ <(2.v) 2 > ! 2 1 

‘ " yf8‘ 


(45) 


The larger AT ts the smaller is the fractional fluctuation. This means that the 
central peak of the d.stribution function becomes relatively more sharply 
ehned as the size of the system increases, the size being measured by the 
number of sites N. For 10 20 particles, ? = 10 which is very small. 


Energy of (he Binary Magnetic System 

The thermal properties of the model system become physically relevant when 
elementary magnets arc placed m a magnetic field, for then the enemies of 
he different states are no longer all equal. Ifd.e energy of the system is spedfied. 

cn only the states having this energy may occur. The energy of interaction 
ofa single magnetic moment m with a fixed external magnetic field B is 


C - - m • B. 


(46) 


This is the potential energy of the magnet m in the field B 

For the model system of A' elementary magnets, each with two allowed 
orientations m a uniform magnetic field B, the total potential energy U is 


- ' v s~ -- 

L u i - Zm, =(-2 siui). -MB , 


using the expression M for the total magnetic moment 2sm. In this example the 
spectrum of values of the energy U is discrete. We shall see later that a con- 
tinuous or quasi-corttinuous spectrum will create no difficulty. Furthermore 
the spacing between adjacent energy levels of this model is constant, as in 

tgure 1.10. Constant spacing is a special feature of the particular model, but 
this feature will not restrict the generality of the argument that is developed in 
the following sections. 

The value of the energy for moments that interact only with the external 
magnetic held * corrricicly determined by the value of 5. This functional 
dependence ts >»mcaku by writing V(s). Reversing a single moment lowers 
I s by “" 2 ’ lowcrs lhe total magnetic moment by -2m, and raises the energy 
by 2m B. The energy difference between adjacent levels is denoted by Ac, where 


As = Cfs) - h'(s f I) = 2mB. (48) 
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s 

U(s)/mB 

£(s) 

lo 8 g(s) 

-5 

+ 10 

1 

0 

_4 

+ 8 • 

10 

2.30 

— 3 

+6 

45 

3.81 

~2 

+ 4 

120 

4.79 

— | ■ 

+2 

210 

5.35 

0 

0 

252 

5.53 

+ 1 

_2 

210 

5.35 

+ 2 

-4 

120 

4.79 

+3 

-6 

45 

3.81 

+ 4 

-8 

10 

2.30 

+ 5 

-10 

1 
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figure 1.10 Energy levels of the model system or 10 
magnetic moments m in a magnetic field B. The levels 
are labeled by their s values, where 2s is the spin excess 
and [N + s - 5 + s i$ the number or up spins. The 
energies U(s) and multiplicities (,(.,) are shown. For this 
problem the energy levels are spaced equally, with 
separation Ac = 2m/J between adjacent levels. 


Example: Multiplicity function for harmonic oscillators The nrohl -m n r , w- , , 

system is the simplest problem for which an exact 

wa! oH i n ?[\ hCC eX3Clly soIvabIc P roblem 15 th e harmonic oscillator, for which the solution 

sirnnl' Tht h 8 ’ VCn ^ M j X Pbnck ' 11,6 ori 8 inal derivation is often felt to be not entirely 

do fhe'n ^ t Cginnm8 * Cnl " eed n0 ‘ W ° rry ab0Ut lhis Nation. The modern way to 
do the problem is gl ven in Chapter 4 and is simple. * 

The quantum states of a harmonic oscillator have the energy eigenvalues 

= sho , (49) 

! “ ‘ P ° Srti " " ”">• » is Ifc angular hqu.ncy „r 

oscillator. The number of slates is infinite, and the multiplicity of each is one Now 

numb.? "f SyS,Cm ° { , N OSCil!a{ ° rS ’ 211 ° f ** frequency" We wa„ to find Z 
number of ways tn which a given total excitation energy 

N 

E — Y S J ,C0 — nAtd 

i = t 


( 50 ) 


Energy of the Binary Magnetic System 


25 


can be distributed among the oscillators. That is, we want the multiplicity function g{ti,n\ 
for the jY oscillators. The oscillator multiplicity function is not the same as the spin multi- 
plicity function found earlier. 

We begin the analysis by going back to the multiplicity function for a single oscillator, 
for which g(l,n) = l for all values of the quantum number s, here identical to n. To solve the 
problem of (53) below, we need a function to represent or generate the scries 

'Ti efj 

Y f/0.»)«"= Z <"• (51) 

«=0 n - 0 

All Y run horn 0 lo co. Here t is just a temporary tool that will help us find the result 
(S3), but t docs not appear in the final result. The answer is 

r~t ~ £-*" . (52) 

1 ‘ 11*0 

provided we assume jt| < 1. For the problem of N oscillators, the generating function is 

<53 > 

because tlic number of ways a term i" can appear in the N-fold product is precisely the 
number of ordered ways in which the integer n can be formed as the sum of N non-negative 
integers. 

We observe that 

i-o »i! \dt) 

- ~N(N + f)(N + 2)---(;Y + n - 1). (54) 

it! 

Thus for the system of oscillators. 


g(N,n) = 


(N + n - 1)! 
it! (N - 1)! ‘ 


( 55 ) 


This result will be needed in solving a problem in the next chapter. 
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SUMMARY 

'• “f Cily fUnCti0n *» a <* -V magnets with spin excess 2s _ 

g(N,s) =_ N 1 N\ 

(i‘ v + 5)! (*w - 5 j! - xn- 

In the limit s/,V « i w :,k „ 

^ avc ’' lc Gaussian approximation 

g{N,s) = (2/jrN) ,,I 2‘ v exp(— 2 s J /iV). 

2. Ifall states of the mode, spin system are e q ua„ y ,ikely. the average value of 

< 5 '> “ J s 2 g(H,s) I g(N,s) = 1 N , 

in the Gaussian approximation. 

3. Thc^fraetiona. hue, nation of s’ is defined as and is equal to 

4 ThC C " CrSy ° f * hc mod ' 1 s Pi" ?Y«™ in a state of spin excess 2s is 

G(s) ~. -2sntB , 

where »n is the magnetic moment of one spin and B is the magnetic field. 
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Entropy and Temperature 

FUNDAMENTAL ASSUMPTION 

24 

PROBABILITY 

JO 

Example: Construction of an Ensemble 

Most Probable Configuration 

Example: Two Spin Systems in Thermal Contact 

THERMAL EQUILIBRIUM 39 

TEMPERATURE 

ENTROPY 

-'2 

Example : Entropy Increase on Heal Flow . , 

Law of Increase of Entropy 

LAWS OF THERMODYNAMICS , s 

Entropy as a Logarithm 

Example: Perpetual Motion of the Second Kind 5 q 

SUMMARY 

51 

PROBLEMS 

52 

I* Entropy and Temperature ,■> 

2. Paramagnetism “ 

3. Quantum Harmonic Oscillator ,, 

4. The Meaning of •‘Never" “ 

5. Additivity of the Entropy for Two Spin Systems « 

6. Integrated Deviation . , 

5*4 


°'"' U *“ * a. illu.ua, „l 

uy rronuns 1 4 and t- ku USC mud* s.mplci methods arc developed in Chnm-i „ j hl ,, 
**• Jo nu( emphasise problem solving at this stage. J • 
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One should no, imagine lhai two gases in a 0.1 liter container, initially unmixed 
will mix, then again after a few days separate, then mix again, and so forth. On 
''e contrary, one finds . . that not until a time enormously long compared to 
w years will there by any noticeable unmixing of the gases. One may 
recognize that this is practically equivalent to never. 

L. Boltzmann 

If we wish to find in rational mechanics an a priori foundation for the principles 
oft lermodynunucs, we must seek mechanical definitions of temperature and 
entropy. 

J. IV. Gibbs 

The general connection between energy and temperature may only be established 
by probability considerations. [Two systems] are in statistical equilibrium when 
a transfer of energy does not increase the probability. 

M. Planck 


Fundamental Assuinptio, 
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We start this chapter with a definition of probability that enables us to 
define the average value of a physical property of a system. We then consider 
systems in thermal equilibrium, the definition of entropy, and the definition of 
temperature. The second law of thermodynamics will appear as the law of 
increase of entropy. This chapter is perhaps the most abstract in the book. The 
chapters that follow will apply the concepts to physical problems. 

FUNDAMENTAL ASSUMPTION ‘ 

The fundamental assumption or thermal physics is that a dosed system is equally 
likely to be in any of the quantum stales accessible to it. All accessible quantum 
states arc assumed to be equally probable — there is no reason to prefer some 
accessible states over other accessible states. 

A closed system will have constant energy, a constant number of particles, 
constant volume, and constant values of alt external parameters that may 
influence the system, including gravitational, electric, and magnetic fields. 

A quantum stale is accessible if its properties arc compatible with the physical 
specification of the system: the energy of the state must be in the range within 
which the energy of the system is specified, and the number of particles must be 
in the range within which the number of part ides is specified. With large systems 
wc can never know either of these exactly, but it will suffice to have &U/U « 1 
and 5N/N « 1. 

Unusual properties of a system may sometimes make it impossible for 
certain states to be accessible during the time the system is under observation, 
hor example, the stales of the crystalline form of SiO z are inaccessible at low 
, temperatures in any observation that starts with the glassy or amorphous 

form: fused silica will not convert to quartz in our lifetime in a low-tcmpcrature 
experiment. You will recognize many exclusions of this type by common sense. 

We treat al! quantum states as accessible unless they are excluded by the 
specification of the system (Figure 2.1) and the time scale of the measurement 
process. States that are not accessible arc said to have zero probability. 

Of course, it is possible to specify the configuration of a dosed system to a 
point that its statistical properties as such are of no interest. If we specify that the 
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of the system 




SreLn,' A |,urd y i y»*^ , -‘»i-' K nm,:c ; ,ch solid >p<„ 

P cm, an accessible quantum state of a closed system The 

svst c r ^ su ">P'ion of statistical phy sics is tha! a closed 

accessIb eToTt n " ‘° bC a " y ° f ,hc 4^nlum states 
cecss.ble to it. riie empty c.rcies represent some of the states 

X are not accesstblc because their properties do not satisfy 
the specification of the system. jLOVG'rbu - 1 ^ * 


r^r ,y " 3 S,ali0nary qua "'^ *“ - - -l-W asrec, is left i„ 


probability 




Vm*nxT 5 " aCCeSSib ' e 3nd P(5) = ° 0lherwise ' consislent with the fun- 

closed, fo r w h ic h 1 1 h e ' em^rgy '{/ f concerncd lat « with systems that are not 
11 inc ener 8y u and particle number N mav virv Pnr 

TuZ7o« M nm ^ “ COnS ' am “ h t ‘ ) ’ bU ‘ haVC 3 Ucpcndcce 



Probability 3 / 

The sum £P(s) of the probability over all states is always equal to unity, 
because the total probability that the system is in some slate is unity: 


The probabilities defined by (1) lead to the definition of the average value of 
any physical properly. Suppose that the physical properly AT has the value 
Y(s) when the system is in the state s. Here X might denote magnetic moment, 
energy, square of the energy, charge density near a point r, or any property that 
can be observed when the system is in a quantum state. Then the average of the 
observations of the quantity X taken over a system described by the proba- 
bitilics /’(.%) is 

<*> = lA'WP(s). (3) 

t 

This equation defines the average value of X. Here P(s) is the probability that 

the system is in the state s. The angular brackets <• • •> are used to denote 

average value. 

For a closed system, the average value of A' is fo* ** • - ' ‘ f ; , 

<-Y> = £Af(s)(I/ 3 ) , (4) 

1 

because now all g accessible states are equally likely, with F(s) = \/g. The 
average in (4) is an elementary example of what may be called an ensemble 
average: we imagine g similar systems, one in each accessible quantum state. 
Such a group of systems constructed alike is called an ensemble of systems. The 
average of any property over the group is called the ensemble average of that 
property. JL ’ 

An ensemble of systems is composed of many systems, all constructed alike. 
Each system in the ensemble is a replica of the actual system in one of the 
quantum states accessible to the system. If there are g accessible states, then 
there will be g systems in the ensemble, one system for each stale Each system 
in the ensemble is equivalent for all practical purposes to (he actual system. 
Each system satisfies all external requirements placed on the original system 
and in this sense is "just as good” as the actual system. Every quantum slate 
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“LL-i t i t •» t j t i 

' ' i t t i ft r t i t 

. 1 i f i t i t t f ) 

‘'it::* t t t : t t tii 

'.' it * t t t t n t 

nJ. • t t t : t t t t t 

“■ t ..it t I I t t t t t 

"U t i t it t t t t 

'i't.t t t rvt i t t 

>. f ■ t t t t t i t t 

' ■Iture 2.2 This ensemble « through j represents a system 
o 10 sp,„ s with energy -S ml) and spin excess 2v = S 
The multiplicity ,/f.V.s) is y(10.4) = 10. so that the 
representative ensemble must contain It) systeius. The 
order in which the various systems in the ensemble arc 
listed has no significance. 

accessible to the actual system is represented in the ensemble by one system in a 
stationary quantum state, as in Figure 2.2. We assume that the eTsembl! 
represents the real system-th.s is implied in the fundamental assumption. 



Sample -.Construction of an ensemble. We construct in Fir„rr 7 i „„ ,, 

rcnrcsinl a cIckpH r ■ isure 2.3 an ensemble lo 

-h in rf 1 - ,Th »T of 



Most Probable Configuration 
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Figure 2.3 The ensemble represents a system with N = 5 spins and spin excess 2s - t. 


1 i - s' rr; . . R S“« 2 - 4 With N - 5 and 2s - 5 . a single 

i.-T .: L *. % 1 • I system may represent the ensemble. This is not 

a typical situation. 


quantum states at this energy. The number of such states is given by the multiplicity function 


T he 10 systems shown in Figure 2.3 make up the ensemble. 

.1 J i - l !’ C m; ' l “ BcU UC,C ««•* 2. - s. then « single system comprises 

the ensemble, as in figure 2.4. In zero magnetic field, all energies of all 2* - 7 * „ V> sll tcs 
are equal, and the new ensemble must represent 32 systems, of which I system has 2s . 5- 
systems have 2s = 3; 10 systems have 2s - 1; 10 systems have 2s « -I; 5 systems’ 
have 2s = -3; and ! system has 2s = -5. 


Most Probable Configuration 

Let two systems J, and _S 2 be brought into contact so that enemy can be 
transferred freely from one to the other. This is called thermal contact (Figure 
-.5). The two systems in contact form a larger closed system & = + & 

with constant energy (/=(/,+ U 2 . What determines whether there will be a 
net now ofenergy from one system to another? The answer leads to the concept 
o, temperature. The direction ofenergy flow is not simply a matter of whether 
the energy of one system is greater than the energy of the other, because the 
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Two closed 
systems not 
in contact 



Insulation 


thermal contact 




K 

I U' 

in 


i ' v * 



k 


U\ +■ U’ i= U t + U t 


/ \ 

Insulation I'liermal conductor allows 
exchange of energy 

F ' SUrC 2 5 Estab,iih '"cnt of thermal contact between two systems S, and S 2 . 


systems can be different in size and constitution. A constant total energy can be 
shared in many ways between two systems. 

sv^rr bab!C diViSi ° n ° f thc t6,al enCr8y is lhat for which lIle combined 
y m has the maximum number of accessible states. We shall enumerate the 

. ccsstble states of two model systems and then study what characterizes the 
systems when m thermal contact. We first solve in detail the problem of thermal 
ontact between two spin systems, 1 and 2, in a magnetic field which isintroduced 
n order to define the energy. The numbers of spins N „ S> 2 may be different, and 
te va ues o t e spin excess 2s,, 2s z may be different for the two systems All 
spins have magnetic moment m. The actual exchange of energy might take place 
via some weak (residual) coupling between the spins near the interface between 
t ie two systems. We assume that the quantum states of the total system & can 
x represented accurately by a combination of any slate of with any state of 

7; If P / V " Ni constant > buJ the values of the spin excess are allowed to 

c lange. The spin excess of a state of the combined system will be denoted by 2s, 
where s = s, + s 2 . The energy of the combined system is directly proportional 
to the total spin excess: 

= = — 2mfl(s, + s 2 ) =^2 mDs. ( 5 ) 

The total number of particles is N = A', + ,V 2 . 


( 5 ) 
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We assume that the energy splittings between adjacent energy levels are equal 
to 2 iuB in both systems, so that the magnetic energy given up by system 1 when 
one spin is reversed can be taken up by the reversal of one spin of system 2 in 
the opposite sense. Any large physical system will have enough diverse modes of 
energy storage so that energy exchange with another system is always possible. 
The value ofs = s, + s 2 is constant because thc total energy is constant, but 
when the two systems are brought into thermal contact a redistribution is 
permitted in the separate values of s it s 2 and thus in the energies If,, U-. 

The multiplicity function g(N,s) of the combined system & is related to the 
product of the multiplicity functions of the individual systems and by 
the relation: 

ffOV.s) = £SiOVi)02(A/ 2 ,s - s,) , (6) 

*i 

where the multiplicity functions <?,, g 2 arc given by expressions of the form of 
(1.15). The range of s, in thc summation is from -|JV, to \N U if N, < 

To sec how (6) comes about, consider first that configuration of the combined 
system for which the first system has spin excess 2s, and the second system has 
spin excess 2 s 2 . A configuration is defined as the set of all states with specified 
values of s, and s 2 .The first system has g x (N ,,s,) accessible states, each of which 
may occur together with any of the g 2 (N 2 ,s 2 ) accessible states of the second 
system. The total number of slates in one configuration of the combined system 
is given by the product <?i(Af l ,s 1 )g 2 (N 2 ,s z ) of the multiplicity functions of 5, 
and ^ 2 . Because s 2 = s ~ s it the product of the g s may be written as 

9ii^uS i )g 2 {N 3 ,s - s^. ( 7 ) 

This product forms one term of the sum (6). 

Different configurations of the combined system are characterized by different 
values of s,. Wcsum overall possible values of s, to obtain the total number of 
states of all thc configurations with fixed s or fixed energy. We thus obtain (6), 
where g{N,s) is the number of accessible states of the combined system. In the 
sum we hold s, N,, and N 2 constant, as part of the specification of thermal 
contact. 

The result (6) is a sum of products of the form (7). Such a product will be a 
maximum for some value of s,, say s,, to be read as “s, hat" or "s, caret". 
The configuration for which g, g 2 is a maximum is called the most probable 
configuration ; the number of states in it is 



( 8 ) 


k. ~ k i»< >V~ 
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SiW x . UJ 

x «?2(A' 2 . U~ u } ) 


0 1 u \ 
Thermal equilibrium 

Figure 2.6 Schematic representation of the dependence of the 
configuration multiplicity on the division of the total enerev 
between two systems. &, and 5, 


!f the systems are large, the maxi, nut,, with respect to changes in s will be 
ex remdy sharp as m Figure 2.6. A relatively small nun, her of configurations 
w,„ dommate the statistical properties of the combined system. The mo“ 
probable configuration alone will describe many of these properties 
Such a sharp maximum is a property of every realistic type of large system 

about them™ ”” u w° m sharpness P ro P er, y “ follows that fluctuations 
bom the most probable configuration are small, in a sense that we will define 

T important result folio™ that the values of theaverage physical proper. es 

sc S bir thermal “ MaCt " ^ an °‘ h “ ^ <“ accurately 

desertbed by the propert.es of the most probable configuration, the configura 

values u W d n " Umber ° f “““““ is * Such avenge 

Because or n .h= r ' W ° aK Ca ' kd ,he ™ al “1“®™ values. 
Because of the sharp maximum, we may replace the average of aWical 

q anl.ty over all accessible configuralions (6) by an average over only lllcmos 
probable configuration (8). t„ the example below we estimate the error invoTv ed 
in such a replacement and find the error to be negligible. 
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f. Xa "! ple: Th '° f" 5ys,e " ,s in ,hermat con,ac ’- Wc investigate for the model sp i n system 
he sharpness of the product (7) near the maximum (8) as follows. We form the product of 
the multiplicity functions for <MN„s, 1 and both of the form of (1.35): 

f = fl,(0) fll (0)exp^-~L _ ^Lj , (9) 

where g,(0) denotes 3,{;V,.0) and gjfi) denotes g. (,V 2 .0). We replace s, by s - s, : 

'7t(‘V 1 ..s l )g,{A r J .s - 5.) = fl 1 (O)0j(O)cxp^-~L - (10) 

This product* gives the number of states accessible to the combined system when the spin 
excess of the combined system is 2s. and the spin excess of the first system is 2s,. 

We find the maximum value of ( I OJ as a function of s , when the total spin excess 2s is held 
constant; that is. when the energy of the combined systems is constant. It is convenient 
to use the property that the maximum of log tfv) occurs at the same value of t as the 
maximum of y{.\). The calculation can be done either way. From (10), 

fog£/,(A’t .sMNrf - S,) = log </,((%, (0) — r ^. (11) 

A t S ' 3 

This quantity is an extremum when the first derivative with respect to s ; is zero. An ex- 
tremum may be a maximum, a minimum, or a point of inflection. The extremum is a 
maximum ir the second derivative of the function is negative, so that the curve bends 
downward. 

At the extremum the first derivative is 

&7 { ,0 89t (tfj,s,) 0 2 (N J> s - s,)} = =0 , (12) 

t A t A 2 

where N u A\, and s are held constant as s, is varied. The second derivative f’-Ts. 1 of 
Equation (11) is 

• The product function of two Gaussian functions is always a Gaussian. 


4 
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A', N 2 n 2 ’ < 13 ) 

JrSS^niT* y al i'- hC f CCeSSiblc s,a,cs uf the ^ined systems satisfy or very 
is wrhtenis ‘ * 2 ^ Va!uCS ° f S ‘ and s > at the maximum, then (13) 


^ <? 


At Nl N’ 


obtain^ ,K nUn,bCr ° f ilnlCS 10 ' hc mo:>t probjblc configuration, we insert (14) in (9) to 

(3t<7a),n» m gdsjgjs - s,) = g,(0)g 2 (0)exp(- 2s*/N). (15) 

sJc^T mC ,hC 5harPnCSS ° f lhC maximum of ** aI 3 Siven value of s, introduce ,5 

5 ‘ = ?1 + S ' ^ » h ~ <5- (16) 

";»r= ”,T.O re™ dCVia,i ° h * from ,hCit -ft*,. 

Si 2 = s, 2 + 2 S t 6 + <5 2 ; s 2 2 = S 2 2 - 2.y 2 <5 + ,5 J , 

which we substitute in (9) and (1 5) to obtain the number of states 


- (,,^Ue X p(-^ - |! + ^ _ 2Jf 


deviation i'll 'it • * 2 " Vj ’ 50 tbal llie numbcr of s,a(cs «n a configuration of 

Oevialion i) from equilibrium is \ 

+ % 2 (A 2 ,? 2 - 6) = (y 1 f/ 2 ) m3 ,expf-~ - ~Y (I?) 

V A'i tVj 


Asa numerical example in which the fractional deviation from equilibrium is very small. 
• i - • - 10 and S - 10 -; that is, <S/A', = 10" I0 . Then 2^/7^ = 200, and the 
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product ff,0j is reduced to e 400 = 10" 174 of its maximum value. This is an extremely 
huge reduction, so that g x g, is truly a very sharply peaked function of s,. The probability 
that the fractional deviation will be 10" 10 or larger is found by integrating (17) from 
^ ~ 10 out to a value of the order ofi or of ;V, thereby including the area under the wings 
of the probability distribution. This is the subject or Problem 6. An upper limit to the 
integrated probability is given by N x 10' 114 - 10' IS \ still very small. When two 
systems arc in thermal contact, the values of s„ j, that occur most often will be very close to 
the values of s„ s t for which the product g i g l is a maximum. It is extremely rare to find 
systems with values of s x , Sj perceptibly different from f„ $ x . 

What does it mean to say that the probability of finding the system with a fractional 
deviation larger than 6 \ , = 10' 10 is only 10~ l>J of the probability of finding the system 
in equilibrium? We mean that the system will never be found with a deviation as much as 
1 part in 10‘°, small asthisdesiation seems. We would have to sample 10 1 51 similar systems 
to have a reasonable chance of success in such an experiment. If we sample one system every 
10 W s. which is pretty fast work, we would have to sample for 10' 41 ' s. The age of the 
universe is only 10“ s. Therefore wc say with great surety that the deviation described will 
never be observed. I he estimate is rough, but the message is correct. The quotation from 
Boltzmann given at the beginning of this chapter is relevant here. 

Wc may expect to ob»cr\e substantial fractional deviations only in the properties of a 
sum// system in thermal contact with a large system or reservoir. The energy of a small 
system, say a system of 10 spins, in thermal contact with a large reservoir may undergo 
fluctuations that arc large in a fractional sense, as have been observed in experiments on die 
Brownian motion of small particles in suspension in liquids. The average energy of a small 
system in contact with a large system can always be determined accurately by observations 
at one lime on a large number of identical small systems or by observations on one small 
system over a long period of time. 


THERMAL EQUILIBRIUM 

The result for the number of accessible slates of two model spin systems in 
thermal contact may be generalized to any two systems in thermal contact, with 
constant total energy U — U l + U 2 . By direct extension of the earlier argu- 
ment, the multiplicity jj(.V,t/) of the combined system is: 

0( V,f/) =Sff 1 (Af„C/ l ) Sl (/Vj.y - if,) , (18) 

C ; I 

summed over all values of {/, < U. Her e 0 ,(,V„l/,) is the number of accessible 
states of system 1 at energy U x . A configuration of the combined system is 
specified by the value of U lt together with the constants U, ;V,, ,V 2 . The number 
of accessible states in a configuration is the product g l {N l ,Ui)g l lN 2 ,U - U ,). 
The sum oxer ad configurations gives y(t\',U). 
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The largest term m the sum in (IS) governs the properties of the total system 
in ihermal equilibrium. For an extremum it is necessary that the differential* of 
r?(A',U) be zero for an infinitesimal exchange of energy: 


ClQ {duX? 2 ™ 1 + gi (]W~X? Ui = ° ; dVl + dU * = °‘ (19) 


We divide by 9l g 2 and use the result <IU 2 = -dU l to obtain the thermal 
equilibrium condition: 


which we may write as 


1 ( dgi \ _ 1 (<‘9i\ 
9l 92 


= / dlogt/A 

. ) K , v du i ) N ; 


We define the quantity a, called the entropy, by 


o(N t U) s log ij(N,U) , 


where a is the Greek letter sigma. We now write (20) in the final form 


' fa A = (So ;A 


1 The notation 


d 9 A 
Mih 


means that N, is held constant in the differentiation of g t (N„U t ) with respect to U.. That is, the 
partial derivative with respect to {/, is defined as 


lil_\ _ 9i(NuV i +^U l )~g l {N l ,U i ) 

Mjs, AU t i • 


For example, if g(.x.y) - 3x‘y, then tfg/dx), = llx'y and (dg/dy), = lx\ 


Temperature 
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This is the condition for thermal equilibrium for two systems in thermal 
contact. Here -V, and N 2 may symbolize not only the numbers of particles but 
all constraints on the systems. 

temperature 

The last equality (22) leads us immediately to the concept of temperature We 
know the everyday rule: in thermal equilibrium the temperatures of the two 
systems are equal: 

T i = T 2 . (23 } 

This rule must be equivalent to (22). so that T must be a function of (CalcU),. 
If r denotes the absolute temperature in kdvin, this function is simply the 
inverse relationship 


< !4 > 

Hie proportionality constant k„ is a universal constant called the Bolt/manu 
constant. As determined experimentally, 

k'u = 1.381 x 10" joulcs/kelvin 

- 1.381 x 10" u * crgs/kclvin. ( 25 ) 

We defer the discussion to Appendix B because we prefer to use a more natural 
temperature scale: we define the fundamental temperature x by 


! _ (?a \ 

x Idl/ ) s ' 


This temperature differs from the Kelvin temperature by the scale factor, k B : 



Because a is a pure number, the fundamental temperature r has the dimensions 
of energy. We can use as a temperature scale the energy scale, in whatever unit 
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may be employed for the latter-joule or erg. This procedure is much simpler 
than the introduction of the Kelvin scale in which the unit of temperature is 
arbitrarily selected so that the triple point of water is exactly 273. 1 6 K. The triple 

point of water is the unique temperature at which water, ice, and water vapor 
coexist. F 

Historically, the conventional scale dates from an age in which it was possible 
to bu.ld accurate thermometers even though the relation of temperature to 
quantum states was as yet not understood. Even at present, it is still possible to 
measure temperatures with thermometers calibrated in kelvin to a higher 
precision than the accuracy with which the conversion factor k B itself is known— 
about 32 parts per million. Questions of practical thermometry are discussed in 
Appendix B. 


Comment In (26) wc defined the reciprocal of r as ihc partial derivative (<VrO’) v . !i is 
permissible to take the reciprocal of boih sides to write 

r « [cU/ca) s . (28) 

The two expressions (26) and (28) have a slightly different meaning. In (26). the entropy a 
was given as a function of ihc independent variables U and N as a = o(U,X). Hence t 
determined from (26) has the same independent variables, r = x{U.N). In (28). however, 
differentiation of U with respect to a with (V constant implies V « U{o,N), so that r =’ 
y a,N r Thc . defm,tl0n of lCf np«raiufe is the same in both cases, but it is expressed as a 
function of different independent variables. The question “What arc thc independent 
variables , arises frequently in thermal physics because in some experiments we control 
some variables, and in oilier experiments we control other variables. 



ENTROPY 

I he quantity a e log g was introduced in (21) as the entropy of the system: the 
entropy is defined as the logarithm of the number of states accessible to the 
system. As defined, thc entropy is a pure number. In classical thermodynamics 
thc entropy S is defined by 



(29) 


Entropy 



Figure 2.7 If thc temperature r, is higher 
than r 2 . the transfer of a positive amount of 
energy SU from system I to system 2 will 
increase thc total entropy a, + of the 
combined systems over the initial value 
c, (initial) + ^(initial). In other words, the 
final system will be in a more probable 
condition if energy flows from the warmer body 
to the cooler body when thermal contact is 
established, litis is an example of thc law of 
increasing entropy. 


o,(final) + affinal) > Oj(inilial) + o., (initial) 

As a consequence of (24), wc sec that S and a are connected by a scale factor: 

! 

S = k B a. j (30) 

- _J 

We will call S the conventional entropy. 

1 he more states that are accessible, the greater thc entropy. In thc definition 
of o{N,U) we have indicated a functional dependence of the entropy on the 
number of particles in the system and on the energy of the system. The entropy 
may depend on additional independent variables: the entropy of a gas (Chapter 
3) depends on the volume. 

In the early history of thermal physics the physical significance of the entropy 
was not known. Thus the author of the article on thermodynamics in the 
Encyclopaedia Britaimica, 11th ed. (1905), wrote: “The utility of the conception 
of entropy ... is limited by ihc fact that it does not correspond directly to any 
directly measurable physical properly, but is merely a mathematical function 
of the definition of absolute temperature." We now know \\ hat absolute physical 
property thc entropy measures. An example of the comparison of the experi- 
mental determination and theoretical calculation of thc entropy is discussed in 
Chapter 6. 

Consider the total entropy change Aa when wc remove a positive amount of 
energy A U from 1 and add the same amount of energy to 2, as in Figure 2.7. 
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The tola] entropy change is 


cUj, t 


(-AU) + 


(t + t) au - 


When tj > r, the quantity in parentheses on the right-hand side is positive, 
so that the total change of entropy is positive when the direction of energy flow 
is from the system with the higher temperature to the system with the lower 
temperature. 



Example: Entropy increase on heat flow. This example makes use of lire reader's previous 
familiarity with heal and specific heat. 

(a) Let a 10-g specimen of copper at a temperature of 350 K be placed in thermal contact 
with an identical specimen at a temperature of 290 K. Let us find the quantity of energy 
transferred when the two specimens arc placed in contact and come to equilibrium at the 
final temperature T The specific heat of metallic copper over the temperature range 1 5‘C 
to 100'C is approximately 0.3S9Jg*' K~‘, according to a standard handbook. 

The energy increase of the second specimen is equal to the energy loss of the first; thus 
the energy increase of the second specimen is, in joules. 

AU = (3.89 J K." ‘){ T f - 290 K) - (3.89 J KT ‘)(350 K - T,) , 

where the temperatures arc in kclvin. The final temperature after contact is 

T { = 4(350 + 290)K = 320 K. 

Thus 

Al/, = (3.89 J K _, )(— 30K) = -11.7 J , 

and 

A(7j = -A (/, - 11.7 J. 

(b) What is the change of entropy of the two specimens when a transfer of 0.1 J has 
taken place, almost immediately after initial contact? Notice that this transfer is a small 
fraction of the final energy transfer as calculated above. Because the energy transfer con- 
sidered is small, we may suppose the specimens arc approximately at their initial tempera- 
tures of 350 and 290 K. The entropy of the first body is decreased by 

AS '=^ = " 286 x,0 -‘ JK “' 


Law of Increase of Entropy 



The entropy of the second body is increased by 

... 0.1 J 

= 290 K = 3 ' 45 * 

The total entropy increases by 

ASj 4- A S 2 = (-2.S6 + 3.45) x 10~ 4 JK. _I ** 0.59 x I0~ 4 JK~' 
In fundamental units the increase of entropy is 


0.59 x 10~ 4 JK-‘ 
1.3 S x |0~ J j kT^ 


where k 3 is ihe Bolu.niann constant. This result means that the number ofacccssible states 
Of the two systems increases by the factor cxp(Ao) « exp(0.43 x to 1 ’,. 



Law of Increase of Entropy 

We can show that the total entropy always increases when two systems arc 
brought into thermal contact. We have just demonstrated this in a special ease. 

tc total energy U = (/, + U 2 is constant, the total multiplicity after the 
systems arc in thermal contact is 

g{U) *= £ gflU^gflU — U ,) , (33) 

^ [) 8) ;. ThiS i eX f pression ^nlains the term gflU^gflU - U l0 ) for the initial 
multiplicity before contact and many other terms besides. Here U l0 is the 
initial energy of system land U - U, a is tha initial energy of system 2. Because 
all terms in (33) are posittve numbers, the multiplicity is always increased by 
establishment of thermal contact between two systems. This is a proof of the 
law of increase of entropy for a well-defined operation. 

The significant effect of contact, the effect that stands out even after taking the 
logarithm of the multiplicity, is not just that the number of let ms in the summa- 
tion is large, but that the largest single term in the summation may be very very 
much larger than the initial multiplicity. That is, 

(S.ffyU s gflOjgflU - 0 ,) {34) 


45 
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U 



Time Time 


Figure 2.8 A system with two parts. I ami 2. is prepaid! at zero lime 
with Ui *» 0 and U , = U. Exchange of energy takes place between two 
parts and presently the system will be found in or close to the most 
probable configuration. The entropy increases as the system attains 
configurations of increasing multiplicity or probability. The entropy 
eventually reaches the entropy a(U) of the most probable configuration. 


may be very, very much larger Ilian the initial term 

u>)Qi(U ~ U l0 ). (35) 

Here 0) denotes the value of l/i for which the product g i g 1 is a maximum. 
The essential effect is that the systems after contact evolve from their initial 
configurations to their final configurations. The fundamental assumption 
implies that evolution in this operation will always take place, with all accessible 
final states equally probable. 

The statement 

fffioal - lOgfiJlJrU 2; ^initial = h>g(<7i0j)o (36) 

is a statement of the law of increase of entropy; the entropy of a closed system 
tends to remain constant or to increase when a constraint internal to the system 
is removed. The operation of establishing thermal contact is equivalent to the 
removal of the constraint that l/,, U 2 each be constant; after contact only 
Ui + U 2 need be constant. 

The evolution of the combined system towards the final thermal equilibrium 
configuration takes a certain time. If we separate the two systems before they 


La* of Increase of Entropy 
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i 


Ways to increase the entropy 
Add particles 


Add energy 

(YcWily \<ci«rv) 


Decompose molecules 


Let a linear polymer curl up 


figure 2.9 Operations that tend to increase the entropy of a system. 


reach this configuration, we will obtain an intermediate configuration with 
intermediate energies and an intermediate entropy. It is therefore meaningful to 
view the entropy as a function of the time ilia* has elapsed since removal of the 
constraint, called the time of evolution in Figure 2.8. 

Processes that tend to increase the entropy of a system are shown in Figure 
2.9; the arguments in support of each process will be developed in the chapters 
that follow. 
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For a large system* (in thermal contact with another large system) there will 
never occur spontaneously significant differences between the actual value of the 
entropy and the value of the entropy of the most probable configuration of the 
system. We showed this for the model spin system in the argument following (1 7); 
we used never in the sense of not once in the entire age of the universe, 10' 3 s. 
Wc can only find a significant difference between the actual entropy and the 
entropy of the most probable configuration of the macroscopic system very 
shortly after we have changed the nature of the contact between two systems, 
which implies that we had prepared the system initially in some special way. 
Special preparation could consist of lining up all the spins in one system parallel 
to one another or collecting all the molecules in the air of the room into the 
system formed by a small volume in one corner of the room. Such extreme 
situations never arise naturally in systems left undisturbed, but arise from 
artificial operations performed on the system. 

Consider the gas in a room : the gas in one half of the room might be prepared 
initially with a low value of the average energy per molecule, while the gas in the 
other half of the room might be prepared initially with a higher value of the 
average energy per molecule. If the gas in the two halves is now allowed to 
interact by removal of a partition, the gas molecules will come very quickly' 
to a most probable configuration in which the molecules in both halves of the 
room have the same average energy. Nothing else will ever be observed to 
happen. We will never observe the system to leave the most probable configura- 
tion and reappear later in the initial specially prepared configuration. This is true 
even though the equations of motion of physics are reversible in time and do not 
distinguish past and future. 


LAWS OF THERMODYNAMICS 

When thermodynamics is studied as a nonstatist ical subject, four postulates 
are introduced. These postulates are called the laws of thermodynamics. In 
essence, these laws are contained within our statistical formulation of thermal 
physics, but it is useful to exhibit them as separate statements. 

Zeroth law. If two systems are in thermal equilibrium with a third system, 
they must be in thermal equilibrium with each other. This law is a consequence 

* A large ot macroscopic system may be taken to be one with more than 10' 0 or 10 15 atoms. 

1 1 he calculation of the lime required for the process is largely a problem in hydrodynamics. 
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of the condition (20b) for equilibrium in thermal contact: 



In other words, and r 2 = r 3 imply r, = i 2 . 

I- trst law. Heat is a form of energy. This law is no more than a statement of 
the principle of conservation of energy. Chapter 8 discusses what form of cnerey 
heat is. 

Second law. There are many equivalent statements of the second law-. We 
shall use the statistical statement, which we have called the law of increase of 
entropy, applicable when a constraint internal 10 a dosed system is removed. The 
commonly used statement of the law of increase of entropy is: "If a closed system 
is in a configuration that is noi the equilibrium configuration, the most probable 
consequence will be that the entropy of the system will increase monotonically 
in successive instants of time." This is a looser statement than the one we gave 
with Bq. (36) above. 

The traditional thermodynamic statement is the Kelvin-Planck formulation 
of second law of thermodynamics: “It is impossible for any cyclic process to 
occur whose sole effect is the extraction of heat from a reservoir and the per- 
formance of an equivalent amount of work." An engine that violates the second 
law by extracting the energy of one heat reservoir is said to be performing 
perpetual motion of the second kind. We will see in Chapter 8 that the Kelvin- 
Planck formulation is a consequence of the statistical statement. 

1 hird law. The entropy of a system approaches a constant value as the 
temperature approaches zero. The earliest statement of this law, due to Nernst, is 
that at the absolute zero the entropy difference disappears between all those 
configurations of a system which are in internal thermal equilibrium. The third 
law follows from the statistical definition of the entropy, provided that the 
ground state of the system has a well-defined multiplicity. If the ground state 
multiplicity is g(0), the corresponding entropy is o{0) = logr>(0) as r -> 0. 
From a quantum point of view, the law does not appear to say much that is 
not implicit in the definition of entropy, provided, however, that the system is 
in its lowest set of quantum states at absolute zero. Except for gtasses, there 
would not be any objection to affirming that g(0) is a small number and a(0) 
is essentially zero. Glasses have a frozen-in disorder, and for them o(0) can be 
substantial, of the order of the number of atoms N. What the third law tells us 
in real life is that curves of many reasonable physical quantities plotted against t 
must come in fiat as r approaches 0. 
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Entropy as a Logarithm 

Several useful properties follow from (he definition of the entropy as the loga- 
rithm of the number of accessible states, instead of as the number of accessible 
states itself. First, the entropy of two independent systems is the sum of .he 
separate entropies. 

Second, the entropy is entirely insensitive— for ail practical purposes— to 
the precision dU with which the energy of a closed system is defined. We have 
never meant to imply that the system energy is known exactly, a circumstance 
that for a discrete spectrum of energy eigenvalues would make the number of 
accessible states depend erratically on the energy. We have simply not paid 
much attention to the precision, whether it be determined by the uncertainty 
principle dU <5(time) - h, or determined otherwise. Define *0(1/) as the number 
of accessible states per unit energy range; ©((7) can be a suitable smoothed 
average centered at U. Then cj(V) ~ V(U)6U is the number of accessible 
states in the range SU at U. The entropy is 

o(U) = log0tL-),it/ = log0(t;) + \oqSU. (37) 

Typically, as for the system of N spins, the total number of stales will be of the 
order of 2- . If the total energy is of the order of N times some average one- 
particle energy A, then 0(1') 2; V /A'A. Thus 

a{U) = jVlog2 -- logA'A + log«5(/. (38) 

Let N = 10 20 ; A = 10" u erg; and 5U = 10“ 1 erg. 

<r(U) =* 0.69 x 10 20 - 13.82 - 2.3. (39) 

We see from this example that the value oDhe entropy is dominated overwhelm- 
ingly by the value of N\ the precision 5 U is without perceptible effect on the 
result, in the problem of A' free particles in a box, the number of stales is propor- 
tional to something like U S 5U, whence a - N\ogU + \ogSU. Again the 
term in N is dominant, a conclusion independent of even the system of units 
used for the energy. 


Example: Perpetual motion of the second kind. Early in our study of physics we came to 
understand the impossibility of a perpetual motion machine, a machine that will give forth 
more energy than it absorbs. 


Summary 


SI 


* *•— ' H* » » h railed. i„ 
environment, the dTtScncc Hi! ? T"™' de!ivcrcd to part of the 

engine that delivers mechanical work a^bb|Vr n Vv tabilShCdU ’ m8 ^ l ° P ° Wcr a hcat 

cannot propel a ship bv cootine ihr> s .. P ur P osc 111 uo cost to us. In brief, we 

prope, the sMp! 10 ““ cncr e» necessary to 

higher tcmperalure boiler on tile shin ^ ’° W Icm P er3luce ocean lo a 

syslcms and woutd thus be flotation of 



SUMMARY 

'■ sys,em u 

2 ' quamiiy ^ C is ProbabiIit y is in .he state ,he overage voloe of a 

w “ zww 

s 


3. An ensemble of systems is composed of very many systems, all constructed 

4. The number of accessible states of the combined systems 1 and 2 is ^ 

3( 5 ) = 19^)92(5 - s,) , ^ 0 


where s, + s 2 - s. £ 

5. The entropy „<AI.U) = logoff). Tire relation S _ k, a conncos lhe 
convent, onal entropy S with the fundamental entropy a. 
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8. The thermal equilibrium values of the physical properties of a system are 
defined as averages over all states accessible when the system is in contact 

with a large system or reservoir. If the first system also is large, the thermal 
equilibrium properties are given accurately by consideration of the stales in 
the most probable configuration alone. 



PROBLEMS 

1. Entropy and temperature. Suppose g(V) = CU W1 , where C is a constant 
and N is the number of particles, {a} Show that U = \\’ x . (b) Show that 
(<' ! <7/r(d J l. v is negative. This form of </( U ) actually applies to an ideal gas. 

2. Puntmagne ti.sn t . Find the equilibrium value ai temperature r of the frac- 
tional magnetization 

M Sm = 2 <s>/N 

of the system of N spins each of magnetic moment in in a magnetic field D. The 
spin excess is 2s. Take the entropy as the logarthithm of the multiplicity g(N,s) 
as given in (1.35): 

cr(s) - log0(,Y.O) - 2s 7 /N , (40) 

for |s| « N. Hint: Show that in this approximation 

c(U) = c 0 - U 2 J2m 2 B 2 N , (41) 

with a 0 = logfy(N.O). Further, show that 1 /t = -- U/m 7 B 7 N, where U denotes 
<L/>, the thermal average energy. 

3. Quantum harmonic oscillator, (a) Find the entropy of a set of N oscillators 
of frequency a> as a function of the lota! quantum number;]. Use the multiplicity 
function (1.55) and make the Stirling approximation logN! ~ NlogN — N. 
Replace N ~ 1 by N. (b) Let U denote the total energy nhui of the oscillators. 
Express the entropy as o(U,N). Show that the total energy at temperature x is 

Nho) 

~ (42) 

This is the Planck result; it is derived again in Chapter 4 by a powerful method 
that does not require us to find the multiplicity function. 
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4. The meaning of “never." It has been said* that “six monkeys, set to strum 
unmteHigently on typewriters for millions of years, would be bound in time 
to write alt the books in the British Museum." This statement is nonsense, for 
it gives a misleading conclusion about very, very large numbers. Could all the 
monkeys in the world have typed out a single specified book in the aee of the 
universe? 1 

Suppose that 10 10 monkeys have been seated at typewriters throughout the 
age of the universe, 10 1 8 s. This number of monkeys is about three times greater 
than the present human population 1 of the earth. We suppose that a monkey 
can hit 10 typewriter keys per second. A typewriter may have 44 keys; we 
accept lowercase letters in place of capital letters. Assuming that Shakespeare’s 
Hamlet has 10* characters, will the monkeys hit upon Hamlet'! 

(a) Show that the probability that any given sequence of 10* characters 
typed at random will come out in live correct sequence (the sequence of Hamlet) 
is of the order of 

(i'i) 100 000 = 10" ‘ h4 JJ5 

where we have used !og 10 44 = 1.64345. 

(b) Show that the probability that a monkey-Hamlet will be typed in the age 
of the universe is approximately lCT' 641 ' 6 . The probability of Hamlet is 
therefore zero in any operational sense of an event, so that the original statement 
at the beginning of this problem is nonsense: one book, much less a library, 
will never occur in the total literary production of the monkeys. 

5. Additivity of entropy for two spin systems. Given two systems of N , ~ 
N, - 10“ spins with multiplicity functions g^N^Sj) and ^(AL.s - Sj), the 
product g l g 1 as a function of is relatively sharply peaked at 5, = s,. For s, = 
s, + 10“, the product g l g 1 is reduced by 10‘ 174 from its peak value. Use the 
Gaussian approximation to the multiplicity function; the form (17) may be 
useful. 

(a) Compute g, g 2 /(g { g 2 ) m3X for S] = s, + 10“ and s = 0. 

(b) For s = I0 70 , by what factor must you multiply (g^j),,,^ to make it 
equal to 9i(N ^sJg^N 2 ,s — s,); give (he factor to the nearest order of 
magnitude. 

* J. Jeans, Mysterious universe, Cambridge University Press, 1930, p. 4. The statement is attributed 
to Huxley. 

' tor a related mathematico-literary study, see “The Library of Babel," by the fascinating Argentine 
writer Jorge Luis Borges, in Ficvioncs, Grave Press, Evergreen paperback, 1962, pp. 79-S8. 

1 For every person now aiive, some thirty persons have once lived. This figure is quoted by A. C. 
Clarke in 2001. Wc arc grateful to the Population Reference Bureau and to Dr. Roger Revclle for 
explanations of the evidence. The cumulative number of man-seconds is 2 x i0 ! °. if we take the 
average lifetime as 2 x 10* s and the number of lives as 1 x 10' The cumulative number of 
man-seconds is much less than the number of monkey -seconds (10 1 *) taken in the problem. 
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The laws of thermodynamics may easily be obtained from the principles of 
statistical mechanics, of which they are the incomplete expression. 

Gibbs 

IVe are able to distinguish in mechanical terms the thermal action of one system 
on another from that which we call mechanical in the narrower sense . . . so as 
to specify cases of thermal action and cases of mechanical action. 

Gibbs 


* 
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rcsenoir dl m thermal contact with a system S. 
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BOLTZMANN FACTOR 

A central problem of thermal physics is to find the probability that the system 
v i be m a specific quantum state s of energy Cj . This probability is propor- 
tional to the Boltzmann factor. 

When we specify that S should be in the state s, the number of accessible 

°: ,he !ota! system 1S rcduced 'O the number of accessible states of the 
reservoir <H, at the appropriate energy. That is, the number 9<R+4 of states 
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Figure 3.2 The change of entropy when the 
reservoir transfers energy i to the system. The 

fractional etTcct of the transfer on the reservoir 
is small when the reservoir is large, because a 
large reservoir will hare a high entropy. 


accessible to (R is 

S« * 1 = 0« . (1) 

because for our present purposes we have specified the state of & . 

If the system energy is the reservoir energy is U 0 - e,. The number of 
states accessible to the reservoir in this condition is g^{U 0 - £,). as in Figure 3.2. 
I he ratio of the probability that the system is in quantum state l at energy 
e, to the probability that the system is in quantum state 2 at energy f . 2 is the 
ratio of the two multiplicities: 

P(£i) _ Mu l tiplicity of(R at energy U 0 - e, g^( U 0 - e,) 
hs 2 ) Multiplicity of Cff at energyl/T^el ~ ^ 

This result is a direct consequence of what we have called the fundamental 
assumption. The two situations are shown in Figure 3.3. Although questions 
about the system depend on the constitution of the reservoir, we shall see that 
the dependence is only on the temperature of the reservoir. 

If the reservoirs arc very large, die multiplicities are very, very large numbers. 
We write (2) in terms of the entropy of the reservoir: 





I 

i 
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Figure 3.3 The system in (a), (b) is in quantum state 1, 2. The reservoir 
has <j, s (U 0 — £,}, tj,y{U a — Cj) accessible quantum states, in (a) and (b) 
respectively. 


With 

= °<x{Vq ~ e i) ~ a <n{Uo ~ £i) > ( 4 ) 

the probability ratio for the two states 1, 2 of the system is simply 

= exp(A<r„). (5) 

Let us expand the entropies in (4) in a Taylor series expansion about a^U 0 ). 
The Taylor series expansion of f{x) about /(x 0 ) is 

/(x„ + °) - /M + + (6) 

Thus 


o [U 0 - e) = o A (U 0 ) - t{doJdU) Y ' N + ••• 

= <7«(^o) +'■' . ( 7 ) 


where l/i = (8a A tcV) v ^ gives the temperature. The partial derivative is taken 
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at energy Lf 0 . The higher order terms in the expansion vanish in the limit of 
an infinitely large reservoir.* 

Therefore A defined by (4) becomes 


« ~ (e, - c 2 )fx. 


The final result of (5) and (S) is 


C.\p ( — £,/ T) 
exp(~e,/r) 


A term of the form exp( — c/r) is known as a Boltzmann factor. This result is 
of vast utility. It gives the ratio of the probability of finding the system in a 
single quantum state 1 to the probability of finding the system in a single 
quantum stale 2. 

Partition Function 

It is helpful to consider the function 

Z(r) = Xcxpf-e/c) , (10) 

i 

called the partition function. The summation' is over the Boltzmann factor 
exp(-e 5 /r) for all states 5 of the system. The partition function is the pro- 
portionality factor between the probability P(e,) and the Boltzmann factor 
exp{— Ej/r): 




ex p( -£,/!■) 


We see that ]TP{£,) = 2/2 = I : the sum of all probabilities is unity. 

The result (11) is one of the most useful results of statistical physics. The 
average energy of the system is U = <£> » £ £,?{£,), or 

W-E ■ ( 12 ) 


* Wc expand o((/ 0 — c)andnol g(U 0 — c)becauselheexpansianofthcIatlcrquantityimmcdialdy 
gives convergence difficulties. 







1 he average energy refers to those states of a system that can exchange energy 
» h a eservotr. The notation <- - •> denotes such an average value and is 

for in coT r ag : ^ enS€mb!C aVera8C - ln ° 2) the s y mbo1 U is used 
for < £ > , n conformity with common practice; U will now refer to the system 

and not, as earlier, to the system + reservoir. 


sSSEiiiiSii 

L pTrddc is ,CmpcrMUrc T - T " C l wrlilion function for the two states of 

Z = ex p( — 0/r) + exp(— f/t) = l + exp(- £ / T ). ({3) 

The average energy is 


U * <£> - 


rexp( 

Z~~ 


exp( — £ /r) 

1 + exp(-£/ T )* 


(14) 


This function is plotted in Figure 3.4. 

If we shift the zero of energy and take the energies of the two stales as -\c and + 4, 

instead ofasO and e, the results appear differently. We have 


2 - exp(c/2r) -}• ex p( - e/ 2 r) = 2 cosh(c/2t) , 


(15) 
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< £ > = izi £) cx P (g/2r) + (jc) ex p( - c/2t) _ _ sinh(e/2r) 

2 £ 2 cosh(e/2r) 

= -iefanh(fi/2r). ( 16 ) 

The heat capacity C y of a system at constant volume is defined as 

C v = i{da/dt) y , ( 17 a) 

which by the thermodynamic identity (34a) derived below is equivalent to the alternate 
definition 

C v s(dU/dt) y . ( 17 b) 

We hold V constant because the val ucs of the energy arc calculated for a system at a specified 
volume. From (14) and (17b), 


Cy = C 


«V exp(e/r) 


cx exp(t/r) + 1 \x) [exp(c/r) + l) 1 ' 


The same result follows from (16). 

In conventional units C r is defined as T(cS/dT) y or tfU/dTX. whence 


(conventional) 


Cy — A' 0 I 


£ V exp(c/A- fl T ) 

A'hT/ [cxp(c/A n T) + 1]’ 


In fundamental units the Heat capacity is dimensionless; in conventional units it has the 
dimensions of energy per kelvin. The specific heat is defined as the heat capacity per unit 
mass. 

I he hump in the plot of heat capacity versus temperature in Figure 3.4 is called a Schott ky 
anomaly. For r » e the heat capacity (1 8a) becomes 

C v = (e/2i) 2 . (19) 

Notice that C y cc r ‘in this high temperature limit. In the low temperature limit the 
temperature is small in comparison with the energy level spacing e. For t « e we have 

Cy = {c/r) 2 cxp{-e/x). (20) 

The exponential factor exp(-c/r) reduces C v rapidly as r decreases, because ex p(- 1/v) 0 

as -x* — 0. 
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! Rerersibte recess. A process is reversible if carried out in such a 
uaj that the system is always infinitesimally close to the equilibrium condition 
hot example, . the entropy is a function of the volume, any change of volume 
must be earned out so slowly that the entropy at any volume V is closely equal 
to the equilibrium entropy a {Vy Thus, the entropy is well defined at every 
stage of a reversible process, and by reversing the direction of the change the 
system vs ill be returned to its initial condition. In reversible processes, the 
condition of the system is well defined at all times, in contrast to irreversible 

We < ^ftri CrC | T" "° l kn0W what is S™g on during the process. 

We cannot apply the mathematical methods of thermal physics to systems 
whose condition is undefined. J 

A volume change that leaves the system in the same quantum state is an 
example of an isentrop.c reversible process. If the system always remains in the 
same state the entropy change will be zero between any two stages of the pro- 
cess, because the number of states in an ensemble (p. 31) of similar systems does 
no change. Any process in which the enlropy change vanishes is an isentropic 
reversible process. But reversible processes are not limited to isentropic pro- 
cesses, and we shall have a special interest also in isothermal reversible processes 
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Consider a system in the quantum state s of energy £j . We assume Ej to be a 
function of the volume of the system. The volume is decreased slowly from V 
to V AV by application of an external force. Let the volume change take 
place sufficiently slowly that the system remains in the same quantum state s 
throughout the compression. The “same" state may be characterized by its 
quantum numbers (Figure 3.5) or by the number of zeros in the wavcfunction. 

The energy of the state s after the reversible volume change is 


e s (V - A V) 


(dzJdV)AV + 


Consider a pressure Pj applied normal to all faces of a cube. The mechanical 
work done on the system by the pressure in a contraction (Figure 3.6) of the 
cube volume from V la V - AV appears as the change of energy of the system: 


U (V - AV) - U(V) = AU = ~{ikJdV)AV. 
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Figure 3.5 Dependence of energy on volume, for the energy levels of a free 
particle confined to a cube. The curves are labeled by n l = n* -+ ti f 2 + n. 1 , 
as in Figure 1.2. The multiplicities Q are also given. The volume change here 
is isotropic: a cube remains a cube. The energy range <5 c of the stales 
represented in an ensemble of systems will increase in a reversible 
compression, but we know from the discussion in Chapter 2 that ihc width 
of the energy range itself is of no practical importance. U is the change in 
the average energy dial is important. 





Figure 3.6 Volume change — At' in uniform 
compression of a cube. 
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He / e U denotcs lhe ener 8y of the system. Let A be the area of one face of the 

cube; then 

A{Ax + Ay + Az) = AK , ^3) 

if all increments A K and Ax _ A ; . _ Ac arc taken as positive in the comptes- 
sion. the woik done in the compression is 

Au " + Ay + Az) « p,AF , (24) 

so that, on comparison with (22), 

P, = — dcJdV (25) 

is the pressure on a system in the state s. 

We average (25) over all slates or the ensemble to obtain the average pressure 
OX usually written as p: 


(cil' 

p - -Uf 


where U = <t>. The entropy a is held constant in the derivative because the 
number of states in the ensemble is unchanged in the reversible compression 
we have described. We have a collection of systems, each in some state, and 
each remains in this slate in the compression. 

The result (26) corresponds to our mechanical picture of the pressure on a 
system that is maintained in some specific state. Appendix D discusses the 
result more deeply. For applications we shall need also the later result (50) for 
the pressure on a system maintained at constant temperature. 

We look for other expressions for the pressure. The number of states and thus 
the entropy depend only on U and on V, for a fixed number of particles, so 
that only the two variables U and V describe the system. The differential of 
the entropy is 

m - {w\ M + {w)r m 

Ihis gives the differential change of the entropy for arbitrary independent 
differential ch a dU and ilV. Assume now that we select dU and dV inter- 
dependently, in such a way that the two terms on the right-hand side of (27) 


Thermodynamic Identity 


cancel. The overall entropy change da will be zero. If we denote these inter- 
dependent values of dU and dV by 0U). and (5V) a , the entropy change will 
be zero: 


■ ■ (ft). 




After division by (<5F) fl 


0 = (*z\ Wt , 

\SUJy\SVl \CVju 


But the ratio (5U)J(SV) a is the partial derivative of U with respect to V at 
constant a: 

JtfV). s (cU/dV) a . ( 30 ) 


With this and the definition I/v = {da fdU) t ., Eq. (29) becomes 


(0U\ _ fPo\ 

WJ. “ \dV)u 


By (26) the left-hand side of (31) is equal to -/>, whence 


I (a \ 

p ’ W 


Thermodynamic Identity 

Consider again the differential (27) of the entropy ; substitute the new result for 
the pressure and the definition oft to obtain 


da = ~dU +E-dV , 
r t 


ida = dU + pdV. 


(34a) 
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This useful relation will be called the thermodynamic identity. The form with N 
variable will appear in (5.38). A simple transposition gives 

dU = ~ pdV, or dU = TdS - pdV. (34b) 

If the actual process of change of state of the system is reversible, we can 
identify r da as the heat added to the system and -pdV as the work done on 
the system. The increase of energy is caused in part by mechanical work and 
m part by the transfer of heat. Heat is defined as the transfer of energy between 
two systems brought into thermal contact (Chapter 8). 

HELMHOLTZ FREE ENERGY 

The function 



is called the Helmholtz free energy. This function plays the part in thermal 
physics at constant temperature that the energy U plays in ordinary mechanical 
processes, which are always understood to be at constant entropy, because no 
internal changes of state arc allowed. The free energy tells us how to balance 
the conflicting demands of a system for minimum energy and maximum en- 
tropy. The Helmholtz free energy will be a minimum for a system & in thermal 
contact with a reservoir dl, if the volume of the system is constant. 

We first show that F is an extremum in equilibrium at constant t and V. 
By definition, for infinitesimal reversible transfer from (51 to &, 

dF i — dU i — trio, (36) 

at constant temperature. But l/r s (SoJcU^y, so that dU t = xda at con- 
stant volume. \ herefore (36) becomes 

dF & “ 0 . (37) 

which is the condition for F to be an extremum with respect to ail variations 
at constant volume and temperature. We like F because we can calculate it from 
the energy eigenvalues e, of the system (see p. 72). 
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Comment. We can show that the extremum is a minimum. The total energy is (7 = 
t- a + Us ■ Then the total entropy is 

«= (?* + = tr„(U - U s ) 4- <7,(1/,) 

- °«l u ) “ + °s(Us)- ( 38 ) 

We know that 

(coJFU^y y a l/r , (39) 

so that (38) becomes 

a “ - FJ x . ( 40 ) 

where F s « U s - r a x is the free energy of the system. .Nosv <T lk (L') is constant; and we 
recall that a = o., + a s in equilibrium is a maximum with respect to U s . It follows from 
(40) that /• j must be a minimum with respect to U s when the system is in the most probable 
configuration. The free energy of the system at constant r, V will increase for any departure 
from the equilibrium configuration. 



Example: Minimum property vf tlte free energy of a paramagnetic system. Consider the 
model system of Chapter 1. with N, spins up and A, spins down. Let N =» Ai, + (V,; 
the spin excess is 2s = iV, - N,. The entropy in the Stirling approximation is found 
with the help of an approximate form of (1.31): 



Hie energy in a magnetic field B is — 2 smB, where m is the magnetic moment of an elemen- 
tary magnet. The free energy function (to be called the Landau function in Chapter 10) is 
FJ r,s,B) s U(s,B) - 117(5), or 

F L (r,s,B) = -2s, nB + (~rV 4- sjrlog^ + - sjrlog^ - -£j. 

(42) 

At the minimum of FJr.s.B) with respect to s, this function becomes equal to the equilibrium 
free energy F(t.B). That is, F ftfs) ,B) — because -fs) is a function of r and 8. The 

minimum of f\ with respect to the spin excess occurs when 

(cFJds} tB = 0 = -2 mB 4- (43) 
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Thus in the magnetic held B the thermal equilibrium value of the spin excess 2s is given by 

= exp(2«ji?/ T ); <2s> = J m 

' ' \cxp(2mB/x) +l)’ (44) 

or, on dividing numerator and denominator by exp(mB/r), 

<2s> = N tanh(Mi5/r). (45) 

‘ hC maSnC,iC m ° mCnt ^ Unit voluinc - number of spins 

per unit volume, the magnetization m thermal equilibrium in the magnetic field is 


M = <2 s)m/V = mu tanh(mB/r). 


The free energy of the system in equilibrium can be obtained by substituting (451 in 
I. » eas,er > •»«««. .0 obuta F Ui,.dy fioin ,hc p a „i,io» fLJ £ 


Z ~~ exp(mB/r) + exp( — mB/r) = 2cosh(/nB/t). (47) 


Now use the relation F = -r log 2 as derived below. Multiply by N to obtain the result 
magne s. (The magnetization is derived more simply by the method of Problem 2.) 



Differential Relations 
The differential of F is 


dF = dU ~ tJa — adz , 
or, with use of the thermodynamic identity (34a), 

dF — - adz — pdV , (4$) 

for which 



These relations are widely used. 

The free energy F in the result p - ~(cF/aV) t acts as the effective energy 
or an isoiltermul change of volume; contrast this result with (26). The result 
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may be written as 



win l° f ^ S Vr The tW ° tCrmS ° n the r| S h '-hand side of (50) represent 
C may call the energy pressure and the entropy pressure. The energy 
pressure -(cC/aP), is dominant in most solids and the entropy pressure 
i f ,s dom,nai1t «» gases and in elastic polymers such as rubber (Problem 
0). The entropy contnbution is testimony of the importance of the entropy: 

about ,r fCC mg f -° m S!mP ' e mCChan ' CS ,hat "MW must tell everything 
about the pressure is senously incomplete for a process at constant temperature, 

ecause the entropy can change in response to the volume change even if the 
energy .s independent of volume, as for an ideal gas at constant temperature. 




T ° f 3 8r0U ? ° fUSeful adynamic relations 
u iaxv.cu relations. form the cross-derivatives c l FjcV lx and b'FlcxcV which must 
be equal to each other. It follows from (49) that ’ 


(ca/6V) l = (dp/dr V , (5J) 

a relation that is not at all obvious. Other Maxwell relations will be derived later at 
ppropriate pomts by stnular arguments. The methodology of obtaining thermody- 
namic relations is discussed by R. Gilmore, J. Chcm. Phys. 75, 5964 (1981). 


Calculation of F from Z 

Because F = U ~ za and a — -( ]cF/dx) v , we have the differentia! equation 

F = U + z(BF/6z)y, or ~z 2 c(F/x)/cx * U. (52) 

Wc show that this equation is satisfied by 

F/z ~ ~ log Z , (5,1) 

where Z is the partition function. On substitution, 

('(Win = - C log Z. Tt - - U/x 2 (54) 
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by (12). This proves that 

(55) 

satisfies the required differential equation (52). 

It would appear possible for F/x to contain an additive constant a such that 
F = -tlogZ + at. However, the entropy must reduce to logg 0 when the 
temperature is so low that only the cj 0 coincident slates at the lowest energy £ 0 
are occupied. In that limit logZ -» log lJo - e 0 / t , so that g~-cF/ct^ 
c(rlogZ)/cT = log 9o only if z = 0. 

We may write the result as 

Z = expf-F/t); (56) 

and the Boltzmann factor (11) for the occupancy probability of a quantum 
state s becomes 

- exp[(F - cj/r]. (57) 

IDEAL GAS: A FIRST LOOK 

One atom in a box. We calculate the partition function Z, of one atom of 
mass M free to move in a cubical box of volume V = L\ The orbitats of the 
free particle wave equation -(/j 2 /2Af)V^ = E 0 are 

i/'(.x,y,z) = Asin(n,n.v L)sin(« y jr i y/I.)sin(n.jtz/L) , (58) 

where n x . n y , ». are any positive integers, as in Chapter 1. Negative integers do 
not give independent orbitals, and a zero does not give a solution. The energy 
values are 

+ + (59) 

We neglect the spin and all other structure of the atom, so that a state of the 
system is entirely specified by the values of n f , 
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The partition function is the sum over the states (59): 

2 i = I L E e x P [-/i V(n, 2 + „ y 2 + n : 2 )/2ML 2 xl (60) 

Provided the spacing of adjacent energy values is small in comparison with t, 
\\c may replace the summations by integrations: 

Z > = Jo rf "« So dn r Jo'^'.-wpC-aW + + n. 2 )]. ( 61 ) 

The notation cr ~ h z n 2 /2ML 2 x is introduced for convenience. The exponential 
may be written as the product of three factors 

exp(-a 2 u_ t J )cxp( — a J /i,. J }'exp(- z 2 /i. J ) , 

so that 

Zi * (j 0 “*Lex p(-a 1 ii I J )j = (l/a) 3 (j*“ r/.vexp(- x 2 )J = n J ' 2 ,8x 3 , 
whence 

(62) 

in terms of the concentration n = 1 jV. 

Here 

(63) 

is called the quantum concentration. It is the concentration associated with one 
atom in a cube of side equal to the thermal average dc Broglie wavelength, 
which is a length roughly equal to A/M<v> ~ ft/{A/r) 1,J . Here <r> is a thermal 
average velocity. This concentration will keep turning up in the thermal physics 
of gases, in semiconductor theory, and in the theory of chemical reactions. 

For helium at atmospheric pressure at room temperature, n % 2.5 x 
!0 ,9 cm 3 and n Q a: 0.8 x 10 2s cm -3 . Thus, iiJrq ^3 x 10~ 6 , which is very 
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Wl—T' IO S ° ' hat hdium iS VCr * di!ule undcr normal conditions. 

J,/ "Q <<: we Sd y tha{ lf ie gas ts m the classical regime. An ideal gas 

is defined as a gas of nonmteracting atoms in the classical regime, 
l he thermal average energy of the atom in the box is, as in (12), 

X£ n exp{- £ „/T) 

V = 21 = x 2 {d Iog Z j £z) ^ (64) 

because Z, ~ 1 exp( - t Jx) is the probability the system is in the state n. From (62), 
logZ, = — jlogO/t) + terms independent of r , 
so that for an ideal gas of one atom 



If x k B T, where k B is the Boltzmann constant, then U ** *k 0 T, the well- 
known result for the energy per atom of an ideal gas. 

avcra 8 c occupancy of a free particle orbital satisfies the in- 

Z, “ 1 cxp( — £ n / T ) < Z,~‘ = n/)\ Q , 

Wljich sets an upper limit of 4 x 10'* for .lie occupancy of an orbilal by a 
helium atom at standard concentration and temperature. For the classical 
regime to apply, this occupancy must be « 1. We note that £„ as defined by (59) 
is always positive for a free atom. 



Example : N atoms in a box. There follows now a tricky argument that we will use 
temporarily until .sc develop m Chapter 6 a powerful method to deal with the problem of 
many nonmleracimg identical atoms in a box. We first treat an idea! gas of ,V atoms in a 
box, all atoms or different species or different isotopes. This is a simple extension of the 
one atom result. We then discuss the major correction factor that arises when all atoms are 
identical, of the same isotope of the same species. 


Ideal Gas: A First Look 




* A 

+ q 2 F, S ure 3.8 Atoms of different species i 
y B single box. 


product of the separate onTaml^ 1?l * ' hC Partilion funclion * ^ 

Z - Vb ““ ® z i0)Z,(2)---Z l (W) , (66) 

ST- ** -V independent state of the » 

c * (,) + M2) )----,:.(N). (67) 

0f T° mS ^ ‘ hC SUCCCSSivC boxcs - Thc (66) 

single box (Figure 3.S): nomnlcrartwe atoms all of different species in a 

2 1 (0)Z i ,(D)Z l (*)-..Z.( A) , 

T ?T" ,UCSMC "" — «* f °r(67). If Hie 
»ou.d b, z,« Zi tXl-ZZm “ ,ma ' pat,i,IM 

k.™ wTnTz mbkm " idc "" c " ■»*•« !■ «* bo,. „e 

*«. PaS, ola S3 ^ d ~T ^ V “f“ 

£££ “ “ c< t e ” “ d m ’>- * «'> - » b= »* .n .he « jfLV 
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If ibe orbital indices are all different, each entry will occur AT! times in Z,\ whereas the 
cmry should occur only once if the panicles arc identical. Thus, Z,' ovcrcounts the states by 
a factor of A !. and the correct partition function for N identical particles is 



in the classical regime. Here n Q = from (63). 

1 here ts a step m the argument where we assume that all N occupied orbitals arc always 
different orbitals. It is no simple matter to evaluate directly the error introduced by this 
approximation, but later we will confirm by another method the validity of (681 in the 
classical regime n « n Q . The AM factor changes the result for the entropy of the ideal gas. 
The entropy is an experimentally measurable quantity, and it has been confirmed that the 
N . factor is correct in this low concentration limit. 



Energy. The energy of the ideal gas follows from the N particle partition 
function by use of ( 12 ): 

u ~ ‘ 2 (^logZ iV /t;i) = %Nx , (69) 

consistent with (65) for one particle. The free energy is 

F = — x log Z v = — tlogZ 1 ,v + tlogiVl. (70) 

With the earlier result Z, = n a V = {Mxflnh 1 )* 12 V and the Stirling approxima- 
tion logN! ~ NlogN - N, w e have 

F = — rNlog[(A/T/2n/i 2 ) 3,2 K] + xN\ogN - % N. ( 71 ) 

From the free energy we can calculate the entropy and the pressure of the ideal 
gas of N atoms. The pressure follows from (49): 

P - -(8F/dV) t = Nr/V , (72) 

or 


P V = Nx , 


(73) 
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which is called the ideal gas law. In conventional units, 


I'V = Nk„T. 


The entropy follows from (49): 


a = -[cF/Px) y = AMog[(Afr/2*fi*) s «K] + ±N - A' log N + A' , (75) 


a = A/[log(« 0 /«) + j] , 


with the concentration n = N/V. This result is known as the Sackur-Tctrode 
equation for the entropy of a monatomic ideal gas. It agrees with experiment. 
‘ hc resuil mvolvcs trough the term u Q , so even for the classical ideal gas 
the entropy involves a quantum concept. We shall derive these results again in 
Chapter 6 by a direct method that does not explicitly involve the N ! or identical 
particle argument. The energy (69) also follows from V > F + xa\ with use of 
(71) and (76) we have V = \N X . 


Example : Equ, partition of energy. The energy U = \Nx from (69) is ascribed to a contri- 
bution it from each “degree of freedom" of each particle, where the number of degrees of 
Irecdom is the number of dimensions of the space in which the atoms move: 3 in this 
example. In the classical form of statistical mechanics, the partition function contains the 
unelic energy of the particles in an integral over the momentum components ppn 
For one free particle " 1 

Z ‘ K JIf CXp [“ ^ + p y 2 + P.- J )/2Wi]^ dp f dp. , (77) 


a result similar to (61). The limits of integration are + ro for each component. The thermal 
average energy may be calculated by use of (12) and is equal to fr. 

The result is generalized in the classical theory. Whenever the hamiltonian of the system 
is homogeneous of degree 2 in a canonical momentum component, the classical limit of the 
thermal average kinetic energy associated with that momentum will be f r . Further, if the 
hamiltonian is homogeneous of degree 2 in a position coordinate component, the thermal 
average potential energy associated with that coordinate will also be Jr. The result thus 
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Figure 3.9 Meat capacity at constant volume of one molecule of H 2 in 
the gas phase. The vertical scale is in fundamental units; to obtain a value 
in conventional units, multiply by k„. The contribution from the three 
translational degrees of freedom is j; the contribution at high temperatures 
from the two rotational degrees of freedom is 1 ; and the contribution 
from the polential and kinetic energy of the vibrational motion in the 
high temperature limit is 1. The classical limits arc attained when 
r » relevant energy level separations.-. 


applies to the harmonic oscillator in the classical limit. The quantum results for the har- 
monic oscillator and for the diatomic rotator arc derived in Problems 3 and 6, respectively. 
At high temperatures the classical limits are attained, as in Figure 3.9. 


Lx am pk : Entropy of mix in?. In Chapter 1 we calculated the number of possible arrange- 
ments of A and B in a solid made up of N ~ t atoins A and i atoms B. We found in (1.20) 
for the number of arrangements: 


£7(‘V,<) = 


(N - 7)! i\' 


The entropy associated with these arrangements is 

cr(A r d) = log = |o gl V! - log(rV - t)! - log?! , (79) 

and is plotted in Figure 3.10 for N = 20. This contribution to (he total entropy of an alloy 
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Figure 3.10 Mixing entropy of a random binary alloy as a function of 
the proportions of the constituent atoms A and B. The curve plotted 
was calculated for a total of 20 atoms. We see that this entropy is a 
maximum when A and B are present in equal proportions (x = 0.5), 

and the entropy is zero for pure A or pure B. 


bfusTin?!t U r en ' r0Py ° f m ' X, ' ng - Thc fC5uh (79 ) bc P ul a convenient form 
by use of the Stirling approximation: 

a(N.r) N log N - N - (N - t)log(N - t) + N - i - riogr + r 
= N log N - (N - r) !og(;V - 0 - flog r 
= -(/V - f)log(l - t/N) - i iog(//iV) , 
or. with x s t/N, 

o-(x) = - A [(I - ,v)tog(l - .v) -F a log .v]. (SO) 

This result gives the entropy of mixing of an alloy A,_ X B X treated as a random (homo- 
geneous) solid solution. Thc problem is developed in detail in Chapter 11. 

We ask; Is the homogeneous solid solution the equilibrium condition of a mixture of A 
and B atoms, or is the equilibrium a two-phase system, such as a mixture of crystallites of 
pure A and crystallites of pure B? The complete answer is the basis of much of the sconce 
of metallurgy: the answer will depend on the temperature and on the interatomic inter- 
action energies t/ AA , (/„. and t/ Aa . In thc special ease that the interaction energies bci» ecn 
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AA, BB. and AB neighbor pairs are all equal, [he homogeneous solid solution will have a 
lower free energy than the corresponding mixture of crystallites of the pure elements The 
ircc energy of the solid solution A , _.,B, is 

F ~ F Q ~ xcr(.v) = F 0 + rVr[(I - .v)Iog(l - a) + a log a] , (81) 

which wc must compare with 

F = (1 - X)F 0 + xF 0 = F 0 ( 82 ) 

for [he mixture of A and B crystals in the proportion (1 - X ) to The entropy of mixing 
is always positive— all entropies arc positive— so that the solid solution has the lower 
free energy in this special case. 

1 here is a tendency for at least a very small proportion or any element B to dissolve in 
any other element A, even if a strong repulsive energy exists between a B atom and the 
surrounding A atoms. Let this repulsive energy be denoted by U, a positive quantity. If a 
very small proportion x « I of B atoms is present, the total repulsive energy is xKU where 
xN is the number of B atoms. The mixing entropy (SO) is approximately 

a = — xN log x ( 83 ) 

in this limit, so that the free energy is 

F(.v) = N(xU + t a log a) , ( 84 ) 

which has a minimum when 

cF/dx ~ N(U + t log x + t) =* 0 , ( 85 ) 

or 

x = exp(-l) exp( -U/t). (86) 


This shows there is a natural impurity content in all crystals. 


SUMMARY 

I. The factor 

= exp{ — £ s /r)/2 

is the probability of finding a system in a state s of energy E> when the system 
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nVrd^ rm l C ° maCt W ” h 3 !argC rCServoir at tcm pcrature r. The number of 
particles m the system is assumed constant. 

2. The partition function is 

Z a £cxp(- £j / r ). 

3. The pressure is given by 

P = ~(dU/dV) a = xtfo/BV),,. 

4 ' <m '"“Pi* dcn " cd as F s u ~ It ^ a minimum in 

equilibrium for a system held at constant t, V. 

5. a = -{cF/d T) y ; p „ -(dFjd V\. ' 

(>■ F == — t logZ. This result is very useful in calculations of Fand of quantities 
such as p and a derived from F. 

7. For an ideal monatomic gas of N atoms of spin zero, 

Z* = ((iflKf/N! , 

if ,i = NJV « n Q . The quantum concentration m 0 s (A/t/2n/t 2 ) 3 ’ J . Further. 
pV = Nx ' a = N[log(;i 0 /») + J]; Cy = \N. 

8. A process is reversible if the system remains infinitesimally close to the 
equilibrium state at all times during the process. 


PROBLEMS 

/. Free energy of a tvro state system, (a) Find an expression for the free 
energy as a function of t of a system with two states, one at energy 0 and one 
at energy c. (b) From the free energy, find expressions for the energy and entropy 
ol the system. The entropy is plotted in Figure 3.1 1. 

2. Magnetic susceptibility, (a) Use the partition function to find an exact 
expression for the magnetization M and the susceptibility x s ilMUlB as a 
function of temperature and magnetic field for the model system of magnetic 
moments m a magnetic field. The result for the magnetization is A/ = 
nm tanhpjifi/i), as derived in (46) by another method. Here n is the particle 
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Figure 3.12 Plot of the total magnetic moment as a function 

Vu, 1 ' ?° ,Ke . ,hal 31 Iow mBl ' x lhe motn,:n t is a linear function 
otinB/x, but at high mB t the moment lends to saturate. 

concentration. The result is plotted in Figure 3.12. (b) Find the free energy and 
express the result as a function only of r and the parameter .v S (c) Show 

that the susceptibility is 2 * imr/ r in the limit »>B « r . 

" J lLxZ Sf/ tWm T ° S f at0r - A dimensional harmonic oscil- 
nne scries of equally spaced energy states, with £, = shxo, where 
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r/fta — 


Figure 3.13 Entropy versus temperature for harmonic 
oscillator of frequency tu. 


S is a positive integer or zero, and co is the classical frequency of the oscillator. 
\Vc have chosen the zero of energy at the state s = 0. (a) Show that for a 
harmonic oscillator the free energy is 

F = rlog[l - cxp( — tuo/xf\. (S7) 


Note that at high temperatures such that t » !,w we may expand the arcument 
of the logarithm to obtain F » r log(/««,/t). (b) From (S7) show that the entropy 


a 


tm/x 

exp(/ioj/t) - 1 


Iog[l - exp{-/iaj/i)]. 


(S8) 


The entropy is shown in Figure 3.13 and the heat capacity in Figure 3.14. 

4. Energy fluctuations. Consider a system of fixed volume in thermal contact 

" lt 1 a reservoir - Show tliat 'he mean square fluctuation in the enemy of the 
system is 


<(E - <E» J > = x\cu;cx) v . 


159) 


Here c is the conventional symbol for <e>. Hint : Use the partition function 2 
to relate cU/cx to the mean square fluctuation. Also, multiply out the term 
{•••). Note: The temperature r of a system is a quantity that by definition does 
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Figure 3.14 Heal capacity versus temperature 
for harmonic oscillator of frequency o>. The 
horizontal scale is in units of t,'hu, which is 
identical with T 0 C . where 0 L is called the 
Kinslcin temperature. In the high temperature 
limit C, — l 0 .or 1 in fundamental units. This 
value is known as the classical value. At low 
temperatures CY decreases exponentially. 



not fluctualc in value when the system is in thermal contact with a reservoir. 
Any other attitude would be inconsistent with our definition of the temperature 
of a system. The energy of such a system may fluctuate, but the temperature 
docs not. Some workers do not adhere to a rigorous definition of temperature. 
Tims Landau and Lilshiiz give the result 

<(At} 2 > = t 2 /C v , (90) 

but this should be viewed as just another form of (89) with At set equal to 
A U;C y . We know that AIT ~ C y At, whence (90) becomes <(At/) 2 > = x J C.. 
which is our result (89). 

5. Overhauser effect. Suppose that by a suitable external mechanical or 
electrical arrangement one can add ae to the energy of the heat reservoir 
whenever the reservoir passes to the system the quantum of energy c. The net 
increase of energy of the reservoir is (a — l)e. Here a is some numerical factor, 
positive or negative. Show that the effective Boltzmann factor for this abnormal 
system is given by 

P(r.)cc exp[-(l - a)c/t]. (91) 

This reasoning gives the statistical basis of the Overhauser effect whereby the 
nuclear polarization in a magnetic field can be enhanced above the thermal 
equilibrium polarization. Such a condition requires the active supply of energy 
to the system from an external source. The system is not in equilibrium, but is 
said to be in a steady state. Cf. A. W. Overhauser, Phys. Rev. 92, 411 (1953). 

6. Rotation of diatomic molecules. In our first look at the ideal gas we con- 
sidered only the translational energy of the particles. But molecules can rotate, 
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with kinetic energy. The rotational motion is quantized; and the energy levels 

of a diatomic molecule arc of the form } 

= j(j + l)c 0 (92) 

wLere; is any positive integer including zero :j = 0, I, 2 The multiplicity 

of each rotational level ,s g{j) = 2 j + 1. (a) Find the partition function 7.J) 
for the rotational slates of one molecule. Remember that Z is a sum over all 
states, not over all levels— this makes a difference, (b) Evaluate 2 „(t) approxi- 
mately for t » Eo , by converting the sum to an integral, (c) Do the same for 
r << «o. by truncating the sum after the second term, (d) Give expressions for 

he energy U and the heal capacity C, as functions of r. in both limits. Observe 
that the rotational contribution to the heat capacity of a diatomic molecule 
approaches 1 1 (or. in conventional units, k u ) when r » «: 0 .j|c) Sketch the behavior 
ot L (i) and C(t), showing the limiting behaviors for r -* co and r - 0. 

7. Zipper problem. A zipper has N links; each link has a stale in which it is 
closed wuh energy 0 and a state m which it is open with energy r.. We require 
however, that the zipper can only unzip from the left end, and that the link 
mim w s cm only open if all links lo llic loft (1.2. . . . - |) are already open, 
(a) Show that the partition function can be summed in the form 


1 - cxp[ — (,Y -f 1 )c/t] 
1 - e\p( — c/t) 


(93) 


(b) In the limit e » t, find the average number of open links. The model is a 
very simplified model of the unwinding of two-stranded DNA molecules— see 
C. Kiliel, Amer. J. Physics 37, 917 (1969). 

8. Quantum concentration. Consider one particle confined lo a cube of side 
L; the concentration in effect is it = l }L\ Find the kinetic energy of the particle 
w hen m the ground orbital. There will be a value of the concentration for which 
this zero-point quantum kinetic energy is equal to the temperature r. (At this 
concentration the occupancy of the lowest orbital is of the order of unity; the 
lowest orbital always has a higher occupancy than any other orbital.) Show’that 
the concentration « 0 thus defined is equal to the quantum concentration it n 
defined by (63), within a factor of the order of unity. 

9. Partition function for tuo systems. Show that the partition function 
Z(1 + 2) of two independent systems I and 2 in thermal contact at a common 
temperature r is equal to the product of the partition functions of the separate 
systems: 


Z{1 + 2) « Z(1)Z(2). (94) 


E 
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10. Elasticity of polymers. The thermodynamic identity for a one-dimensional 
system is 

ula = dU — fill (95) 

when / is the external force exerted on the line and ill is the extension of the 
line. By analogy with (3.2) we form the derivative to find 



Ihe direction of the force is opposite to the conventional direction of the 
pressure. 

We consider a polymeric chain of N links each of length p, with each link 
equally likely to be directed to the right and to the left, (a) Show that the number 
of arrangements that give a hcad-to-tail length of / = 2|s|p is 


£7 (A', — s) + (j{N,s) = 


({N + s)\(\N - s)!' 


(b) For js| « N show that 


o(/) = log[2(/(N,0)] - l 2 /2Np 2 . (98) 

(e) Show that the force at extension / is 


/ = h/Np 2 . (99) 

The force is proportional to die temperature. The force arises because die 
polymer wants to curl up: the entropy is higher in a random coil than in an 
uncoiled configuration. Warming a rubber band makes it contract; warming a 
steel wire makes it expand. The theory of rubber elasticity is discussed by 
H- M- James and E. Guth, Journal of Chemical Physics 1 1, 455 (1943); Journal 
of Polymer Science 4. 153 (1949); see also L. R. G. Trcloar, Physics of rubber 
elasticity, Oxford, 195S. 

11. One-dimensional "as. Consider an ideal gas of N particles, each of mass 
A/, confined to a one-dimensional lino of length L. Find the entropy at tempera- 
ture i. The pm tides have spin zero. 
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[IVe consider ] the distribution of the energy U among N oscillators of frequency 
v, If U is viewed as divisible without limit, then an infinite number of 
distributions are possible. We consider however — and this is the essential point 
of the whole calculation — U as made up of an entirely determined number of 
finite ecjual pans, and we make use of the natural constant h = 6.55 x 10 ~ 27 
erg-sec. This constant when multiplied by the common frequency v of the 
oscillators gives the element of energy t in ergs .... 

M. Planck 


! 

e 

j 


Planck Distribution Function 


59 


PLANCK DISTRIBUTION FUNCTION 

The Planck distribution describes Jjjte spectrum of the electromagnetic radiation 
in thermal equilibrium within a cavity. Approximately, it describes the emission 
spectrum of the Sun or of metal heated by a welding torch. The Planck distribu- 
tion was the first application of quantum thermal physics. Thermal electro- 
magnetic radiation is often called black body radiation. The Planck distribution 
also describes ihc thermal energy spectrum of lattice vibrations in an clastic 
solid. 

The word “mode" characterizes a particular oscillation amplitude pattern in 
the cavity or in the solid. We shall always refer to w = 2 nf as the frequency of 
the radiation. The characteristic feature of the radiation problem is that a mode 
of oscillation of frequency to may be excited only in units of the quantum of 
energy luo. The energy s, of the state with s quanta in the mode is 

e, = shto , (I) 

where s is zero or any positive integer (Figure 4.1). We omit the zero point 
energy tyico. 

These energies are the same as the energies of a quantum harmonic oscillator 
of frequency o), but there is a difference between the concepts. A harmonic 



Figure 4.1 States of an oscillator that 
represents a mode of frequency w of an 
electromagnetic field. When ihc oscillator is in 
the orbital of energy shto, the state is equivalent 
to s photons in the mode. 
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I- inure 4.2 Representation in one dimension of two electromagnetic i 

mode, a and h, of frequency o, a and <, v The amplitude of the electro- 
magnetic field is suggested in the figures for one photon and two photon 
occupancy of each mode * ■ 

I 

| 

oscillator is a localized oscillator^ whereas the electric and magnetic energy of 
an electromagnetic cavity mode is distributed throughout the interior of the 
cavity {Figure 4.2). For both problems the energy eigenvalues arc integral 
muitiples of Aw, and this is the reason for the similarity in the thermal physics of = 

the two problems. The language used to describe an excitation is different: j for 
the oscillator is called the quantum number, and s for the quantized electro- 
magnetic mode is called the number of photons in the mode. 

We first calculate the thermal average of the number of photons in a mode, 
when these photons are in thermal equilibrium with a reservoir at a temperature j 

t. The partition function (3.10) is the sum over the states (1): 

z ~ ), exp{-s/icu/T}. ( 2 ) 

J = 0 w 

This sum is of the form TV, with .* s exp(-/,a>/r). Because x is smaller than I, 
the infinite series may be summed and has the value 1/(1 - *), whence 

Z = 1 — . 

1 - exp(— / icu/t) 


( 3 ) 


i 


Planck Law and Stefan- Boltzmann Law 

The probability that the system is in the state s of energy siuo is given by the 
Boltzmann factor: 

Pis) = ex P<~* ftM A) 


The thermal average value of s is 


^ = JC ***(*) “ Z“‘^sexp(-5fioVr). 

With y = ftca/r, the summation on the right-hand side has the form: 

2>cxp(-sr) = -~y]cxp(-j y) 

= -£( [ V cxp(-y) 

dy \ 1 - cx p{ - y)J [l - cxp( — y) ] S ' 


From (3) and (5) we find 


<s> = “EhEL . 
1 - exp(-y) 


<s> = l . I 

expf/ioj/x) - 1 i 


This is the Planck distribution function for the thermal average number of 
photons (Figure 4.3) in a single mode of frequency m. Equally, it is the average 
number of phonons in the mode. The result applies to any kind of wave field 
with energy in the form of (I). 

PLANCK LAW AND STEFAN-BOLTZMANN LAW 
The thermal average energy in the mode is 


<e> = <s>/iw = 


exp(fiw/r) - 1 ' 


( 7 ) 
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Figure 4.3 Planck distribution as a function 
of the reduced temperature r. ficu. Here <s(oj)> 
is the thermal average of the number of 
photons in the mode of frequency to. A plot of 
<s(w)> 4- -) is also given, where \ is the effective 
zero point occupancy of the mode; the dashed 
line is the classical asymptote. Note that we 
write 

<s> + J J coth(/ioi/2t). 



The high temperature limit r » lm is often called the classical limit. Here 
exp(Ao/t) may be approximated as 1 + /ico/t + -.••, whence the classical 
average energy is 

<£> a r. (8) 

There is an infinite number of electromagnetic modes within any cavity. Each 
mode n has its own frequency co„. For radiation confined within a perfectly 
conducting cavity in the form of a cube of edge L, there is a set of modes of the 
form 

E x — £ x0 sincuf cos(H i 7r.v/L)sin(u y 7r>'/T)sin()i.7rz/L) , (9a) 

E y = E y0 sinciJi sm[t\ x nx/L)cos{n y ny/L) s\i\{i\.nz/L) , (9b) 

E z ~ E-o sin cot sin(u x 7ix/L) &m{n y ny/L) cos(n,rtz/L). (9c) 

Here E x , E , and E x are the three electric field components, and and 

E- 0 are the corresponding amplitudes. The three components are not indepen- 
dent, because the field must be divergence-free: 



Planck Lair and Stcfan-Boli:mann l.aiv 


9J 


When we insert (9) into (10) and drop all common factors, we find the condition 
+ E y0 h y + £. 0 n. ~ E 0 ■ n = 0. (11) 

This states that the field vectors must be perpendicular to the vector n with 
the components n xf u y and »i : , so that the electromagnetic field in the cavity is a 
transversely polarized field. The polarization direction is defined as the direction 
of E 0 . 

for a given triplet it x , n y% n. we can choose two mutually perpendicular 
polarization directions, so that there are two distinct modes for each triplet 
ti y , »i- . 

On substitution of (9) in the wave equation 


<V + tty 2 + ii: 2 )^ = ,.<V 


with c the velocity of light, wc find 

cV(n a J + n y 2 + » s 2 ) = co 2 /.. 2 . (13) 

This determines the frequency co of the mode in terms of the triplet of integers 
n x ,it r , » 3 . If wc define 

H s (n x 2 + n y 2 + I 1. 2 ) 1/2 , (14) 

then the frequencies are of the form 

co n = nnc/L. (15) 

The total energy of the photons in the cavity is, from (7), 


u = i<o - s 


exp(/ico„/i) - 1 


The sum is over the triplet of integers n x , tt y , n.. Positive integers alone will 
describe all independent modes of the form (9). We replace the sum over n x , 
n y , », by an integral over the volume clement <in x dn y tin, in the space of the mode 
indices. That is, we set 


£(';*) = A J“4n„ 2 c/ii(---) , 
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° n!y thC P0sklvc octant ®f space is 

two independent polariLtions 0 ™ t bl by a factor of 2 bec ause thereai-e 
sets of cavity modes). Thus ec ^magnetic field (two independent 


C\p(hlDjx) - 1 

- ix'hc/L) f™ dim 3 - J 

J exp(/ioiir/Lt) - I * 




U * <« , /a/£.)(rZ v 'K/»f)< f',/. Y 

J ° Cxp A- - 1 * 


( 20 ) 

( 18 ) JK :"■* and iS den0,ed “ We «“ * om 



v/v = p w » u 


4jf,to — s;! 

*' c J cxp(/ito/r) - 1 ’ 


(21) 


SO that the spectral density is 

ft OJ* 

7t 2 c 3 exp(/ico/i) - T 



( 22 ) 
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Figure 4.4 Plot of x»/(c* - 1) with .v s W/i. This 
function is involved in the Planck radiation law for the 
spectral density u„. Tlic temperature of a black body may 
be found from the frequency at which the radiant 
energy density is a maximum, per unit frequency range. 
This frequency is directly proportional to the temperature. 


Hus result is the Planck radiation Ian; it gives the frequency distribution of 
thermal radiation (Figure 4.4). Quantum theory began here. 

I he entropy of the thermal photons can be found from the relation (3.34a) 
at constant volume: do = dU/x, whence from (20), 



Thus the entropy is 


°( T ) — {4jr 2 K/45)(r//ic) 3 . ( 23 ) 


The constant of integration is zero, from (3.55) and the relation between F and a. 






A process carried out at constant photon entropy will have Vx i = constant. 

Tire measurement of high temperatures depends on the flux of radiant energy 
from a small hole in the wall of a cavity maintained at the temperature of 
interest. Such a hole is said to radiate as a black body— which means that the 
radiation emission is characteristic of a thermal equilibrium distribution. The I 

energy flux density J v is defined as the rate of energy emission per unit area. 

The flux density is of the order of the energy contained in a column of unit 
area and length equal to the velocity of light times the unit of time. Thus, 

| 

1 

J v — [ct/(i)/V] x (geometrical factor). (24) 

The geometrical factor is equal to £; the derivation is the subject of Problem 15. 

The final result for the radiant energy flux is 


CU{ t) _ TtV 
4K 60/iV ’ 


(25) 


by use of (20) for the energy density 11 JV. The result is ofien written as 


Ju - «,r ; < 26 > 

the Stefan-Boltzmunn constant 

a B s ji 2 W60/i 3 c 2 (26a) 

has the value 5.670 x 10~ 8 W m -2 K'* or 5.670 x 10 -5 erg cm -2 s" 1 K" 4 . 
(Here a B is not the entropy.) A body that radiates at this rate is said to radiate 
as a black body. A small hole in a cavity whose walls are in thermal equilibrium 
at temperature T will radiate as a black body at the rate given in (26). The rate 
is independent of the physical constitution of the walls of the cavity and de- 
pends only on the temperature. 


Emission and Absorption: Kirchhoff Law 

The ability of a surface to emit radiation is proportional to the ability of the 
surface to absorb radiation. We demonstrate this relation, first for a black body 
or black surface and, second, for a surface with arbitrary properties. An object 
is defined to be black in a given frequency range if all electromagnetic radiation 
incident upon it in that range is absorbed. By this definition a hole in a cavity is 
black if the hole is small enough that radiation incident through the hole will 
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reflect enough times from the cavity walls to be absorbed in the cavity with 

negligible loss back through the hole. 

The radiant energy flux density J v from a black surface at temperature t is 
equal to the radiant energy flux density J v emitted from a small hole in a cavity 
at the same temperature. To prove this, let us close the hole with the black 
surface, hereafter called the object. In thermal equilibrium the thermal average 
energy flux from the black object to the interior of the cavity must be equal, 
but opposite, to the thermal average energy flux from the cavity to the black 
object. 

Wc prove the following: If a non-black object at temperature t absorbs a 
fraction a of the radiation incident upon it, the radiation flux emitted by the 
object will be a times the radiation flux emitted by a black body at the same 
temperature. Let a denote the absorptivity and e the emissivity, where the 
cmissiviiy is defined so that the radiation flux emitted by the object is e times 
the flux emitted by a black body at the same temperature. The object must emit 
at the same rate as it absorbs if equilibrium is to be maintained. It follows that 
a — e. This is the Kirchhotr law. For the special case of a perfect reflector, a is 
zero, whence c is zero. A perfect reflector docs not radiate. 

The arguments can be generalized to apply to the radiation at any frequency, 
as between at and to + tlco. Wc insert a filler between the object and the hole in 
the black body. Let the filter reflect perfectly outside this frequency range, and 
let it transmit perfectly within this range. The flux equality arguments now 
apply to the transmitted spectral band, so that <i(a>) = t(cu) for any surface 
in thermal equilibrium. 

Estimation of Surface Temperature 

One way to estimate the surface temperature of a hot body such as a star is 
from the frequency at which the maximum emission of radiant energy takes 
place (see Figure 4.4). What this frequency is depends on whether we look at the 
energy flux per unit frequency range or per unit wavelength range. For !/„„ the 
energy density per unit frequency range, the maximum is given from the Planck 
law, Eq. (22), as 


e.xpx — 1 
or 

3 — 3exp(— x) — x. 




r 
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This equation may be solved numerically. The root is 
fia> m = -V m „ =s 2.82 , 

as in Figure 4.4. 



A mai “ *»», is that i he 

at 2.9 K. The existence of , s • p approx,ma,cl > likc "tat of a black body 
cosmological models which assumeUnUh-'St' 4 5 * 15 ,mpor “ nt evidcnce for bi S bang 
This radiation is left over a " d «*>» «i«nc 

of electrons and protons at a lollr ‘ ‘ ! P ! " ‘ ,hc un,vcr “ " us ‘•»«"lH)scd primarily 

protons interacted strongly with electro 'i s ' * tM,t ' ll)00K ' Thc of elections and 

so that the matter and 

the universe had cooled to 3000 K them- n.’* ' ,lall,j| ct |utlil»rimn. liy the lime 

This interacts with bltck bodv n V ' l ' fUJi f ir ' manl > in,,,c form of atomic hydrogen. 

line. Most of ,h black body" dn T ^ “ ‘ " ***"*• of ^ Mrogen special 
matter. Thereafter Z^ZL ^ ™ ^ ^ ** 
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below that the cntr^yir^H^ tlb.^ 1 ^ Wc ^ *" < 5S > 

occupancies determine thc entropy ' ■" P olons in each mode ts constant-ihc 

arc organic 

Electromagnet, c radiation, such as starlight radiated ' "h ,han . before dcc °upling. 

,S “Imposed on the cosmic black body ridiaiion. * ^ *** ^ decouplin S 

electrical noise 

As an important example of thc Planck law in one dimension, we consider the 

which a C ° lli> ' . 1Crrnal . {1UCtUali0I1S in voh:lgc aCf o s s a resistor. Theseflucluations 

H NvnuTs,'* The d ,Se ’ WCrC diSC ° Vered by 1 B - Johason explained byi 
sntm characteristic property of Johnson noise is that the mean- 

F- :nV w ; : £ l 7 r °“ t0 «“ «"* of the resistance R, as sh^n 
b) Hgurc 4.6. We shall see that <F-> is also directly proportional (o the iem- 

’>• Hath’ 
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Frequency (cm -1 ) 

Figure 4.5 Experimental measurements of thc spectrum of thc cosmic black 
body radiation. Observations of the flux were made with microwave heterodyne 
receivers at frequencies below the peak, were deduced from optical measurements 
of the spectrum of interstellar CN molecules near the peak, and were measured 
with a balloon-borne infrared spectrometer at frequencies above the peak. 

Courtesy of P. L. Richards. 

perature r and the bandwidth A/ of the circuit. {This section presumes a knowl- 
edge of electromagnetic wave propagation at the intermediate level.) 

Thc Nyquisi theorem gives a quantitative expression for the thermal noise 
voltage generated by a resistor in thermal equilibrium. The theorem is therefore 
needed in any estimate of the limiting signal-to-noisc ratio of an experimental 
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Figure 4.6 Vohage squared versus resistance for various 
kinds of conductors, including electrolytes. After 
J. B. Johnson. 


apparatus. In the original form the Nyquist theorem stales that the mean 
square voltage across a resistor of resistance R in thermal equilibrium at 
temperature x is given by 

(28) 

where A/ is the frequency* bandwidth within which the voltage fluctuations 
are measured; all frequency components outside the given range are ignored. 
We show below that the thermal noise power per unit frequency range delivered 
by a resistor to a matched load is r; the factor 4 enters where it does because in 
the circuit of Figure 4.7, the power delivered to an arbitrary resistive load R‘ is 



</ 2 >r- = 


(R + R') 2 ’ 


(29) 


which at match (R' = R) is <F 2 >/4R. 



Electrical Noise 


Noise generator 



R'ftermination 

resistance) 


Figure 4.7 Equivalent circuit for a resistance R with 
a generator of thermal noise that delivers power to a 
load R'. The current 

R + R' 

v. 

so that the mean power dissipated in the load is 

,, _ ■ <**>* 

< («• + R) 1 ‘ 

which is a maximum with respect to R' when R' = R. 
in this condition the load is said to bo matched to the 
power supply. At match, if = <K 2 >/4 R. The filter 
enables us to limit the frequency bandwidth under 
consideration; that is. the bandwidth to which the mean 
square voltage fluctuation applies. 

Consider as in Figure 4.8 a lossless transmission line of length L and charac- 
teristic impedance Z e = R terminated at each end by a resistance R. Thus the 
line is matched at each end, in the sense that all energy traveling down the line 
will be absorbed without reflection in the appropriate resistance. The entire 
circuit is maintained at temperature r. 

A transmission line is essentially an electromagnetic system in one dimension. 
We follow the argument given above for the distribution of photons in thermal 
equilibrium, but now in a space of one dimension instead of three dimensions. 
The transmission line has two photon modes (one propagating in each direction) 
of frequency 2nf„ = 2 nn/L from (15), so that there are two modes in the fre- 
quency range 

Sf = c'/L, (30) 

where c‘ is the propagation velocity on the line. Each mode has energy 


exp(/iu)/t) - 1 
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Figure 4.8 Transmission line of length L with 
matched terminations, as conceived for the 
derivation of the Nyquist theorem. The 
characteristic impedance Z c of the transmission 
line has the value R. According to the 
fundamental theorem of transmission tines, the 
terminal resistors are matched to the line when 
their resistance has the same value R. 


in equilibrium, according to the Planck distribution. We are usually concerned 
with circuits in the classical limit tun « t so that the thermal energy per mode 
is r. It follows that the energy on the line in the frequency range A / is 

2rA//<5/ = 2xLAf/c'. (32) 

The rate at which energy comes off the line in one direction is 

t A/. (33) 

The power coming off the line al one end is all absorbed in the terminal 
impedance ft at that end; there arc no reflections when the terminal impedance 
is matched to the line. In thermal equilibrium the load must emit energy to the 
line at the same rate, or else its temperature would rise. Thus the power input 
to the load is 


Z=R 


9 = </ 2 >ft = tA/ , (34) 

but V = 2RI, so that (28) is obtained. The result has been used in low tempera- 
ture thermometry, in temperature regions (Figure 4.9) where it is more con- 
venient to measure (F 2 ) than r. Johnson noise is the noise across a resistor 
when no dc current is flowing. Additional noise (not discussed here) appears 
when a dc current flows. 


PHONONS IN SOLIDS: DEBYE THEORY 

So 1 decided to calculate the spectral distribution of the possible free vibrations 
for a continuous solid and to consider this distribution as a good enough 
approximation to the actual distribution. The sonic spectrum of a lattice must. 
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Figure 4.9 Mean square noise \ ullage 
fluctuations observed experimentally from a 
3 resistor in the mixing chamber of a 
dilution refrigerator as a function of magnetic 
temperature indicated by a CM N' powder 
thermometer. After R. R. Giffard, R. A. Webb, 
and J. C. Wheatley, J. Low Temp Physics 6, 
533 (1972). 


of course, deviate from this as soon as the wavelength becomes comparable to 
the distances of the atoms. . . . The only thing which had to be done was to 
adjust to the fact that every solid of finite dimensions contains a Jinite number 

of atoms and therefore has a finite number of free vibrations At low enough 

temperatures, and in perfect analogy to the radiation law of Stefan- 
Boltzmann .... the vibrational energy content of a solid will be proportional 

10 r . 

P. Debye 

The energy of an elastic wave in a solid is quantized just as the energy of an 
electromagnetic wave in a cavity is quantized. The quantum of energy of an 
clastic wave is called a phonon. The thermal average number of phonons in an 
elastic wave of frequency co is given by the Planck distribution function, just 
as for photons: 


<*M> = 


1 

c\p(/tu)/r) - L 


(35) 


We assume that the frequency of an elastic wove is independent of the amplitude 
of the elastic strain. Wc want to find the energy and heat capacity of the elastic 
waves in solids. Several of the results obtained for photons may be carried 
over to phonons. The results are simple if wc assume that tlte velocities of all 
elastic waves are equal — independent of frequency, direction of propagation, 
and direction of polarization. This assumption is not very accurate, but it helps 
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account for the general trend of the observed results in many solids, with a 
minimum of computation. 

There are two important features of the experimental results: the heat capacity 
o a nonmctallic solid varies as i 3 at low temperatures, and at high temperatures 
the heat capacity is independent of the temperature. In metals there is an extra 
contribution from the conduction electrons, treated in Chapter 7 . 

Number of Phonon Modes 

There )S no limit to the number of possible electromagnetic modes in a cavity, 
but the number of elastic modes in a finite solid is bounded. If the solid consists 
of A' atoms, each with three degrees of freedom, the lota! number of modes is 
3A\ An elastic wave has three possible polarizations, two transverse and one 
longitudinal, in contrast to the two possible polarizations of an electromagnetic 
wave. In a transverse clastic wave the displacement of the atoms is perpendicular 
to the propagation direction of the wave; in a longitudinal wave the displace- 
ment is parallel to the propagation direction. The sum of a quantity over all 
modes may be written as, including the factor 3, 

!(•••) = l , (36) 

by extension of (17). Here n is defined in terms of the triplet of integers n s , i\ f , it., 
exactly as for photons. We want to find n m „ such that the total number of 
clastic modes is equal to 3.V: 

& Jo'"' 4n " 2 dn — 3 »V. (37) 

In the photon problem there was no corresponding limitation on the total 
number of modes. It is customary to write n D , after Debye, for ?i m „. Then (37) 
becomes 

i nn D* = 3;V; u D = (6N/n) lli . (38) 

The thermal energy of the phonons is, from (16), 


V = 1 <0 - Z <s„>hu>. = 


I 


exp(/ioj„/T) - 1 ’ 


(39) 
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or, by (36) and (3S), 


-tJS-’s 


exp(/iaj„'r) - 1 


By analogy with the evaluation of (19), with the velocity of sound v written in 
place of the velocity of light c, 

U = (in 2 t,v/ 2 L)(xL/nln)* f* u </.v — f4n 

3° Cxp .V - I ' 

where X S nlivn/Lx. For L 3 we write the volume V. Here, with (38), the upper 
limit of integration is 


usually written as 


x d - nhvnJLx - /tr{67t ? A , ( , 


-Vd - 0/T - kJOi x . 


where 0 is called the Debye temperature: 

0 = {tw/k B )(6n 2 N/V)'\ (44) 

1 he result (41) for the energy is of special interest at tow temperatures such 
that T « 0. Here the limit x D on the integral is much larger than unity, and x D 
may be replaced by infinity. We note from Figure 4.4 that there is little contri- 
bution to the integrand out beyond x = 10. For the definite integral we have 


frfx ** 

3° expx - 1 15 


as earlier. Thus the energy in the low temperature limit is 


U(T)^ 


proportional to T*. The heat capacity is, for x « k B 0 or T « 0, 


cU\ l2n*N/x\ 3 


5 l k B 0 ’ 
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,k L ° W t ? PCra,UrC hcal ca P aci ‘y °f ! “lid argon, plotted against 
how the excellent agreement with the Debye T 1 law The value of 0 
from ** *» i, 92 K. <W y of L Fincgold L N. E PHipl 


In conventional units. 


Cy 


= i-n 4 j\'k,i fry 

/ r Jy 5 \o)’ 


(47b) 


This result is known as the Debye law.* Experimental results for argon are 
P ted in Figure 4.10. Representative experimental values of the Debye tem- 

l r ueT- ar r SIVen “ TaWe 4 K ThC Ca ' CU,a,ed variation of ^ versus r/0 is 

Proh! ‘".I f ^ , , Fhe h ' Sh tCm P Cra!urc limil T » 0 is the subject of 

obiun ! I Several related thermodynamic functions for a Debye solid are 
gnen m Tabic 4.2 and are plotted in Figure 4.12. 


" B “" “> T - '■ «™l«. Plrjsikafiitlic Zci.schrift 
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Summary 


Figure 4. 11 Heat capacity C v of a solid, 
according to the Debye approximation. The 
vertical scale is in J mol' 1 K~*. The 
horizontal scale is the temperature 
normalized to the Debye temperature 0. The 
region of the T i law is below 0.1 0. The 
asymptotic value at high values of TjO is 
24.943 J mol' 1 K‘*. 



Table 4.2 Values of C Kl S, U, and F on the Debye theory, in units J mol' 1 K. -1 


0/T 


S — k u a 


u.o 


no 


0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.5 

2 

3 

4 

5 

6 

7 

8 

9 

10 
15 


24.943 

24.93 

24.89 

24.83 

24.75 

24.63 

24.50 

24.34 
24.16 
23.96 
23.74 

22.35 
20.59 
16.53 
12.55 

9.20 

6.23 

4.76 

3.45 

2.53 

1.891 

0.576 


co 

90.70 
73.43 
63.34 

56.21 

50.70 

46.22 
42.46 

39.22 
36.38 
33.87 
24.49 
18.30 

10.71 
6.51 
4.08 
2.64 
1.77 
1.22 
0.874 
0.643 
0.192 


'S, 

240.2 

115.6 

74.2 

53.5 
41.16 
32.9 
27.1 
22.8 

19.5 
16.S2 
9.1 
5.5 
2.36 
1.13 
0.58 

0.323 

0.187 

0.114 

0.073 

0.048 

0.0096 


- 666.8 
-251 
-137 
-87 
-60.3 
-44.1 
-33.5 
-26.2 
-209 
- 17.05 
-7.23 
-3.64 
- 1.21 
-0.49 
-0.23 
-0.118 
-0.066 
-0.039 
-0.025 
-0.016 
-0.0032 



0 

Figure 4.12 Energy U and free energy F ~ U - to of a 
solid, according lo the Debye theory. The Debye temperature 
of the solid is 0. 


SUMMARY 


1. The Planck distribution function is 


<*> 


1 

cxp(fta)/t) - T ' 


for the thermal average number of photons in a cavity mode of frequency u. 
2. The Stefan-Boltzmann law is 


U 

~V 


15/rc 


for the radiant energy density in a cavity at temperature t. 





From (23) the entropy is a » (4* 2 F/45)(t//ic)\ whence cr/iV % 3.602. It is 
believed that the total number of photons in the universe is 10 8 larger than the 
total number of nucleons (protons, neutrons). Because both entropies arc of 
the order of the respective number of particles (see Eq. 3.76), the photons 
provide the dominant contribution to the entropy of the universe, although 
the particles dominate -be total energy. We believe that the entropy of the 
photons is essentially constant, so that the entropy of the universe is approxi- 
mately constant with time. 

2. Surface temperature of the Sun. The value of the total radiant energy flux 
density at the Earth from the Sun normal to the incident rays is called the solar 
constant of the Earth. The observed value integrated over all emission wave- 
lengths and referred to the mean Earth-Sun distance is: 


solar constant = 0.136 Js 'em 


(49) 
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(a) Show that the total rate of energy generation of the Sun is 4 x 10 26 Is” 1 

r I 1 " Stefan - B0ilZma - constant 5.67 x 
, , ,, K , ’ sh s ow that the effective temperature of the surface of the 

fhe Sun? s . "s' t ^ *, l “ 6 °° 0 K ‘ Take th ‘ distance of (he Earth from 

the bun as 1.5 x 10 cm and the radius of the Sun as 7 x 10'° cm. 

,L1l7 aSe tC, T' a T 0f . the interi0r 0fthe Sun • & Estimate by a dimen- 
sional argument or otherw lSC the order of magnitude of the gravitational self- 

energy of the Sun, with Ai Q - 2 x 10 Ji g and R Q = 7 x 10- cm The mi 

eted ToT m{ 6 , 1S 6 6 * T - 8 dyne Cm2 g ‘ The se!f - ener ^y " ill be negative 
kinebr- t u rCSt St mfin “ e Se P aration < b ) Assu ‘"e that the total thermal 

one v TTu" thC Sun iS CqUaI 10 ~ 2 times the gravitational 

energy. This is the result of the vtnal theorem of mechanics. Estimate the average 

mperature of the Sun. Take the number of particles as 1 x 10 57 . This estimate 
gives somewhat too low a temperature, because the density of the Sun is far 
trom uniform. The range in central temperature for different stars, excluding 
only those composed of degenerate matter for which the law of perfect gases 
does not hold (white dwarfs) and those which have excessively small average 
dens. ue, (giants and supergiants), is between 1.5 and 3.0 x 10 7 degrees.” 
( . Struve, B. Lynds, and H. Pillans, Elementary astronomy, Oxford, 1959.) 

4 A ge of the Sun Suppose 4 x 10 26 J S -‘ is the total rate at which the Sun 

or mdtbn [ Sy 'I, Pr T nt (a) Find tllC l0lal energ ^ of lhc Su " available 
o f .! “ *; . ,C r °^ h , assllni P tions th;it the energy source is the conversion 

> gen (atomic weight 1.0078) to helium (atomic weight 4.0026) and that 

t^rrr^ 101 ? ”T\ ° f the ori * inal has been converted 

°r Un - USC lh f C E, "stein relation £ = (A.U)c\ (b) Use (a) to estimate the 
e expectancy of the Sun. It is believed that the age of the universe is about 

Wc-mh , ye ? r H „ 8 ° dlst ; ussion is given in the books by Peebles and by 
'* cnburg, cited in the general references.) 

f °f lhc Ea " h - Calculate the temperature of the surface 

ot the Earth on the assumption that as a black body in thermal equilibrium it 
rcradiatcs as much thermal radiation as it receives from the Sun. Assume also 
But the surface of the Earth is at a constant temperature over the day-night 

| H c ‘ ^: S , C J /o “ 5S00K; = 7 x 10 ,0 cm: and the Earth-Sun distance of 

bo x I0 ,J em. 

<5. Pressure of thermal radiation. Show for a photon gas that : 

{a} P = -(cU/cV) a = -Y.s/ildmfdV) , ( 50 ) 

i 
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where 

Sj is the number of photons in the mode j; 


(b) 

dajj/dV = -to / IV \ 

(51) 

(C) 

"rs 

11 

c; 

"~. 

UJ 

(52) 


Thus the radiation pressure is equal to ^ x (energy density). 

(d) Compare the pressure of thermal radiation with the kinetic pressure of a 
gas of H atoms at a concentration of l mole cm -3 characteristic of the Sun. 
At what temperature (roughly) are the two pressures equal? The average 
temperature of the Sun is believed to be near 2 x 10 7 K. The concentration is 
highly nonuniform and rises to near lOOmolecm" 3 at the center, where the 
kinetic pressure is considerably higher than the radiation pressure. 

7. Free energy of a photon gas. (a) Show that the partition function of a 
photon gas is given by 

2 = II [l - ex^-hav'T)]" 1 , (53) 

where the product is over the modes ». (b) The Helmholtz free energy is found 
directly from (53) as 

F - xXlog[l - exp( — /icu n /T)]. (54) 

n 

Transform the sum to an integral; integrate by parts to find 

F = -7t 2 KT 4 /45/t 3 c\ (55) 

8. Heat shields. A black (nonrefiective) plane at temperature T u is parallel 
to a black plane at temperature T,. The net energy fiux density in vacuum be- 
tween the two planes is J v — a B {T* - T, 4 ), where c B is the Stefan-Boltzmann 
constant used in (26). A third black plane is inserted between the other two and 
is allowed to come to a steady state temperature T m . Find T m in terms of T u 
and T,, and show that the net energy fiux density is cut in half because of the 
presence of this plane. This is the principle of the heat shield and is widely 
used to reduce radiant heat transfer. Comment ; The result for N independent 
heat shields floating in temperature between the pianes T„ and T, is that the 
net energy flux density is J v = a fl (T u 4 — T, 4 )/(N 4- !). 

9. Photon gas in one dimension. Consider a transmission line of length L on 
which electromagnetic waves satisfy the one-dimensional wave equation 
v 2 d 2 E/3 x 2 = c 2 E/ci 2 , where E is an electric field component. Find the heat 
capacity of the photons on the line, when in thermal equilibrium at temperature 


i 

i 

i 

Problems 1 is 

l 

r. Tltc enumeration of modes proceeds in the usual way for one dimension; 
take the solutions as standing waves with zero amplitude at each end of the 
line. 

10. Hcut capacity of intcrgalactic space. Intcrgaiactic space is believed to be 
occupied by hydrogen atoms in a concentration sslatomm” 3 . The space is 
also occupied by thermal radiation at 2.9 K, from the Primitive Fireball. Show 
that the ratio of the heat capacity of matter to that of radiation is - 10' 9 . 

11. Heat capacity of solids in high temperature limit. Show that in the limit 
T » 0 the heat capacity of a solid goes towards the limit C y - 3A !k„, in 
conventional units. To obtain higher accuracy when T is only moderately 
larger than 0, the heat capacity can be expanded as a power series in 1/T, of 
the form 

! 

C K = 3,V k B X \ - JjSJT' . (56) 

* 

Determine the first nonvanishing term in the sum. Check your result by inserting 
T = 0 and comparing with Tabic 4.2. 

| 12. Heat capacity of photons and phonons. Consider a dielectric solid with a 

Debye temperature equal to 100 K and with 10” atoms cm" 3 . Estimate the 
temperature at which the photon contribution to the heat capacity would be 
equal to the phonon contribution evaluated at 1 K. 

13. Energy fluctuations in a solid at loir temperatures. Consider a solid of N 
atoms in the temperature region in which the Debye T 3 law is valid. The solid 
is in thermal contact with a heat reservoir. Use the results on energy fluctuations 
from Chapter 3 to show that the root mean square fractional energy fluctuation 

is given by 

= <( £ - <e» 2 >/< c > 2 ~ ~ (y) • (57) 

Suppose that 7 = !G~ 2 K ;0 = 200K;andjV* I0‘ 5 for a particle 0.01 cm on 
a side; then SF = 0.02. At 10' 5 K. the fractional fluctuation in energy is of the 
order of unity for a dielectric particle of volume 1 cm 3 . 

14. Heat capacity of liquid * He at low temperatures. The velocity of longitu- 

dinal sound waves in liquid 4 Uc at temperatures below 0.6 K is 2.383 x 10 4 cm 
s '. There are no transverse sound waves in the liquid. The density is 
0.145 gem 3 . (a) Calculate the Debye temperature, (b) Calculate the heat 
capacity per gram on the Debye theory and compare with the experimental 
\alueC K = 0.0204 x T 3 , injg" 5 K. The T 3 dependence of the experimental 


t 
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Mow mIT N m^uhe"” 1 * ,hC T i r POrtam exci ' Mions in liquid *Hc 
liquid. The ^ "? *" £XpreMd <” *™» Of 

H.c. C G ' Niels ' Hakkenb «S. nnd 

c T yfiux - (a) Sh ™ i,rat «* vcm 

«“* «™ f '">« qin.i,;sa^^ ranSC ' W Sh °“ 

a- iz s z i 'cC'otr; < u v s iz nv he ho,e in a ° r — 

parallel (all axial ^ng^smlll) ' appr ° X,mall0n that a11 a rc nearly 
° " °" S ‘ n ea f mode has not changed with time, although the frequency of 

c : d sr c T e, t ng,h has increased ' iih ihc «s 

cuDancvnf.h , u , implied conn ^t.on between entropy and oc- 
is a function ofTlnfphoton 1 ©^ of frequency cu the entropy 

<S + Wn<s + !> - <5>l0g<s>. (58) 

It IS convenient to start from the partition function. 

!LnT? P -^ XPanSi0a - 0f ph0l0n " as - Considcr lI,c gas of photons of the 
c rv V V l qU1 lbnum radiall0n in a C'ubc of volume V at temperature r. Let the 
sion ^nd U " 1C ,ncreaic; the radiation pressure perfonns work during the expan- 
s.on, and the temperature of the radiation will drop. From the result for dm 

[ tropy we know that iV > 3 1S constant in such an expansion, (a) Assume that 

cm eT ral T, 0f "" C ° SmiC b,3Ck - bod ^ radiadoa -s decoupled from thl 
cm craturc of the matter when both were at 3000 K. What was the radius of 

iith Ze r “t wh Tf tlr T C °^ aa ‘ d l ° n ° W? If ,he radius has increased linearly 

aS S v ‘ 0n I 5 thC presem a?C of lhc universe did *hc decoupling 
take place, (b) Show that the work done by the photons during the expansion 

it' = (.t- I5fiV}f';r i 3 (T i -r / ). 

1 he subscripts i and / refer to the initial and final slates. 
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£ 'r ■ Co,,sidcr * *- sh -> »f ~«- 

suspended bf,w«„ Ld TrXl “ ‘ ” ‘ Lc ‘ ' he sh «‘ b ' 

lures t and r. Show that ih<* n -r n ^ ■ aCk S iccts mainla,nc d at tempera- 

black sheets Is (I r „ ! Zn* ?*"? ° r,hermal n,diation ^ 
“ » i***". 8. which JJZ7 a = 7 -T; r= r 0 n LiouTdheT' “ 
perhaps 100, ,ayers of an a!uminil " cd 

SUPPLEMENT: GREENHOUSE EFFECT 

immmm 

« end leads ,o the 

SimT* 16 reS ^! P r °blem is T E *« 280 K, assuming T s — 5800 K The 

sSsSasaacsaasB: 

by neglecung .he absorption by ,he layer of ,he inLred7o«bn of fhe 

hMer fr ' l '° n -. bccause ,he spectrum lies almost entirely at 

/ in and TZ “f from Fi S ure “A The layer will emit enemy flux 

T Z ' Tn ard *" Wi " bala "“ llK **» UUX Is, so tits' 

flu, / do r downward flux will be the sum of the solar flux l s and the 

m lhe ” £t th£ ™ al «“ * - id - 

- Is + I L = 2Iy, (59^ 

Where I c , is the thermal flux from the Earth in the presence of the perfect 
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Chapter 5 


i 17 


i 

! 


greenhouse effect. Because the thermal flux varies as T*, the new temperature 
of the surface of the Earth is 

T Eg — 2 l/i T E ~ (1.19)280 

so that the greenhouse warming of the Earth 
this extreme example.* 


| 


K - 333 K, (60) 

is 333 K - 280 K = 53 K for 


* For detailed discussions see Climate change and Climale change 1992, Cambridge U.P., 1990 
and 1992: J. T. Houghton et ai, editors. 
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we considered in Chapter 2 the properties of two systems in thermal contact 
W *o 'he definition of, he tempera, ore. mh™™ s«ems 

lemoc 1 MmC ’'■ mpcrature ' lhere is no nc ' energy llow between them if the 

wiThTe hiehe° tW ° ‘ yS “"“ *" <,ilfcren '- “«8» *»l Sow from the system 
Now r h , ‘ Cmperature lo lhe s >’«em with the lower temperature 

systems' ' [ Sy f mS ll,al CM exchan S e particles as well as energy Such 
Stems are satd to be diffusive (and thermal) contact: molecules can move 
system to the other by dilTusion through a permeable interface Two 

sicr* “ — * 

between them. If the chemical potentials of the two systems a« dWerenT 

sy S ,™“.’ ‘ hC ' ,i8her Ch ' miCal t ’ 0,Cmial '« <*« 

lermLTwte °," £ ‘ £rmin ° f a 

S C a 0 “'f r ' 1 ’' “ ,abli * menl of e fiuilibrtum between two systems 

bi nTaia d 3r£ “’ £rmal a " d difr “ SivC “»««. We maintain , eons, am 
by placing both systems in thermal contact (Figure 11) with a lame reservoir 

tese^ir m tlteHd fhifV Si " S ' £ Sy!,Cm * in lhm " al «». with a 
com pa, ble w h d * Wi " a!5Ume ,ht ‘™™um «"<* 

system s i , T m0 " ,cmpcra, “ re 1 a " d '™b other restraints on the 
I! “ . JS ‘ h V °' U " K a " d of particles. This result applies 

him be, v cn r T< ; Cq “ i,,bri “"' ' Vi,h <"• *" diffusive eqvtilib- 

" b \‘" tu ' d ' Jnd Or- d'o pau.de distribution tv„.v, between the systems 
nukes i he loial Helmholtz free energy ' } 

F = /•, + F 2 « U l -f U 2 ~ t(ct s + <r,) (ij 

n;;Zr^ CCt 10 ", : + “ C0nslam - B — * » constant, the 

Helmholtz free energy of the combined system is a minimum with respect to 
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and with a forndne f* i ^ m . lUcimal con,acI with each other 

•*, and * canto broug.n ESS; V °* aia * ,hc 'alve. 

temperature r. The arrows at ih • vii i ' C , " C rcmainin 8 al the common 
from i, ,o J,. ‘ lh ° VaKe ,wvc for a net particle transfer 

variations 5N l « - S N V At the minimum, 

<lF - (< F J(>N l ) tl l\’ 1 -f (cF 2 /dN 2 \(lN z = 0 , ( 2) 

W,lh ‘ / " ^ n]so he?d C011 stant. With rf/V, = _ {/i v 2) wc have 

= ~ {£F 2 ;cN 2 ) t ] l lN l = o , (3) 

so that at equilibrium 

U'FJcN^ = (cF 2 /c.\' 1 ) ( . (4) 

definition of chemical POTENTIAL 
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where p is ihe Greek letter mu. Then 



expresses the condition for diffusive equilibrium. If p x > /« 2 , we see from (3) 
that (IF will be negative when rfiV, is negative: When particles arc transferred 
from ^ to Ihe value of rfJV, is negative, and iIN 2 is positive. Thus the 
free energy decreases as particles How from .5, to 3 2 ; that is, particles flow 
from the system of high chemical potential to the system of low chemical 
potential. The strict definition of p is in terms of a difference and not a deriva- 
tive, because particles are not divisible: 

p(x ,V,N) s F{x,V,N) - F{x,V,N - 1). (6) 

The chemical potential regulates the particle transfer between systems in 
contact, and it is fully as important as the temperature, which regulates the 
energy transfer. Two systems that can exchange both energy and particles are 
in combined thermal and diffusive equilibrium when their temperatures and 
chemical potentials are equal it, = t 2 ;/i, = p 2 . 

A difference in chemical potential acts as a driving force for the transfer of 
particles just as a difference in temperature acts as a driving force for the transfer 
of energy. 

If several chemical species are present, each has its own chemical potential. 
For species j, 

= ^F^ZT^ (7) 

where in the differentiationThe ffumberTofaU particles are held constant except 
for the species j. 


Example: Chemical potential of the ideal gas. In (3.70) we showed that the free energy 
of the monatomic ideal gas is 

F = — t[N logZj - logNi] , 


( 8 ) 
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where 

Z, = »„!' = (Mr :2«/r) y2 »' (9) 

is the partition function for a single particle. From (8), 


•' ■ 

</ 


/< = ( 

cF/cN). x = -t lo S Z, - -j - log A! . 

__ .... 

(10) 


If we use the Stirling approximation for A"! and assume that we can dillercntiatc the 
factorial, wc find 

•j-- log iV ! = ^[1 o S /2r -1- f.V + Jllog.V - A 1 ] 

= log A" + (N + K) ■ ~ - 1 = log N +■ ~ . (ID 

which approaches log N for large values of .V. Hence the chemical potential of the ideal 
gas is 

p = — r(loeZ, — log .V) = t log (iV/Z,) , 

or, by (9), 

' p « t loc(n/iiy) , (12a) 

I 

• . . 1 

where n = N/V is the concentration of particles and n Q — (A/r/2n/r) 3 1 is the quantum 
concentration defined by (3.63). 

If we use p - F(N) - F(N - 1) from (6) as the definition of p, we do not need to use the 
Stirling approximation. From (8) we obtain p - -iflogZ, - log A'], which agrees with 
(12). The result depends on the concentration of particles, not on their total number or on 
the system volume separately. By use of the ideal gas law p = nr we can write (12) as 

p = t iog( p/iiiy). (12b) 

The chemical potential increases as the concentration of particles increases. This is what 
we expect intuitively: particles flow from higher to lower chemical potential, from higher to 
lower concentration. Figure 5.2 shows the dependence on concentration of an ideal gas 
composed of electrons or of helium atoms, for two temperatures, the boiling temperature 







22 



«(cm“ 3 ) 

Figure 5.2 The concentration dependence of //, in units of t, of an idea! gas 
composed of electrons or helium atoms, at 4.2 K and 300 K. To be in the classical 
regime with n « n Q , a gas must have a value of at least r. For electrons this is 
satisfied only for concentrations appreciably less than those in metals, as in the 
range of typical semiconductors. For gases it is always satisfied under normal 
conditions. 


of liquid helium ut atmospheric pressure, 4.2 K, and room temperature. 300 K. Atomic 
and molecular gases always have negative chemical potentials under physically realizable 
conditions: at classical concentrations such that n/n Q « J. we see from (12) that u is 
negative. ’ 1 


Internal and Total Chemical Potential 

The best way to understand the chemical potential is to discuss diffusive 
equilibrium in the presence of a potential step that acts on the particles. This 
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Figure 5.3 A potential step between two 
& 2 systems of charged particles can be established 

by applying a voltage between the systems. For 
die voltage polarity shown, the potential 
u 2 , t energy of positive particles with charge q > 0 

in system 5, would be raised by qA V w ith 
respect to The potential energy of negative 
particles would be lowered in 5, with resect 
to ij. 


problem has wide application and includes the semiconductor p-n junction 
discussed in Chapter 13. We again consider two systems. S l and „S,, at the 
same temperance and capable of exchanging particles, but not yet in diffusive 
equi ibnum. We assume that initially ;r 2 > and we denote the initial non- 
equihbrium chemical potential difference by A^mitm!) = „ 2 - Now let a 
difference m potential energy be established between the two systems, such 
that the potential energy of each particle in system S, is raised bv exactly 
Aubrnnal) above its initial value. If the particles carry a charge cj, one simple 

" ay to establish this potential step is to apply between the two systems a voltaee 
A V such that 

qAV = q(V 2 - J/) = A/i(initial) . ( 13 ) 

with the polarity shown in Figure 5.3. A difference in gravitational potential 
also can serve as a potential difference : when we raise a system of particles each 
of mass M by the height /», we establish a potential difference Mgh, where g is 
the gravitational acceleration. 

Once a potential step is present, the potential energy of the panicles produced 
by tins step is included in the energy U and in the free energy F of the system 
f m Figure 5.3 we keep the free energy of system S, fixed, the step raises the 
free energy of A, by A', Ap(initial) = A',</AI' relative to its initial value. In 
the language of energy states, to the energy of each state of A, the potential 
energy ,V, A,i(milial) has been added. Theil&r&n of the potential bqfc 
specified by (13) raises the chemical potential of A, by A, ((initial). to make tire 
Imal chemical pnlcntial of A , equal to that of A.: 


04 ) 



;i, (final) = ^(initial) -f [ /..(initial) - /q(inilial)] 
= ^(initial) = /i 2 (fmai). 
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When the barrier was inserted, /i 2 was held fixed. Thus the barrier qt\V — 
/x 2 (inilial) — /^(initial) brings the two systems into diffusive equilibrium. 


This statement gives us a feeling for the physical effect of the chemical poten- 
tial, and it forms the basis for the measurement of chemical potential differences 
between two systems. To measure p z - /i,, we establish a potential step 
between two systems that can transfer particles, and we determine the step 
height at which the net particle transfer vanishes. 

Only differences of chemical potential have a physical meaning. The absolute 
value of the chemical potential depends on the zero of the potential energy 
scale. The ideal gas result (12) depends on the choice of the zero of energy of a 
free particle as equal to the zero of the kinetic energy. 

When external potential steps arc present, we can express the total chemical 
potential of a system as the sum of two parts: 

h = /'.o, - /'.M + fii*. (15) 

Here is the potential energy per particle in the external potential, and ;i inl 
is the internal chemical potential* defined as the chemical potential that would 
be present if the external potential were zero. The term ;t cl , may be mechanical, 
electrical, magnetic, gravitational, etc. in origin. The equilibrium condition 
Pz — Pi can be expressed as 

(16) 

Unfortunately, the distinction between external and internal chemical potential 
sometimes is not made in the literature. Some writers, particularly those working 
with charged particles in the fields of electrochemistry and of semiconductors, 
often mean the interna! chemical potential when they use the words chemical 
potential without a further qualifier. 

The total chemical potential may be called the electrochemical potential if 
the potential barriers of interest are electrostatic. Although the term elcctro- 

* Gibbs called p the potential and p-„ the intrinsic potential. He recognized that a voltmeter mea- 
sures differences in p. 


The chemical potential is equivalent to a true potential energy: the 
difference in chemical potential between two systems is equal to the 
potential barrier that will bring the two systems into diffusive equilibrium. 


Internal anti Total Chemical Potential 
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System (2) 


Figure 5.4 A model of the variation of 
atmospheric pressure with altitude: two 
volumes of gas at different heights in a uniform 
gravitational field, in thermal and diffusive 
contact. 


System { I ) 


chemical potential is clear and unambiguous, we shall use “total chemical 
potential." The use of “chemical potential'’ without an adjective should be 
avoided in situations in which any confusion about its meaning could occur. 

: txampte: Variation of barometric pressure with altitude. The simplest example of the 

diffusive equilibrium between systems in different external potentials is the equilibrium 
between layers at different heights of the tariffs atmosphere, assumed to be isothermal. 
Hie real atmosphere is in imperfect equilibrium: it is constantly upset by meteorological 
processes, both in the form of macroscopic air movements and of strong temperature 
gradients from cloud formation, and because of heat input from the ground. We may 
nuke an approximate model of the atmosphere by treating the different air layers as 
systems of ideal gases in thermal and diffusive equilibrium with each other, in different 
external potentials (F igure 5.4). If wc place the zero of the potential energy at ground level, 
the potential energy per molecule at height h is Mgh, where Af is the particle mass and g the 
gravitational acceleration. The internal chemical potential of the particles is given by (12). 

; The total chemical potential is 

P = Tlog(«/n Q ) + Mgh. (17) 

In equilibrium, this must be independent of the height. Thus 

T log[»(/i)/») Q ] + Mgh = r !og[ti{0)/» 0 ] , 
and the concentration n(/i).at height h satisfies 

n(/i) — ti(0)exp( — Stghjz). 


I 



(18) 
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t igure S.5 Decrease of almosphcric pressure 
with altitude. The crosses represent the average 
atmosphere as sampled on rocket flights. 

The connecting straight line has a slope 
corresponding to a temperature T = 227 K. 



at ISuSils* ° fan B3S ' S pr0P ° ni0nal l ° Ule c0llcenlral '°n; therefore the pressu 


P(h) - p(0) exp( - Mghfx) = p{ 0) cxp( - h;i, c ). (19) 

han T! HC Pr f SUrC r qUa,i0n ‘ 11 Si '° S UlC depcndc,lcc of lhe pressure on altitude 

n isothermal atmosphere ofa single chemical species. At the characteristic height h = 

Pr 7 UrC dewcases by lhe frac,i0n *" * 0-37. To estimate 'the 
7 t ;'° n 7 er an 1S0thefmal atmosphere composed or nitrogen molecules 

lure of 4° k“ ,7 WC f" TI , ,C maSS ° fa " iVl molccu!c is 48 * 10 " “ gm. At n tempera- 
fristic l.-i-hi 10 V 7st 01 1 = *' r . ,s4 - 0 X 10 '‘ V ' rfi - Wi,h ® = ^Ocms^. thechiL- 
7 d ttt ' IS , | m ' aPPr0X,ma,Cly 5 mi,cs - molecules, H 2 and He. will 

f. cr tip. hut these have largely cscapctl from the atmosphere: see Problem "> 

b J7 : 'rV < < " J,i '; 0;,|>!lCrC * "° l iKCUr ' ,ld >' ‘ s<| t hernia I, has a mo.c con. plicated 

taken on rrTTn-’V 4 a Josanihmrc plot of pressure data between 10 and -10 kilometers. 
3 Cn ° n f0ckct msh!s - Thc d:i!a Poins bH near a straight line, suggesting roughly iso- 
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55^ 


log 


pQh) 

pUh) 



lh). 


(2D) 


so that the slope of the line is which leads to T = fk -P7KTH 

-aUorl^ Wilh,hCPOi ^ " 

position of4 air at sTlevel k 7S at ° m ' C PCrCe ” 1, ‘ hC COm * 

account for less than 0.1 pci each The w-.’i P 2 ' 3nd °' 9 pCt Ar; Qtller constituents 
appreciable: at T = 300 K PTC) \ rebti C0IUCm ° f t,lc atmos phcrc may be 

H,0. The carbon dioxide colcLl ^ ^ C ° rre ^ 0llds 3.5 pci 

ideal static isothermal atmosphere eacl g ^uld be £ TT "'“m ^ ^ 
centration of each would fall off with a I! n h C , quil,bnum w " h The con- 
with Af the appropriate n «S 

constituents fall off at different rates. ^ aUSC ° ' Jll ‘ erL ' nccs ,n the different 



each moment is directed either n 1 n "IT"' l ‘° r Slmplidty Suppose 

Then the potential energy ofa f parlicl L h ‘° ^ ? P ' ied n “* nc,ic fie,d * 


/t|ni(T) r IOg('l|//t Q ); /hn.(i) = T log(n,/jJ e ) , (21) 


where „ Q _ { A/x 2r.tr) 3 ' 1 is the same for both species. 
1 he total chemical potentials are 


/'.o.d) = r i02(;i;/» c) ) -- uiB; (2?.(j 

= rIog(/»./„ y ) + j-. 


55si==sisl=s 
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Figure 5.6 Dependence of the chemical potential of a gas of magnetic 
particles on the concentration, at several values of the magnetic field 
intensity. Ifn = 2 x lO’cm - * for B = 0, then at a point where 8 = 20 
kilogauss (2 tesla) the concentration will be 2 x 10* cm' 3 . 


species in equilibrium have equal chemical potentials, 

/Ul) - constant = /< l0I (|). (23) 

The desired solutions oT (22) and (23) are easily seen by substitution to be: 

n,(B) $»t(0)exp(mB/t); >ii(B) == J«(0)cxp( — mB/r) , (24) 

where n(0) is the total concentration ii, + nj at a point where the field B - 0. The total 
concentration at a point at magnetic field B is 

»{B) = i !,(B) + /i,(B) = y»(0)[exp(»iB/t) + exp(-jnB/r)]; 

( m 2 B 2 \ 

"(B) ~ «(0)cosh(mfl/i) »(0)f 1 + -j~ r + ■■■). (25) 


The result shows the tendency of magnetic particles to concentrate in regions of high 
magnetic field intensity. Tire functional form of the result is not limited to atoms with two 
magnetic orientations, but is applicable to fine ferromagnetic particles in suspension in a 
colloidal solution. Such suspensions are used in the laboratory in the study of the magnetic 
flux structure of superconductors and the domain structure of ferromagnetic materials. In 
engineering, the suspensions are used to lest for fine structural cracks in high strength steel, 
such as turbine blades and aircraft landing gear. When these are coated with a ferromagnetic 
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suspension and placed in a magnetic field, the particle concentration becomes enhanced at 
the intense fields at the edges of the crack. 

In the preceding discussion we added to ;i tll the internal chemical potential of the 
particles. If the particles were ideal gas atoms, would be given by (12). The logarithmic 
form for is not restricted to idea! gases, but is a consequence of the conditions that the 
particles do not interact and that their concentration is sufficiently low. Hence, (12) applies 
to macroscopic particles as well as to atoms that satisfy these assumptions. The only 
difference is the value of the quantum concentration n^. Wc can therefore w rite 

fi IM = t log n -f constant , (26) 

where the constant (= — tlogiiy) does not depend on the concentration of the particles. 


Example; Batteries. One of the most vivid examples of chemical potentials and potential 
steps is the electrochemical battery. In the familiar lead-acid battery the negative electrode 
consists of metallic lead, Pb, and the positive electrode is a layer of reddish-brown lead 
oxide. PbO., on a Pb substrate. The electrodes are immersed in diluted sulfurie acid. 
H.S0 4 , which is partially ionized into H ' ions (protons) and SO„"~ ions (Figure 5.7). 
h is the ions that mutter. 

In the discharge process both the metallic Pb of the negative electrode and the PbO ; 
of the positive electrode arc converted to lead sulfate, PbS0 4 , via the two reactions:* 

Negative electrode: 

I Pb + S0 4 " - PbS0 4 + 2e“ ; (27a) 

Positive electrode: 

Pb0 2 + 2H + + H 2 SO. + 2e~ - PbS0 4 + 2H 2 0. (27b) 

Because of (27a) the negative electrode acts as a sink for S0 4 ~ ~ ions, keeping the internal 
chemical potential /i(S0 4 ") of the sulfate ions at the surface of the negative electrode 
lower than inside the electrolyte (sec Figure 5.7b). Similarly, because of (27b) the positive 
i electrode acts as a sink for H * ions, keeping the internal chemical potential p(H *) of the 

hydrogen ions lower at the surface of lhc positive electrode than inside the electrolyte. The 
chemical potential gradients drive the ions towards the electrodes, and they drive the 
l electrical currents during the discharge process. 

If the battery terminals arc not connected, electrons are depleted from the positive 
electrode and accumulate in the negative electrode, thereby charging both. As a result, 
electrochemical potential steps develop at the electrode-electrolyte interfaces, steps of 
' exactly the correct magnitude to equalize the chemical potential steps and to stop the 

t . diffusion of ions, which stops the chemical reactions from proceeding further. If an external 
j current is permitted to flow, the reactions resume. Electron flow directly through the 

; electrolyte is negligible, because of a negligible electron concentration in the electrolyte. 

* The reactions given are net reactions. The actual reaction steps are more complicated. 


t 
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{ -f ) clccirode 



(c) 



I' .gurc 5.7 (a) The lead-acid baucry consists of a Pb and a PbO, electrode immersed in 
p. rtiaiiy lonucd H 2 SO a . One S0 4 ion converts one Pb atom into PbS0 4 + 2e"- 
° nC un 'j° ni2cd h jS 0 4 molecule convert one PbOj molecule into 
i rA T r 2 °' ClViSUni “ ie two elcclrons - (b) The electrochemical potentials for SO,' “ 
and H before the development or internal potential barriers that stop the ditfusion 

barrier* 5 reaCI,on- <C) The c, «trostsiic potential <p(.v) after the formation of the 
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-2,iK. =AMS0 4 --). (2Sa) 

Diffusion of the H* ions will stop when 

+ qAV+ = A/r(//*). (28b) 

(clTcuymou^VoT^ Urefr magnftudcs^r/knmvn^^ P °‘ CntililS " Mr<C “ EMF * 

AK_ = -0.4 volt; Al^ «= +1.6 volt. 

I'™utd',rZ a ,h C C"' ial <m * aa ***** »<* one full cell or ,hc battery, 
as required to slop the diffusion reaction, is 7 

AV = AP + — AP_ = 2.0volt. (2 9) 

' , " la8 ' " EMF ° r "’ C ba,,cty ' " dliv « »“ «ton»» from the nega. 
tnc terminal to the positive terminal, when the two are connected. 

electrons fmm'th' 6 * 1 C,< f Uon * « lhc elec[ro1 ) “• The potential steps tend to drive 
nos bve elec , TK I “ ,M0 ,he C,CClto, - vle - and <he electrolyte into the 
Ir! l f : h| UC u an C CCtr ° n CUrrCnl 1S prcsent - buf lhc magnitude is so small as to be 

practically negligible because the concentration of electrons in the electrolyte is many 
orders of magnitude less than that of the ions. The only effective electron flow path is 
through the external connection between the electrodes. 


Chemical Potential and Entropy 

In (-•') ue defined the chemical potential as a derivative of the Helmholtz free 
energy. Here we derive an alternate relation, needed later: 


ftjU.KN) 

T 



(30) 


This expresses the ratio ///r as a derivative of the entropy, similar to the way 
1/r was defined in Chapter 2. 
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To derive (30), consider the entropy as a function of the independent variables 
l/, V, and A'. The differential 


do — ) dU — - 

\ cU )v.X 


gives the diflcrential change of the entropy for arbitrary, independent differential 
changes dU, dV , and (IN. Let dV = 0 for the processes under consideration. 
Further, select the ratios of do, dU, and dN in such a way that the overall 
temperature change di will be zero. If we denote these interdependent values 
of do, dU, and dN by (5cj) t , (5t/), and (<5N) t , then dx = 0 when 




After division by (<5JV),, 


(M« = (da\ (m, (co\ 
(5N) t \BUL{SN\ + UwJy' 


The ratio {8o)J[6N) ( is {ca/dN\, and {&V)J(5N) t is (5U/dN) ( , all at constant 
volume. With the original definition of 1/r, we have 


(do\ _ fdU\ (do_\ 

\dNj t y \dNJ x y + ydNju.v 


This expresses a derivative at constant U in terms of derivatives at constant z. 
By the original definition of the chemical potential. 


and on comparison with (33) we obtain 


ft = -x(do/dN) uy . 


The two expressions (5) and (35) represent two different ways to express the 
same quantity p. The difference between them is the following. In (5), F is a 
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Table 5.1 Summary of relations expressing the temperature 
x, the pressure p, and the chemical potential p in terms of 
partial derivatives of the entropy o, the energy l', and the free 
energy F, with cr, U, and F given as functions of their natural 
independent variables 



o(U,V,N) 

V[o,V,N) 

F(x.V,X) 

r: 

1 ~ 

fdU\ 

r is independent 

t \cUJvj, 

V'ojr.N 

variable 


-"I™) 

(£V\ 

fcF\ 


r VVJv.s 

P VYJ..S 

V'/r.K 


p f da \ 

(cU\ 

fdF\ 


r \cNj ux 

p - UaA.,. 



function of its natural independent variables t, V, and N, so that p appears as 
a function of the same variables. In (31) we assumed o - o[U,V,N), so that 
(35) yields p as a function of U, V, N. The quantity p is the same in both (5) 
and (35), but expressed in terms of different variables. The object of Problem 1 1 
is to find a third relation for p: 

pio.KN) - {dU/dN) a y , (36) 

and in Chapter 10 we derive a relation for p as a function of t, p, and N. Table 5.1 
compiles expressions for r, p, and p as derivatives of a, U, and F. All forms 
have their uses. 

Thermodynamic identity. We can generalize the statement of the thermo- 
dynamic identity given in (3.34a) to include systems in which the number of 
particles is allowed to change. As in (31), 



By use of the definition (2.26) of 1/t, the relation (3.32) for p/x, and the relation 
(30) for — p/x, wc write tier as , 

do = dU/x + pdV/x - pdN/x. (38) 


l! 






GIBBS FACTOR AND GIBBS SUM 


The B o Ilzmann factor, derived in Chapter 3, allows us to give the ratio of the 

! ' ha ' a sys,cm Wl11 bc 10 a of energy e, to the probability the 

sjstera will he in a state of energy e„ for a system in thermal contact with a 
reservoir at temperature t: 



f (E|) = exp(-c 1 ; 'T) 
p ( £ z) exp{ — e a /r)" 


(40) 


This is perliajjsthe best known result of statistical mechanics. The Gibbs factor 
is the generalization of the Bolizmarm factor to a system in thermal and diffusive 
contact with a reservoir at temperature j and chemical potential The argu- 
ment retraces much of that presented in Chapter 3 . 

We insider a very large body with constant energy U 0 and constant particle 
number The body 1S composed of two parts, the very large reservoir ft and 
the system &, in thermal and diffusive contact (Figure 5.8). They may exchange 
particles and energy. The contact assures that the temperature and the chemical 
potent, a of the system are equal to those or the reservoir. When the system has 
N particles, the reservoir has N, - N particles; when the system has energy c, 
the reservoir has energy l / 0 - £ . To obtain the statistica , propcrties of ^ 

system, vve make observations as before on identical copies of the system + 
reservoir, one copy for each accessible quantum state of the combination. What 
is the probability m a given observation that the system will be found to con- 
tain N particles and to be in a slate 5 of energy e 4 ? 

The state s is a state of a system having some specified number of particles 
he energy e s(S) is the energy of the state s of the A'-particIc system; sometimes 
we write only £j , ff the meaning is clear. When can we write the energy of a 
system having A' particles in an orbital as A' times the energy of one particle 
m the orbital? Only when interactions between the particles arc neglected so 
'hat the parhclcs may bc treated as independent of each other 
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I-jEurc 5.8 A system in thermal and diffusive eomact with 
a large reservoir of energy and of particles. The lota! system 
ft + o is insulated from ihc exierna! world, so that the 
total energy and the total number of particles are constant. 
The temperature of the system is equal to the temperature 
of the reservoir, and the chemical potential of the system is 
equal to the chemical potential of the reservoir. The system 
may be as small as one atom or it may be macroscopic, but 
the reservoir is always to be thought of as much larger than 
tlie system. 


Let P(N, El ) denote the probability that the system has N particles and is in 
a particular state s. This probability is proportional to the number of accessible 
states of the reservoir when the state. of the system is exactly specified. That 
IS, if we specify the state of £, the number of accessible states of ft + S is just 
the number of accessible states of ft ; 

y(ft S) = <7 (ft ) x 1. {4!) 

3 be factor ! reminds us that we are looking at the system .$ in a single specified 
state. The cM) states of the reservoir have N 0 - N particles and have energy 

r ° ~ Bccause lh * system probability P(N,r. s ) is proportional to the number 
of accessible states of the reservoir, 

(42) 


W.fa) * f/(iV 0 - N,u 0 - eJ. 
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Figure 5.9 The reservoir is in thermal and diffusive contact with the system. In (a) the 
system is in quantum state 1, and the reservoir has <j(N a - ,V„ U 0 - £ ,) states accessible 
to it. In (b) the system is in quantum stale 2, and the reservoir has g(N 0 - A',, U 0 ~ c ,) 
states accessible to it. Because we have specified the exact state of the system, the total " 
number of stales accessible to 01 + i is just the number of states accessible to 01. 


Here g refers to the reservoir alone and depends on the number of particles 
in the reservoir and on the energy of the reservoir. 

We can express (42) as a ratio of two probabilities, one that the system is in 
state 1 and the other lhat the system is in state 2: 

p (^i.g|) = 9 (N 0 - N U U 0 - £l ) 

~g(N 0 - N 2t V 0 - c 2 j ’ (43) 

where g refers to the state of the reservoir. The situation is shown in Figure 5.9. 
By definition of the entropy 

3(N 0 ,U 0 ) s exp[ 0 (AT o ,L/ o )] , (44) 

so that the probability ratio in (43) may be written as 

p ( N u^) ^ exp[ g (N 0 - N U U 0 - £l ) ] 

exp[ff(N 0 - N 2 ,U 0 - e 2 )] ; (43) 

or 

P(N„£,) 

PiN^) = ex PW^ 0 - N U U 0 - H ) - c(N 0 - N 2 ,U 0 - c,)] 

~ exp(AffX (46) 


I 

i 


I 

i 

! 
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Here, A a is the entropy difference: 

Ac & a(N 0 - N U U 0 - £,) - cr(iV 0 - N 2 ,U 0 - e 2 ). (47) 

The reservoir is very large in comparison with the system, and Ac may be 
approximated quite accurately by the first order terms in a series expansion in 
the two quantities N and e that relate to the system. The entropy of the reservoir 
becomes 


«(.v° - H.U, - a - «AW/J - + -. <«> 


For Act defined by (47) we have, to the first order in N, - N 2 and in c , - £,, 




NVc know that 


1 ( to 


by our original definition of the temperature. This is written for the reservoir, 
but the system will have the same temperature. Also, 


* \Mo Juo 


by (30). 

The entropy difference (49) is 


(N, - N 2 )h (£, - £ 2 ) 


Here Act refers to the reservoir, but N u N 2 , £ t , e 2 refer to the system. The central 
result of statistical mechanics is found on combining (46) and (51): 


f (^i^t) = exp [(W,/< - e,)/t] 
P(tV 2 > 2 ) exp[(N 2 /t - c 2 )/t] " 
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cxprwu^fl/’tl A f lhC fr! lW ° CXpDnCnliai f:ic[ors - c:ich Of the form 

t nro r } K ° f th,S f0rm ,S Callcd a Gibbs factor - The Gibbs factor 
proportional to the probability that the system is in a state s of energy £ 

and number of particles N. The result was first given by J. W. Gibbs, who 
referred to it as the grand canonical distribution. 

The sum of Gibbs factors, taken over all states of the system for all numbers 
or particles. ,s the normalizing factor that converts relative probabilities to 
absolute probabilities: 


= £ X «pEM - W/0 

•V = 0 s(,V) 


I exp[(AV - «J(V,> r]. 
ASM 


T is is called the Gibbs sum, or the grand sum, or the grand partition function 
The sum is to be carried out over all states of the system for all numbers of 
particles, this defines the abbreviation ASN. We have written c. as E ,. v . to 
emphasize the dependence of the state on the number of particles V That is 
« ihe energy of the state s(N) of the exact A'-par<ic!e hamillonian. The 
erm N - 0 must be included; if we assign its energy as zero, then ,hc first 
term m J will be 1. 

The absolute probability that the system will be. found in a state N., c is 
given by the Gibbs factor divided by the Gibbs sum: 


W»,e.) 


exp [(N,p - c,)/t] 

3 


ns applies to a system that is at temperature t and chemical potential p. The 
ratio of any two P's is consistent with our central result (52) for the Gibbs 
factors. Thus (52) gives the correct relative probabilities for the states A',, £ , 

and N 2i e-,. The sum of the probabilities of all states for all numbers of particles 
of the system is unity: 


. _ I exp[(A r p - £j , v ,). r] 

l P(.v,cj = ±5* 3 

3- a- 


1 . (55) 


by the definition of J. Thus (54) gives the correct absolute probability.* 

P-iriictilarl >-* ri P rub ‘ l | ) ‘ fl *y dicory wilt find Appendix C on the Poisson distribution to be 
<iibbs sum Scc a}so P( '*J!^ h “ d f “ scd lhcre 10 t,crive lhc Poisson distribution depends on the 
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Average values over the systems in diffusive and thermal contact with a 
reservoir are easily found. If .Y(N,s) j* the value of ,Y when the system has N 
particles and is m the quantum state s, then the thermal average of .Y over all 


T. A'(rV,s)exp[(Afyr - fr,)/r] 

_ (56) 

asn ^ 

Wc shall use this result to calculate thermal averages. 

Number of particles. The number of particles in the system canvary because 
the system is in difTustve contact with a reservoir. The thermal average of the 
number of particles in the system is 

X N exp [(Np - 

<N> = , (5?) 

according to (56). To obtain the numerator, each term in the Gibbs sum has 
been multiplied by the appropriate value of N. More convenient forms of <N> 
can be obtained from the definition ofj: 


£i.i 


E W «P [(N/< - e,)/r] , 


whence 


3 c p 


diogj 


1 he thermal average number of particles is easily found from the Gibbs sum 
3 by direct use of (59). When no confusion arises, we shall write N for the 
thermal average (N>. When we speak later of the occupancy of an orbital, 
J or </> will be written interchangeably for N or <*Y>. 

We often employ the handy notation 


2. =h expf/r/r) . j 




where is called the absolute activity. Here ). is the Greek letter lambda. We 
see from (12) that for an idea! gas /„ is directly proportional to the concentration. 
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The Gibbs sum is written as 

2 ~ I £ /.* ex P(~ £,/i) = £ ;. v ex p( - £ s /t) , (61) 

S k ASN 

and the ensemble average number of particles (57) is 

<iv> = a ™ i° 8 3-. (62) 

This relation is useful, because in many actual problems we determine /. by 
finding the value that will make <i V> come out equal to the given number of 
particles. 


(63) 

where we have temporarily introduced the notation 0 s 1 /t. We shall usually 
write U for <c>. Observe that 

~ £ > “ <' V >^ ~ Uc = • (64) 

so that (59) and (63) may be combined to give 

U = fe-|) lo s3-“(v|;-^)iog5. (65) 

A simpler expression that is more widely used in calculations was obtained in 
Chapter 3 in terms of the partition function Z. 

Example: Occupancy zero or one. A red-blooded example of a system that may be 
occupied by zero molecules or by one molecule is the heme group, which may be vacant or 
may be occupied by one Oj molecule— and never by more than one Oj molecule (Figure 
5.10). A single heme group occurs in the protein myoglobin, which is responsible for the 
red color of meat. If £ is the energy of an adsorbed molecule of 0 2 relative to O a at rest at 


Energy. The thermal average energy of the system is 


Z E »exp[/i(N/i - ej] 
u = <0 = AHL 
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Figure 5.10 Adsorption of an O, by a heme, 
where c is the energy of an adsorbed Oj relative 
to an Oj at infinite separation from ihe site. 

If energy must be supplied to detach the Oj 
0 from the heme, then £ will be negative. 


infinite distance, then the Gibbs sum is 

~ 1 + /. cxp( - e/t). (66) 

lfenergy must be added to remove the atom from. the hc.me, t will be negative. The term 1 
in the sum arises from occupancy zero; the term /.exp(-r,/i) arises from single occupancy. 
These arc the only possibilities. We have Mb + Oj or MbO, present, where Mb denotes 
myoglobin, a protein of molecular weight 17 000. 

Experimental results for the fractional occupancy versus the concentration of oxygen 
are show n in Figure 5.1 1. Wc compare the observed oxygen saturation curves of myoglobin 
and hemoglobin in Figure 5.12. Hemoglobin is the oxygen-carrying component of blood. 
It is made up of four molecular strands, each strand nearly identical with the single strand of 
myoglobin, and each capable of binding a single oxygen molecule. Historically, the classic 
work on the adsorption of oxygen by hemoglobin was done by Christian Bohr, the father of 
Niels Bohr. The oxygen saturation curve for hemoglobin (Hb) has a slower rise at low 
pressures, because the binding energy of a single Oj to a molecule of Hb is lower than for 
Mb. At higher pressures of oxygen the Hb curve has a region that is concave upwards, 
because the binding energy per Oj increases after the first 0 2 is adsorbed. 

The Oj molecules on hemes are in equilibrium with the Oj in the surrounding liquid, so 
that the chemical potentials of Oj are equal on the myoglobin and in solution: 

/r(MbOj) - p{ 0 2 ); A(Mb0 2 ) « /(0 2 ) (67) 

where /. = exp(/i/i). From Chapter 3 vve find the value of 7. in terms of the gas pressure 
by the relation 

A = n/n Q ~ p/xn Q . (68) 

We assume the ideal gas result applies to Oj in solution. At constant temperature 7.(Oj) is 
directly proportional to the pressure p. 

The fraction / of Mb occupied by Oj is found from (66) to be 



Acxp(— c/t) _ 1 

1 + /.exp(— e/t) /.“ l exp(E/T) + 1 


(69) 


r 



Figure 5.11 The read ion of a myoglobin 
(Mb) molecule with oxygen may be viewed as 
the adsorption of a molecule of 0 2 at a site 
on the large myoglobin molecule. The 
results follow a Langmuir isotherm quite 
accurately. Each myoglobin molecule can 
adsorb one 0 } molecule. These curves show 
the fraction of myoglobin with adsorbed O, 
as a function of the partial pressure of O.. 

1 he curves are for human myoglobin in 
solution. Myoglobin is found in muscles: it is 
responsible for the color of steak. After A. 
Rossi-Fanelli and E. Antonini, Archives of 
Biochemistry and Biophysics 77, 478 ( 1958 ). 



Figure 5.12 Saturation curves of O, bound 
to myoglobin (Mb) and hemoglobin (Hb) 
molecules in solution in water. The partial 
pressure of O, is plotted as the horizontal 
axis. The vertical axis gives the fraction of 
the molecules of Mb which has one bound 
0, molecule, or ihe fraction of the strands of 
Hb which have one bound 0 } molecule. 
Hemoglobin has a much larger change in 
oxygen content in the pressure range between 
the arteries and the veins. This circumstance 
facilitates the action of the heart, viewed as a 
pump, file curve for myoglobin has the 
predicted form for the reaction Mb + 0 2 * 
NlbO ; . The curve for hemoglobin has a 
different form because of interactions between 
O, molecules bound to the four strands of the 
Hb molecule. The drawing is after J. S. Fruton 
and S. Simmonds, General biochemistry. Wiley 
1961. 3 ' 
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dis ' ribu,ion f “ d “ iwJ in ’• w. 




(70) 


( 71 ) 


CM™i!nj3i;"u!; b T? prc “ ur °' b “' o„ ,he temperature. The rcsul, 



may often be treated as aaUksl *** JJ r, * le * and ,hc clcclron S as »hc conduction band 
an f r(r . as Jn ldeal 8 as - The impurity atoms arc smalt systems S in thermal 

“■:;z r wilh lhe , ,arsc rcscrvoir ror ™ d by thc «* <* «« 

the atoms exchange electrons and energy with the semiconductor. 

eleven tnItrnd 0 ,o? Crpy * ^ ^ Wc ‘“PP°* «>« one. but only one. 

is accessible ^ ° ricn,alion I « 1 of «he electron spin 

J hC L 5yStCm S h3S lhrCe alloWed «.le*-one without an electron 

wLn i haVz T at,a , d V,ith Spil1 1 and 0nc Wilh an eiec,ron attached with spin {’ 

d is ,h T ' ‘ mpUrity a ‘ 0m iS i0nized - Wc choosc thc of energy of & 

am o Tut ,W ° Tus ,CrCf0fC huVC lhe co “ » energy e - - /. The accessible 

states ol o arc summarized below. 


State tuanber Description ,V £ 

1 Electron detached 0 0 

- Electron attached, spin f l - / 

3 Electron attached, spin | 1 _/ 

Thc Gibbs sum is given by 

3- = i + 2exp[(/ f + /)/ T ], (72) 



1 

1 
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PROBLEMS 

1. Centrifuge. A circular cylinder of radius R rotates about the Ions axis with 
angular velocity to. 1 he cylinder contains an ideal gas of atoms of mass M at 
temperature r. Find an expression for the dependence of the concentration 
n(r) on the radial distance r from the axis, in terms of ;i(0) on the axis. Take 
ft as for an ideal gas. 

2. Molecules in the Earth's atmosphere. If ti is the concentration of molecules 
at the surface of the Earth, M the mass of a molecule, and g the gravitational 
acceleration at the surface, show that at constant temperature the total number 
of molecules in the atmosphere is 

N « 4nn(/{)cxp( _ ,/ri-exp(A/y/v*->r) . (75) 

with r measured from the center of the Earth; here R is the radius of the Earth. 

I he integral diverges at the upper limit, so that N cannot be bounded and the 
atmosphere cannot be in equilibrium. Molecules, particularly light molecules, 
are always escaping front the atmosphere. 

3. Potential energy of gas in gravitational Jiehl. Consider a column of atoms 
each of mass A/ at temperature x in a uniform gravitational field ij. Find the 
thermal average potential energy per atom. The thermal average kinetic energy 
density is independent of height. Find the total heat capacity per atom. The 
total heat capacity is the sum of contributions from the kinetic energy and from 
the potential energy. Take the zero of the gravitational energy at the bottom 
h = 0 of the column. Integrate from h = 0 to h = oo. 

4. Active transport. The concentration of potassium K* ions in the internal 
sap of a plant cell (for example, a fresh water alga) may exceed by a factor of 10 4 
the concentration of K + ions in the pond water in which the cell is growing. 
The chemical potential of the K + ions is higher in the sap because their con- 
centration n is higher there. Estimate the difference in chemical potential at 
300 K. and show that it is equivalent to a voltage of 0.24 V across the cell wall. 
Take p as for an idea! gas. Because the values of the chemical potentials are 
different, the ions in the cell and in the pond arc not in diffusive equilibrium. The 
plant cell membrane is highly impermeable to the passive leakage of ions 
through it. Important questions in cell physics include these: How is the high 
concentration of ions built up within the cell? How is metabolic energy applied 
to energize the active ion transport? 

5. Magnetic concentration. Determine the ratio m/x for which Figure 5.6 is 

drawn. If T = 300K, how many Bohr magnetons p B e eh/2mc would the 
particles contain to give a magnetic concentration effect of the magnitude 
shown? “ 
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6. Gibbs sum for a two level system, (a) Consider a system lhat may be un- 
occupied with energy zero or occupied by one particle in either of two states, 
one of energy zero and one ofenergy e. Show that rhe Gibbs sum for this system is 

3 = 1 + A. + ;.exp(-£/ T ). (76) 

Our assumption excludes the possibility of one particle in each state at the same 
time. Notice that we include in the sum a term for N « Oas a particular state of a 
system of a variable number of particles. 

(b) Show that the thermal average occupancy of the system is 

.... A + /.ex p(-E/i) 

<jV> = J2. — LL, (77) 

a 

(c) Show that the thermal average occupancy of the state at energy t is 

<N(e)> = Aexp( — c/t)/3- (78) 

(d) Find an expression for the thermal average energy of the system. 

(e) Allow the possibility that the orbital at 0 and at £ may be occupied each by 
one particle at the same time; show that 

3- = 1 + /. + Aexp(-£/t) + A 2 ex p{ (1 + A)[l + Aexp(-e/t)]. (79) 

Because 3 can be factored as shown, we have in effect two independent systems. 

7. States of positive uttd negative ionization. Consider a lattice of fixed hy- 
drogen atoms; suppose that each atom can exist in four states: 


Number of electrons 


Ground 
Positive ion 
Negative ion 


find the condition that the average number of electrons per atom be unity. 
The condition will involve c\ A, and r. 

H. Curium monoxide poisoning. In carbon monoxide poisoning the CO 
replaces the 0 2 adsorbed on hemoglobin (I lb) molecules in the blood. To show 
the eiTect, consider a model for which each adsorption site on a heme may be 
vacant or may be occupied either with energy e A by one molecule 0 2 or with 
energy by one molecule CO. Let A' fixed heme sites be in equilibrium with 
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0 2 and CO in the gas phases at concentrations such that the activities are 
A(O z ) = 1 x 10 5 and A(CO) = 1 x 10 “ 1 , all at body temperature 37 C C. 
Neglect any spin multiplicity factors, (a) First consider the system in the absence 
°f CO. F.valuate e a such lhat 90 percent of the Hb sites are occupied by 0 2 . 
Express the answer in eV per 0 2 . (b) Now admit the CO under the specified 
conditions. Find e B such that only 10 percent of the Hb sites are occupied by 0 2 . 

9. Adsorption of 0 1 in a magnetic field. Suppose that at most one 0 2 can be 
bound to a heme group (see Problem 8), and that when A(0 2 ) = 10” 5 we have 
90 percent of the hemes occupied by 0 2 . Consider 0 2 as having a spin of 1 

and a magnetic moment of 1 p B . How strong a magnetic field is needed to chance 
the adsorption by 1 percent at T = 300 KL? (The Gibbs sum in the limit of zero 
magnetic field will differ from that of Problem 8 because there the spin multi- 
plicity of the bound state was neglected.) 

10. Concentration fluctuations. The number of particles is not constant in a 
system in diffusive contact with a reservoir. We have seen lhat 


from (59). (a) Show' that 


3- VpL- 


<81) 

The mean-square deviation <(A,V) 2 > of N from <jV> is defined by 
<(AN) 2 ) = <(iV - <.Y» 2 > = <N 2 > - 2<AT)<iV> + <iV> 2 = <N 2 > - </V>~; 

<(A.V) ! > - t(T - ‘ (^Yl. ,S2) 

13 c i‘ 3- Y<W J 

(b) Show that this may be written as 

<(A.V) 2 > = r c(S'y/cp. (83) 

in Chapter 6 we apply this result to the ideal gas to find lhat 

<(A-V) 2 > i 

~<N~y ov> tS) 


is the mean square fractional fluctuation in the population of an ideal gas in 
diffusive contact with a reservoir. !f <,V> is of the order of 10 2 ° atoms, then the 
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fractional fluctuation is exceedingly small. In such a system the number of 
panic es is well defined even though it cannot be rigorously constant because 
ditlusive contact is allowed with the reservoir. When <iV> is low, this relation 
can be used in the experimental determination of the molecular weieht of large 
molecules such as DNA of MW 10 s - 10 l °; see M. Weissmun, H. Schindler 
and G. Feher, Proc. Nat. Acad. Sci. 73, 2776 (1976). 

11. Equivalent definition of chemical potential. The chemical potential was 
defined by (5) as {oF/c An equivalent expression listed in Table 5.1 is 

P = ( cU/cN) ay . (S5) 

Prove that this relation, which was used by Gibbs to define ft, is equivalent 10 
t ie definition (5) that we have adopted. It will be convenient to make use of the 
results (31) and (35). Our reasons for treating (5) as the definition of ft, and (85) as 
a mathematical consequence, are two-fold. In practice, we need the chemical 
potential more often as a function of the temperature t than as a function of the 
entropy a. Opcralionally, a process in which a particle is added to a system 
while the temperature of the system is kept constant is a more natural process 
than one in which the entropy is kept constant: Adding a particle to a system at 
a finite temperature tends to increase its entropy unless we can keep each system 
of the ensemble in a definite, although new, quantum state. There is no natural 
laboratory process by which this can be done. Hence the definition (5) or (6), 
in which the chemical potential is expressed as the change in free energy per 
added particle under conditions of constant temperature, is opcralionally the 
simpler. We point out that (85) will not give U = ,tN on integration, because 
p(N,a,V) is a function of N\ compare with (9.13). 

12. Ascent of sap in (ices. Find the maximum height to which water may rise 
in a tree under the assumption that the roots stand in a pool of water and the 
uppermost leaves are in air containing water vapor at a relative humidity r — 
0.9. The temperature is 25 C C. If the relative humidity is r, the actual concentra- 
tion of water vapor in the air at the uppermost leaves is rn 0 , where ;i 0 is the 
concentration in the saturated air that stands immediately above the pool of 
water. 

13. Isentropic expansion, (a) Show that the entropy of an ideal gas can be 
expressed as a function only of the orbital occupancies, (b) From this result 
show that xV 2,i is constant in an isentropic expansion of an ideal monatomic 
gas. 

14. Multiple binding of 0 2 . A hemoglobin molecule can bind four 0 2 
molecules. Assume that c is the energy of each bound 0 2 , relative to 0 2 at rest at 
infinite distance. Let /. denote the absolute activity exp(ji/r) of the free 0 2 (in 
so ution). (a) What is the probability that one and only one 0 2 is adsorbed on a 


hemoglobin molecule? Sketch the result qualitatively as a function of/., (b) What 
is the probability that four and only four 0 2 are adsorbed? Sketch this result 
also. 

IS. External chemical potential. Consider a system at temperature x, with 
A' atoms of mass M in volume V. Let ;j(0) denote the value of the chemical 
potential at the surface of the earth, (a) Prove carefully and honestly that the 
value of the total chemical potential for the identical system when translated 
to altitude h is 

ft{h) = /j(0) + Mgh , 

where g is the acceleration of gravity, (b) Why is this result different from that 
applicable to the barometric equation of an isothermal atmosphere? 
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fa mi- Dirac Distribution Function 


The ideal gas is a gas of nonintcraciing atoms in the limit of low concentration. 

The limit is defined below in terms of the thermal average value of the number 
of particles that occupy an orbital. The thermal average occupancy is called the 
distribution function, usually designated as /( where e is the energy of 
the orbital. 

An orbital is a state of the Schrodingcr equation for only one particle. This 
term is Widely used particularly by chemists. If dm interactions between particles 
arc weak, the orbital model allows us to approximate an exact quantum state 
of the Schrodingcr equation of a system of A' particles in terms of an approxi- 
mate quantum state that we construct by assigning the N particles to orbitals, 
with each orbital a solution of a onc-particlc Schrodinger equation There are 
usually ^an infinite number of orbitals available for occupancy. The term 
“orbital" is used even when there is no analogy to a classical orbit or to a 
Bohr orbit. The orbital model gives an exact solution of the A'-particlc problem 
only if there are no interactions between the particles. 

It is a fundamental result of quantum mechanics (the derivation of which 
would lead us astray here) that all species of particles fall into two distinct 
classes, fermions and bosons. Any particle with half-integral spin is a fermion, 
and any particle with zero or integral spin is a boson. There are no interme- 
diate classes. Composite particles follow the same rule: an atom of J Hc is 
composed of an odd number or particles— 2 electrons, 2 protons, 1 neutron- 
each of spin so that 3 Hc must have half-integral spin and must be a fermion. 

An atom of ‘‘He has one more neutron, so there are an even number of particles 
of spin and 4 He must be a boson. 

The fermion or boson nature of the particle species that make up a many- 
body system has a profound and important elfect on the states of the system. 

The results of quantum theory as applied to the orbital model of noninteracting 
particles appear as occupancy rules: 

1. An orbital can be occupied by any integral number of bosons of the same 1 2 

species, including zero. 

2. An orbital can be occupied by 0 or 1 fermion of the same species. 

The second rule is a statement of the Pauli exclusion principle. Thermal averages 

of occupancies need not be integral or half-integral, but the orbital occupancies 
of any individual system must conform to one or the other rule. ! 


The two different occupancy rules give rise to two different Gibbs sums for 
each orbital: there is a boson sum over all integral values of the orbital occu- 
pancy A', and there is a fermion sum in which N = 0 or N - t only. Different 
Gibbs sums lead to different quantum distribution functions /{e.r.p) for the 
thermal average occupancy. If conditions are such that / « I, it will not matter 
whether the occupancies N ~ 2, 3, ... are excluded or are allowed. Thus when 
/ « 1 the fermion and boson distribution functions must be similar. This limit 
in which the orbital occupancy is small in comparison with unity is called the 
classical regime. 

We now treat the Fcrmi-Dirac distribution function for the thermal average 
occupancy ofan orbital by fermions and the Bose-Einslcin distribution function 
for the thermal average occupancy or an orbital by bosons. Wc show the 
equivalence of the two functions in the limit of low occupancy, and wc go on 
to treat the properties of a gas in this limil. ln Chapter 7 wc treat the properties 
of fermion and boson gases in the opposite limit, where the nature of the 
particles is absolutely crucial for the properties of the gas. 


FERMl-DIRAC DISTRIBUTION FUNCTION 

\\ e consider a system composed of a single orbital that may be occupied by a 
fermion. The system is placed in thermal and diffusive contact with a reservoir, 
as in Figures 6.1 and 6.2. A real system may consist of a large number N 0 of 
fermions, but it is very helpful to focus on one orbital and cal! it the system. 
All other orbitals of the real system are thought of as the reservoir. Our problem 
is to find the thermal average occupancy of the orbital thus singled out. An 
orbital can be occupied by 2 ero or by one fermion. No other occupancy is 
allowed by the Pauli exclusion principle. The energy of the system will be taken 
to be zero if the orbital is unoccupied. The energy is e if the orbital is occupied 
by one fermion. 

The Gibbs sum now is simple: from the definition in Chapter 5 wc have 

= 1 + ;.exp(~f./t). (1) 

The term 1 comes from the configuration with occupancy A' = 0 and energy 
£ = O.The term 2exp( — £/r) comes when the orbital is occupied by one fermion, 
so that N = 1 and the energy is e. The thermal average value of the occupancy 
of the orbital is the ratio of the term in the Gibbs sum with N — 1 to the entire 
Gibbs sum: 


<m> = 


). exp( — e/t) 

1 + 2exp(-E/r) 


1 

A~' exp(e/t) + 1’ 


( 2 ) 
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Figure 6.1 We consider as the system a single orbital that may be occupied at most by one 
ermion. 1 he system is in thermal and diffusive contact with the reservoir at temperature i. The 
energy £ of the occupied orbital might be the kinetic energy of a free electron of a definite 
spm orientation and confined to a fixed volume. Other allowed quantum states may be 
considered as forming the reservoir. The reservoir wilt contain N 0 fermions if the system is 
unoccupied and jV d - 1 fermions if the system is occupied by one fermion. 

We introduce for the average occupancy the conventional symbol /(e) that 

denotes the thermal average number of particles in an orbital of energy e: 

/(e) a <A(e)>. ( 3 ) 

Recall ftom Chapter 5 that /. = cxpf/i/r), where n is the chemical potential. 

We may write (2) in the standard form 


exp[( £ - ;i)/r] -f f 


This result is known as the Fermi-Dirac distribution function.* Equation (4) 
gives the average number of fermions in a single orbital of energy e. The value 

• This distribution function was discovered independently by E. Fermi. Zeitschrifi fur Physik 36 
W2 (1926), and P. A. M. Dirac, Proceedings of the Pvoya! Society of London A M2. 661 (1926). 
Both workers drew on Pauli's paper of the preceding year in which the exclusion principle was 
discovered. The paper by Dirac is concerned wish the new quantum mechanics and contains a 
general statement of the form assumed by the Pauli principle on this theory. 
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2*” 6 h i l r J' ,C ° bv 7 US , mcthod of v ' cw ‘ n E a system of nommcracling panicles is 

n ir -t Zu rgy ,CVC|S cadl rcfcr to an orb ^ ‘hat is a solution of a sineie 

part.de Schrodmgcr equation. The total energy of the system is 

c *« = £ Kr-. . 

where JV is the number of particles in the orbital n of energy v For fermions V „ 0 

sys ei Th^^cmr,h r T W C4Ually vaHd - ,rcat a sin K ie orbl '“' as the 

ar I vkvL a ihcTe cr ni “S"* T ^ " ° f ' £ - Al > olbct orbrtals 

W is the nun h i total encr ey of lbis one-orbita! system is N.c t . where 

- ,hC ° rbilal - Tbis devicc ° r usin S one orbital as the 

other^ 7we ' 3rC SUPP ° SCd '° intefaCl ° n,y Weak ' y Wi,h each 
, . ? SySlCm associmed «*» the orbital n, these arc two 

° P:irliC ' CS anJ Cl ’ CtKy °- ° f " ,C h * 1 
and energy £„. Thus, the Gibbs sum consists of only two terms: 

3 - I + - : -exp(-£ n /r). 

fVom^V* Ti. “ riS “ fr ° m ‘ hC 0rbilal occu P anc J f *■ = 0. and the second term arises 

of / always lies between zero and one. The Fermi-Dirac distribution function 
is plotted in Figure 6.3. 

In the field of solid state physics the chemical potential n is often called the 
Form. level. Tire chemical potential usually depends on the temperature. The 
kaluc of ,, at zero temperature is often written as t F \ that is, 

FiT - 0) = ,<(0) = £f . |5j 

We call £f the Fermi energy, not to be confused* with the Fermi level which 

In the semiconductor literature the svmhnl r ic nti** ... 1 r 
then called the Fermi level. ' l,SLlJ f ° r 1 ‘ 31 any l «npmiure. and r, is 
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figure 6.3 Plot of the Fcrmi-Dirac distribution function /(e) versus e — p in units of 
the temperature r. The value of J(c) gives the fraction of orbitals at a given energy 
which arc occupied when the system is in thermal equilibrium. When the system is 
healed from absolute zero, fermions are transferred from the shaded region at c/ft < 1 
to the shaded region at c/ft > 1. For conduction electrons in a metal, ft might 
correspond to 50 000 K. 


is the temperature dependent ft{x). Consider a system of many independent 
orbitals, as in Figure 6.4. At the temperature t = 0, all orbitals of energy below 
the Fermi energy are occupied by exactly one fermion each, and all orbitals 
of higher energy are unoccupied. At nonzero temperatures the value of the 
chemical potential ft departs from the Fermi energy, as we will see in Chapter 7. 

If there is an orbital of energy equal to the chemical potential (e = ft), the 
orbital is exactly half-filled, in the sense of a thermal average: 

/(£ » f t) = -J_. (6) 

Orbitals of lower energy are more than half-filled, and orbitals of higher energy 
are less than half-filled. 

We shall discuss the physical consequences of the Fermi-Dirac distribution 
in Chapter 7. Right now we go on to discuss the distribution function of non- 



figurc 6.4 A convenient pictorial way to 
think of a system composed of independent 
orbitals that do not interact with each other, 
but interact with a common reservoir. 


interacting bosons, and then we establish the ideal gas law Tor both fermions 
and bosons in the appropriate limit. 


BOSE-EINSTEIN DISTRIBUTION FUNCTION 

A boson is a particle w ith an integral value of the spin. The occupancy rule 
for bosons is that an orbital can be occupied by any number of bosons, so that 
bosons have an essentially different quality than fermions. Systems of bosons 
can have rather different physical properties than systems of fermions. Atoms 
of 4 He are bosons; atoms of 3 He are fermions. The remarkable superfluid 
properties of the low temperature (T < 2.17 K) phase of liquid helium can be 
attributed to the properties of a boson gas. There is a sudden increase in the 
fluidity and in the heat conductivity ofliquid 4 He below this temperature. In 
experiments by Kapitza the flow viscosity of 4 He below 2.17 K was found to 
be less than 10" 1 of the viscosity of the liquid above 2.17 K. 

Photons (the quanta of the electromagnetic field) and phonons (the quanta 
of elastic waves in solids) can be considered to be bosons whose number is 
not conserved, but it is simpler to think of photons and phonons as excitations 
of an oscillator, as we did in Chapter 4. 

We consider the distribution function for a system of noninteracting bosons 
in thermal and diffusive contact with a reservoir. We assume the bosons are 
all of the same species. Let c denote the energy of a single orbital when occupied 
by one particle; when there are N particles in the orbital, the energy is Ne, 
as in Figure 6.5. Wc treat one orbital as the system and view all other Orbitals 


i 
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Figure 6.5 Energy-level scheme for non- 
intcracting bosons. Here c is the energy of 
an orbital when occupied by one particlc- 
Ne is the energy of the same orbital when 
occupied by N particles. Any number of bosons 
can occupy the same orbital. The lowest level 
of this orbital contributes a term 1 to the 
grand sunt; the next highest level contributes 
/ cxp(-e/r); and the subsequent contributions 
are /. ex p( - 2c/t ); A exp ( - 3c/i); X* ex p ( _ 4£/r); 
and so on. The Gibbs sum is ^ = i + 

>*.exp( — c/t) + ;J cxp( - 2c/r) + •••. 


;V=:0 ) 




^ = exp( ~^ £ / T ) “ J^exp(-£/r)] v . (7) 

Let x = Aexp(— e/t) ; ,hen • l?) ™ y be SUmmed m cio «d form. 

a- 1 *" = — = -—! m 

1 — x 1 - ^.cxp(-£/r) 

.h^r ° r par,ic,cs in ,h = “ biiai * *»■ 


ex pf> - /<)A] 


Bose-Einstein Distribution Function 


1 59. 



Figure 6.6 Comparison of Bose-Einstein and Fermi-Dirac 
distribution functions. The classical regime is attained for 
(c - p) » r, where the two distributions become nearly identical. 
\ c shall see in Chapter 7 that in the degenerate regime at low 
temperature the chemical potential p for a FD distribution is 
positive, and changes to negative at high temperature. 



1 his defines the Bose-Einstein distribution function, it differs mathematically 
Irom the I-ermt- Dirac distribution function only by having - 1 instead of + 1 
m the denominator. The change can Stave very significant physical consequences, 
as we shall sec m Chapter 7. The two distribution functions are compared in 
Figure 6.6. The ideal gas represents the limit c - p » r in which the two distri- 
unon functions are approximately equal, as discussed below. The choice of the 
zero of the energy e is always arbitrary. The particular choice made in any 
pro lem wilt affect the value of the chemical potential /i, but the value of the 
difference e - p has to be independent of the choice of the zero of £. This point 
is discussed iurther in (20) below. 

A gas is in the classical regime when the average number of atoms in each 
or ital is much less than one. The average orbital occupancy for a gas a! room 
temperature and atmospheric pressure is of the order of only I0~ 6 , safely in the 
classical regime. Differences between fermions {half-integral spin) and bosons 
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Tabic 6.1 Comparison of the orbital occupancies in the classical 

anti the quantum regimes 


Regime 

Class of 
panicle 

I hernial average occupancy 
of any orbital 

Classical 

Fermion 

Always much less than one. 


Boson 

Always much less than one. 

Quantum 

Fermion 

Close to but less than one. 


Boson 

Orbital of lowest energy has 



an occupancy much greater than one. 


arise only for occupancies of the order of one or more, so lhat in the classical 
regirr.e their equilibrium properties arc identical. The quantum regime is the 
opposite of the classical regime. These characteristic features are summarized 
in Table 6.1. 

CLASSICAL LIMIT 

An ideal gas is defined as a system of free noninteracting particles in the classical 
regime, Free means confined in a box with no restrictions or external forces 
acting within the box. We develop the properties of an ideal gas with the use 
of the powerful method of the Gibbs sum. In Chapter 3 we treated the ideal gas 
by use of the partition function, but the identical particle problem encountered 
there was resolved by a method whose validity was not perfectly clear. 

The Fermi-Dirac and Bosc-Einstcin distribution functions in the classical 
limit lead to the identical result for the average number of atoms in an orbital. 
Write /(e) for the average occupancy of an orbital at energy e. Here £ is the 
energy of an orbital occupied by one particle; it is not the energy of a system of 
N particles. The Fermi-Dirac (FD) and Bosc-Einstcin (BE) distribution func- 
tions are 

^ ex P [(e - ;j)/t] + T ’ 

where the plus sign is for the FD distribution and the minus sign for the BE 
distribution. In order that /(c) be much smaller than unity for all orbitals, we 
must have in this classical regime 

ex p[(e — ;r)/r] » I. , 


( 12 ) 
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for all e. When this inequality is satisfied we may neglect the term ± 1 in the 
denominator of (It). Then for cither fermions or bosons, the average occupancy 
of an orbital of energy c is 

1 

/(f) ^ cxp[(/i - r.)/r] = /. cxp( — r/r) , (13) 

with /. = cxp(/i/r). The limiting result (13) is called the classical distribution 
function. It is the limit of the Fermi-Dirac and Bose-Einslein distribution 
functions when the average occupancy f(c) is very small in comparison with 
unity. Equation (13), although called classical, is still a result for particles 
described by quantum mechanics: we shall find that the expression for A or /r 
always involves the quantum constant /i.'Any theory which contains h cannot 
be a classical theory. ' 

We use the classical distribution function /( r) = Aexp( — r./r) to study the 
thermal properties of the idea! gas. There are many topics of importance: the 
entropy, chemical potential, heat capacity, the prcssurc-volumc-lcmperature 
relation, and the distribution of atomic velocities. To obtain results from the 
classical distribution function, we need first to find the chemical potential in 
terms of the concentration of atoms. 

Chemical Potential 

The chemical potential is found from the condition that the thermal average 
of the total number of atoms equals the number of atoms known to be present. 
This number must be the sum over all orbitals of the distribution function /(<:,): 

A « <A> - £/(«,) , (14) 

J 

where s is the index of an orbital of energy e,. Wc start with a monatomic gas 
of N identical atoms of zero spin, and later we include spin and molecular 
modes of motion. The total number of atoms is the sum of the average number 
of atoms in each orbital. We use (13) in (14) to obtain 

A ~ A£exp( -£,/!■). (IS) 

4 ■ 

To evaluate this sum, observe that the summation over free particle orbitals 
is just the partition function Zj for a single free atom in volume V, whence 

N = ;.z,. 


II 
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m.ln» Ch " 1PtCr 3 U UaS Sh ° Wn lhal Zl = ”0*'. where ti Q ~ (Mr/2nti 2 ) 312 is the 

quantum concentration. Thus Q 7 J 1S me 

n - )z, = }j^v ; i = N i„ qV = „i„ q i (]6) 

in terms of the number density » = at/f. Finally 

/ = expf/j/x) « »/»t Q , ( 17} 

classical ~“1‘° ,henUmber of ™ “>= quantum volume l/„ a . I„ the 
“ * 15 * '■ ThC Ch£mical «r ‘he ideal ^atomic 

- t log(it/» a ) J (J8) 

ZZZT ‘ S ' 12l) ° b,ai " ed ^ a " 01hCr *** Th ' r£Sll,t b£ written 
U = T ^ 0gN - log K - flogr + i!og(2nA*/M)]. (19) 

decma'cs ^'thr?''"" 1 P ° 1Cnlial “ 1,K ion increases and 

aecreases as the temperature increases. 


,a) 

ft ~ A + t log (» j/«q). (20) 

f r" nUm r f ° f in ,he Sum » <») « multiplied by the 

Sdo«b d 'J , V T - “ ,S i 0uWcd: ,he valuc of Petition function 2 , 
ha ‘ ; "°;y i C rtphlC f c : c r> i whcrc b >' and the right-hand side of (18) 

Zl* J11 3 ~ * dreCt of ,he Spin ll >< cnIro Py is treated 

<C) !^fo^r„ t , m0n ^ mfc ’ lhe , iMCfnal CnerS >' Stat “ with rotational and 

dl m0l,0n wAl cmer ,he P ar, “ ion fu »ction, and the chemical potential will 
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Ctanteno'foMi^l- , ,h '," S “ U b = cons ' t ‘erably more complice, erl; see 

aeUng e *“ d “ Walls Wmi**** to /gas of imer- 

Free Energy 

The chemical potential is related to the free energy by 

(dF/dS\ v - n , (2i) 

according to Chapter 5. From this, 

HN.I.V) = J* JN fi(N,i,V) - ,j; dN [log JV + •■■], (22) 

whcrc lhe inlcgrand is foun d in brackets in (19). Now J J.vlog.v = * log* - x , 
so mat 

1 = 'V T [log N - I _ log V - j log r + 2!og(2n/,7A/)] , (23) 

or 


F = JVr[log(»i/i, Q ) - 1], (2 .j) 

The free energy increases with concentration and decreases with temperature. 


S'“m m, ln " eral in (22i ShOUl<l SlriC " y te * “ m - « fc » discrete variable. 

F(;V,t,I / ) =. v „(.V) , ( 25 ) 

.v = i 

Which differs from the integral only in the term in log ,V in (19), for 

A' 

JL - lo S ‘V = log(i x 2 x 3 x ••• x A') = logrYI , 


(26) 
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WhC " th ' in " E ' al *>« • V| 0S* - -V i» m Bu, to, b,gc K ,hc Stiriing approximation 
!og,V! ~ A’ log A - N , ( 27) 

may be used, and now (25) is the same as (23). 

Pressure 

The pressure is related to the free energy by (3.49): 



which is the ideal gas law. ns derived in Chapter 3. 
Energy 

The thermal energy U is found from F s U - i ff , or 


U^F + to^F- t(cP/cr) KiW 
With (23) for T we have 



= _3A 

cr 2r ’ 


so that for an ideal gas 



(30) 

(31) 

(32) 


The factor | arises from the exponent of r in n Q because the gas is in three 
dimensions; if n Q were in one or two dimensions, the factor would be ^ or 1, 
respectively. The average kinetic energy of translational motion in the classical 
limit is equal to or %k B T per translational degree of freedom of an atom. 
The principle of equipartition of energy among degrees of freedom was discussed 
m Chapter 3. 
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A polyatomic molecule has rotational degrees of freedom, and the average 
energy of each rotational degree of freedom is |t when the temperature is hieh 
in comparison with the energy differences between the rotational energy levels 
of the molecule. The rotational energy is kinetic. A linear molecule has two 
degrees of rotational freedom which can be excited; a nonlinear molecule has 
three degrees of rotational freedom. 


Entropy 

The entropy is related to the free energy by 

a = —(dF/dz)y N . (33) 

From (23) Tor F we have the entropy of au ideal gas: 

a = N[log(;i y/»i) + 5], ( 34 ) 


Tnis is identical with our earlier result (3.76). In the classical regime M/*iy is 
« 1. so that iog(» c ,/ii) is positive. The result (34) is known as the Sackur-Tctrode 
equation for the absolute entropy of a monatomic ideal gas. it is important 
historically and is essential in the thermodynamics of chemical reactions. Even 
though the equation contains h, the result was inferred from experiments on 
vapor pressure and on equilibrium in chemical reactions long before the 
quantum-mechanical basis was fully understood. It was a great challenge to 
theoretical physicists to explain the Sackur-Tetrode equation, and many un- 
successful attempts to do so were made in the early years of this century. We 
shall encounter applications of the result in later chapters. 

The entropy of the ideal gas is directly proportional to the number of particles 
N if their concentration n is constant, as we see from (34). When two identical 
gases at identical conditions are placed side by side, each system having entropy 
a i> l ^ e tota ( entropy is 2 ff s because N is doubled. Jf a valve that connects the 
systems is opened, the entropy is unchanged. We see that the entropy scales as 
the size of the system: the entropy is linear in the number of particles, at constant 
concentration. If the gases are not identical, the entropy increases when the 
valve is opened (Problem 6). 


Heat Capacity 

The heat capacity at constant volume is defined in Chapter 3 as 


C Y = T{da/dr) y . 


(35) 
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d (3 

I - iV logt + 


From this, for an ideal gas 



or C y ~ §A r k B in conventional units. 

I ,o “T"' “ iS iar8er ,han C - !»»■• additional 

must be added to perform the work needed to expand the volume of the 

fhe ihcv^l PrCS$Ure P ' 35 discussed in deta >l ^ Chapter 8. We use 

thermodynamic identity r da = dU -f pdV to obtain 


C, = t (*\ „ (w 

VAA \- 5 t 


+ p laT. 


Iw ha n vall an . id T' 8M < ! CpC,,dS °" ly ° n lhc to "^a'“ro, so that (£>(,«,) 
By the idea! *'!" ** iSJ * U5t Cy by lhe argumcnt of (3-17b{ 

becomes “ ' P ' S ° * hat Ihe tCrm p ^ dz l = N- Thus (37) 


in fundamental units, or 


C p — c,. 4- N 


C p — C y i\’k e 


in conventional units. We notice again the different dimensions that heat 


Cp - In + n 
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in fundamental units, or 

C P - }Nk B (38d) 

in conventional units The r m • 

1 hC rat '° C ’ /C * 15 wntten as y, the Greek letter gamma. 


Example: Experimental tests of the Saetur i 

entropy are often found from experimental values of cT‘ pCnr " en,aI va!ucs of ,he 
to give at constant pressure ^ f C ' by numerical integration of (37) 

c(x) - o(0) « {39) 

"T r “ re ai,ain ' d *• — 

ai ,ha uss- ,o a ""“ 

equation 134). The value lhu s cakuLTaTr^ta'd ** ° f ' h ' Saclu " T "'° J ' 
compared with the experimental value of thr- , d ‘^perature and pressure may be 
is found by summing .he following contributions: ' ^ ^ CNpCrimC0,al 

!* f , tr ° Py inCfCaSe 00 hca ' ing S0,id fr <>m absolute zero to the melting point 
; ‘ ,KrCaSC ? S0!ld - t °- lic ‘ uid “•“formation (discussed in Chapter 10,. 

. ^ 7 ! SC °“ hC;,,,nB ‘ i “ Mid l*inl «o the boiling point 

4. entropy increase in the liquid-to-gas transformation. 

5. Hnnopy change on heating gas from the boiling point to the selected temperature and 

oftexpe^mcmahinchhcotc^ Comparisons 

sarnfacory agreement is found between thcTo «£££? ^ ^ "" 

en,^^ measurements of Clusiu, The 

L undergo n el m mosph e re o f ^ re ss ure ^Thc 1 ^ Cd m 123 K f IO lhc Point 24.55 K 

estimated by a Debye law (Clr.nmr It H ? PaC “ y ° f lhc S ° lid belovv 113 K 

memsabove i: 3K Theentiom P ofih ? eM ri P ° I' 10 " absolulC zcro of measure- 

integration of | clT(Cp,‘T) to be J ‘ lhC mCk,n8 p0 " U ,S f0ulld b > nu «‘««al 

S«,iid ~ 14.29 J mol - 1 K” 1 . 

,o i,s “rt Tr and * » ( 

the American Chemical Society 51 , 2300 {1929} ’ F ' Gl quc anJ ' - Joi “ lilon . Journal of 
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Table 6.2 Comparison of experimental and 
calculated values of the entropy at the boiling 
poim under one atmosphere 

Entropy in J mol -1 K’ 1 


Gas 

T b . p ., in K 

Experimental 

Calculated 

Nc 

27.2 

96.40 


Ar 

87.29 

129.75 

129 24 

Kr 

119.93 

144.56 

145.06 


SOLRct: Front Laudolt BortMein tables, 6th cd Vol •» 
Part 4. pp. 394- 399. ' " 


‘ 2 ‘ rCqUi r Ctl \° mCU ‘ hC S ° lid 31 24 ' 55 K is *o be 335 3 mol -'.The 

associated entropy of melting is 


335 J mol" 1 
24.55 K 


13.64 J mol" 1 K _> . 


1 Sr n . h S l 71 Ci yS d ‘ y . 0f lhC ,iqUid WM meaSUrCd fr ° m thc mcll ' n 8 point to the boiling 
pent of 27.. k under one atmosphere of pressure. Thc entropy increase was found to be 

AS„, uW » 3.85 J mo!" 1 K"‘. 

4 ' Th % h 1 Ca ' ' npUt requircd t0 va P ori « lhe bquid at 27.2 K was observed to be 176! J 
mol . The associated entropy of vaporization is 


1761 J mor 1 
27.2 K 


= 64.62.1 mol 'K‘‘. 


The experimental value of the entropy of neon gas at 27.2 K at a pressure of one atmo- 
sphere adds up to 

Sgaj =* + AS n.«Hi OS + A5 liquid + A S vapQlj24lUm = 96.40 J mol" 1 K" 1 . 

The calculated value of the entropy of neon under the same conditions is 

= 96.45 J mol -1 K~ 1 , 

EivS “ 1Ua,i0n ThE wilt. .h= experimental value 

t„“ a “ u “t “t. S , c "“ ire " KO ' clial a n’ ara '" s W “> the Sackur- 
ob^at'on ix a LT ° l “ >UU l,a,dly *»" S»e»eh; lo taj i, veriftcj by 

experience. Results for argon and krypton are given in Table 6.2. 
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Chemical Potential of Ideal Gas with 
Internal Degrees of Freedom 

We consider now an ideal gas of identical polyatomic molecules. Each molecule 
has rotational and vibrational degrees of freedom in addition to the transla- 
tional degrees of freedom. The total energy e of the molecule is the sum of two 
independent parts, 

£ = + E im > (40) 

where c, nl refers to thc rotational and vibralional degrees of freedom and e„ 
to thc translational motion or the center of mass of the molecule. Thc vibralional 
energy problem is the harmonic oscillator problem treated earlier. The rota- 
tional energy was the subject of Problem *3.6. 

In the classical regime the Gibbs sum for ihc orbital n is 

2r = 1 + 7.exp( — £ n /t) , (41) 

where terms in higher powers of / are omitted because thc average occupancy 
of the orbital n is assumed to be « I. That is, wc neglect the terms in which 
correspond to occupancies greater than unity. In the presence of internal energy 
slates the Gibbs sum associated with the orbital n becomes 

J = 1 + 2 X exp[-( £ „ + £ inl )/r] , (42) 

ini 

or 

3- = 1 + ?. exp( — £„/t)X exp( — £ im /r). (43) 

ini 

The summation is just the partition function of the internal slates: 

Z im = Xexp(-£ inl /r) , (44) 

ini 

which is related to the internal free energy of the one molecule by f, nl = 
-t IogZ inl . From (43) the Gibbs sum is 


( 45 ) 
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The probability that the translational orbital n is occupied irrespective of 

is e rr 0 ri m r of ,ht -*■* * - * L 

ru ) = ; - z ^ ex P(-^A) 

1 + j ~ (46) 

^alolrnU ml? T dCfinCd ‘ arlier “ /(£j « >• Thc "*“>• W) « entirely 
(« Ihe monalomic case, but iZ,„ now plays the role of;.. 

for ,ht mona,omic idtai ** are 
(a) Equation (17) for A is replaced by 


= »An Q Z iM ) . 


With n c defined exactly as before. (We shall always use „ Q as defined for lire 
have 0m ‘ C * dCa 8aS ° f 3l0mS WilH 2Cr ° Spin ) Bocause X H exp{/j/t) we 


u = T[Iog(ri/« 0 ) - log Z in ,]. 


(b) The free energy is increased by, for N molecules. 


- -AT log Z nI . 


(c) The entropy is increased by 


<ho< = -{cF in Jcx) y . 


The former result U = |N t applies to the translational energy alone. 



feoTe'f/n S ™V*** U - Consider an atom of spin /, where / may 

represent both electrons and nuclear spins. The internal partition function associated 
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with the spin alone is 

Z ‘ n * = (2/ + 1) , 

.hit being the number orindependent spin state, Thtt spin contribution ,0 the free energy ir 
F inl = — T Iog(2/ + 1) , ^ 

and the spin entropy is 

<h„, = Iog(2/ + !) , (53) 

by (50). The edict of the spin entropy on the chemical potential is found with the hc,p of (48 ): 
'' = t C1oS(»/h 0 ) - !og(27 + 1)]. (54) 


Reversible Isothermal Expansion 

i“S*L«r mplt 1 x r atoms ° r 4H = « M ini * iai «•«« of 

volume ' Xpa S ' ly COnSUnt ,empcra,ure “ mil ,h = 

contact with a L ' . ,Cmpaa,UIC is maimainctl cot, slam by thermal 
contact with a large reservoir. In a reversible expansion the system at anv 
instant is in its most probable configuration. y 

What is the pressure after expansion ? 

ID Urn tohLl t”' iS tWi “ " ,C ini,ial volume > ,he fl ” al tem pcrature is equal 
lo the initial temperature. From pV = S’ x W e see that t h<» 4 • 

one-half the initial pressure. 6 " al prKSUre ls 

m ““ ,s " le '"'rease of entropy on expansion ? 

The entropy of an ideal gas at constant temperature depends on volume as 

<*(V) = A' log V 4- constant , (55) 

whence 

^2 ~ a, = N !og(K 2 /T,) = Nl 0g 2 = (i x I0 2I )(0.693) = 0.069 x I0 2i . (56) 

Nonce that the entropy is larger a, the larger volume, because the system has 
“r lK m the lar8er V0,UmC ,han “ at the 
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Direction of motion of 



Figure 6.7 Work is done by ibc gas in an isothermal 
expansion. Here the gas does work by raising the weights. 
Under isothermal conditions pV is constant for an idea! gas, 
so that the pressure must be reduced to allow the volume to 
expand. The pressure is reduced by removing the load of 
weights a little at a time. 


How much work is done by the gas in llie expansion ? 

When the gas expands isothermally, it does work against a piston, as in 
Figure 6.7. The work done on the piston when the volume is doubled is 

jv! P dV = jy*WxlV)dV = Nx log(F 2 /l') = Nr log 2. (57) 

We evaluate Nr directly as 4.14 x 10 8 erg - 41.4 J. Thus the work done on the 
piston is, from (57), 

Nr log 2 - (41.4 J)(0.693) = 28.7 J. (58) 

The assumption that the process is reversible enters in (57) when we assume 
that a knowledge of V at every stage determines p at every stage of the expansion. 

We define W as the work done on the gas by external agencies. This is the 
negative of the work done by the gas on the piston. From (58), 

: W a ~j p dV = — 28.7J. 


(59) 
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What is the change of energy in i/, e expansion ? 

The energy of an ideal monatomic gas is U = |Nr and does not change in 
an expansion at constant temperature. However, the Helmholtz free energy 
decreases by Nr log 2. which is the work done. The connection is discussed in 
Chapter 8. 

How much heal flowed imo the gas from the reservoir? 

Wo have seen that the energy of the ideal gas remained constant when the 
gas did work on the piston. By conservation of energy it is necessary that a 
flow ofenergy in the form of heat into the gas occur from the reservoir through 
the walls of the container. The quantity Q of heat added to the gas must be 
equal, but be opposite in sign, to the work done by the piston, because 
Q + W = 0. Thus 

Q — 28.7 j , ^ (60) 

from the result (59). 

Reversible Expansion at Constant Entropy 

We considered above an expansion at constant temperature, Suppose instead 
that the gas expands reversibly from 1 x 10 3 cm 3 to 2 x 10 3 cm J in an in- 
sulated container. No heat flow to or from the gas is permitted, so that Q ~ 0. 
The entropy is constant in a system isolated from the reservoir if the expansion 
process is carried out reversibly (slowly). A process without a change of entropy 
is called an isentropic process or an adiabatic process. The term “adiabatic" 
has the specific meaning that there is no heat transfer in the process. For 
simplicity, we shall stick with “isentropic." 

What is the temperature of the gas after expansion? 

The entropy of an ideal monatomic gas depends on the volume and the 
temperature as 

<7(t,F) = N(logt 3 ' 2 + logF + constant) , (61) 

so that the entropy remains constant if 

logt 3/2 F = constant; x m V = constant. (62) 

In an expansion at constant entropy from hi to V 2 we have 

for an ideal monatomic gas. 

' £ 


(63) 
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V = = “ ° b, " in '*> *»™. We insert 

Nx/P int0 * 63 ) and wned N on both sides to obtain 


Pi Pi 


Similarly, we insert r - pV/N in (63) to obtain 

Pi 3/2 K S/2 -p 2 3 «I/ a »«; or PiVS* =. Pl V 2 W (65) 

Both (64) and (65) hold only for a monatomic gas. 

t is the subject of Problem 10 i 0 generalize these results for an ideal gas of 

" c,tccs ormo,io " »S£ 


T lK '" 1 = tW' 
PiK’ * p 2 V 2 y . 


Here 7 C p /C y is the ratio of the heat capacities at 
constant volume. 

With T, * 300 K and VfV 2 = we find from (63): 

r i " (i) 2,3 (300K) « 189 K. 
This is the final temperature after the expansion at rnn 


constant pressure and 


is cooled in the expansion process by 


expansion at constant entropy. The gas 


T i ~ r i = 300 K - 189 K = 11IK. (■ 

Expansion at constant entropy is an important method of refrigeration. 

Wlun is the chunge in energy in the expansion? 

The energy change is calculated from the temperature change (70) For 
ideal monatomic gas 

u 2 - U l = C r { r 2 - rj = |iV(r 2 - r t ) , (' 


Sudden Expansion into a I'acuum 
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Or, in conventional units, 

U 2 ~ U t ~ \Nk u (T 2 ~ r t ) 

= Id x 10“)(1.38 x lO-^ergK-’X-niK) 

= -2.3 x 10 8 erg = -23J. 

thc 8 as 

Sudden Expansion into a Vacuum 

■? T .0 

W hul a holc ls opened in the partition to ncm -."T ° ° rj11 ,r,evcrsib ^ process, 
rush through the hole and strike the odiJL " ^ expansion, the first atoms 
walls is permitted, there is no way for the ' ?° hCal ll0W ,hrou B h ‘he 

Thc subsequent flow may be turbulent r °T ‘° ° SC ,hc,r kinc,ic energy, 
gas at different values of the ^ diffcnsm P ; ‘ rls 

-gions will eventually equate c ?n d it n fh 

who,c process occurs rapi ^ » .hm ilitiT::!;: 

" mch work * done in the expansion 7 

,hat ,he *»• - — 

,h = work is zero for expansion into a ZmZ *" Pr °“ SS “' b ‘" 

lVI !f is the ten, perature after expansion? 

^ - aS " °’ 2 = 0. and 

gas is unchanged. The enerev of". i = .the temperature of the ideal 

«“ »-» are moved faZTp iSste" 8 ' “ ^ ?““ •«“* 
i . uen affects their interaction energy. 

B7mr a the change of entropy in the expansion » 

is B it , ^: 0fenIr0Py Wl,Cn ,hC V ° !Ume iS d ° llb!ed 31 —ant temperature 

Aa = ff 2 - a, = a/ i og 2 = 0.069 x 10 23 . (?3) 

Eor the expansion into a vacuum Q = o 
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Table 6.3 Summary of ideal monatomic gas expansion experiments 
U 2 ~ U, <s z - a, W 


Reversible 

isothermal 

expansion 


V 2 V, K 

N log — -At log -f A' r log — 

’i * i "i 


Reversible'! r /(/\j/ri f /^yn 

5Sas) -H l - \v 0 -H'-GOJ 0 


Irreversible 


V, 



expansion into 
vacuum 


A log — 

0 

0 


the initial configuration before removal of the partition and the final con- 
figuration after equilibration are most probable configurations. At intermediate 
stages the distribution in concentration and kinetic energy of atoms between 
the two regions into which the system is divided does not correspond to an 
equilibrium distribution. The central results of these calculations are sum- 
marized in Table 6.3. 


SUMMARY: STEPS LEADING TO THE IDEAL 
GAS LAW FOR SPINLESS MONATOMIC GAS 

(a) /(e) = Aexp(-£/r) Occupancy of an orbital in the 

classical limit of /(e) « I. 

, N . ... 

Given N, this equation determines 

A in the classical limit. 

Energy of a free particle orbital of 
quantum number n in a cube of 
volume V. 

(d) £cxp(-£„/t) = }7t j'</fin 2 exp(— e/t) Transformation of the sum to an 

" integral. 

(e) X — N/hqV Result of the integration (d) after 

subsitution in (b). 

(f) n Q — {Mx/2nh 2 ) 312 Definition of the quantum 

. concentration. 
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(g) l l - Tiog(n/n Q ) 

(h) F — j dN p(N,x,V) = Ni[log(n/»i u ) - 1] 

(i) p - -(cFJcV),' N = Nx/V 

PROBLEMS 

1. Derivative of Fermi-Dirac function. Show that — cf/dc evaluated at the 
fermi level e — p has the value (4r)~‘. Thus the lower the temperature, the 
steeper the slope of the Fermi-Dirac function. 

2. Symmetry of filled and vacant orbitals. Let e = p + 5, so that /(e) ap- 
pears as /(/t + t5). Show that 

/ 0 * + S) - 1 -;'/(/< - 5 ). ( 74 ) 

Thus the probability that an orbital 6 above the Fermi level is occupied is equal 
to the probability an orbital 5 below the Fermi level is vacant. A vacant orbital is 
sometimes known as a hole. 

3. Distribution function for double occupancy statistics . Let us imagine a new 
mechanics in which the allowed occupancies of an orbital arc 0, 1, and 2. The 
values of the energy associated with these occupancies are assumed to be 0, e, 
and 2e, respectively. 

(a) Derive an expression for the ensemble average occupancy <N>, when the 
system composed of this orbital is in thermal and diffusive contact with a 
reservoir at temperature t and chemical potential /<. 

(b) Return now to the usual quantum mechanics, and derive an expression 
for the ensemble average occupancy of an energy level which is doubly de- 
generate; that is, two orbitals have the identical energy e. If both orbitals are 
occupied the total energy is 2e. 

4. Energy of gas of extreme relativistic particles. Extreme relativistic parti- 
cles have momenta p such that pc » Me 2 , where M is the rest mass of the 
particle. The de Broglie relation A = h/p for the quantum wavelength continues 
to apply. Show that the mean energy per particle of an extreme relativistic ideal 

; gasis3rife = pc, in contrast to for the nonrclalivistic problem. (An interesting 

variety of relativistic problems are discussed by E. Fermi in Notes on Then no- 
dynamks wul Statistics, University of Chicago Press, 1966, paperback.) 

5. Integration of the thermodynamic identity for an idea! gas. From the thcr- 

; modynamic identity at constant number of particles wc have 


, dU pdV 
do = — + - — 

T T 


I \dV L 
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Show by integration that for an ideal gas the entropy is 

<7 = CYIogt + JViogK + O'! , (76) 

where o, is a constant, independent oft and V. 

in atsfem of T ^ ° f ‘ " at0TO ° f 1 ** A *« P^ed 

and volume. Show that after diffusive emilV 1 ^ B l!*! S3me tcrnperatUr e 
is increased bv IN foe ? The* « . ^ 1 rium Is reac hed the total entropy 

Of ntini^r^^^^ “ « known as the entrop* 

X (<'Vf'P}. v cxp( -I.J-l) 

p m _ , (77) 

where the sum is over all slates of the system, (b) Show for a gas of free particles 


rte.herl 1 , 0 efe e ,o°aZ d , ary r ! : S ndi "'° nS ° f ' hC Pr0blem ' The "S' 1 " h “ Ids dually 
•ha, 

P = 2W/3 V , (Tj) 

where (/ is the thermal average energy of the system. This result is not limited 
0 the class, cal regtme; i, holds equally for fermion and boson par id™ as 
long as they are nonrelativistic. 1 ’ dS 

JlJin a oTlL'r ? M °"'7 WC qUO,Cd B °" zraa ” n 10 lhc «**• that two 

foTou"”^^! n ' ■ ll V nm “°"'yi"=»in>e«iormou S ly| on g compared 

‘ He o -c ! a " mvcst « ,te a rela tcd Problem : we let a gas of atoms of 

and h^" a ' ner ?“ me0fai li,Er 31 300 K and a pressure of 1 atm, 

which all are inone h* ir T't ^ bcf ° re lbe aloms assumc a configuration in i 
wmen an are in one-half of the container. 

Condi ,™.™' 0 ' hC nUmbCr ° f S,a ' C! aCC “ Sib ' C 10 lhe s > s,em in initial i 
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slates ISiS e<1 iS0,hern ’ a " y “ ^ “ r0 « How many 

(0 For the system in the 0.1 liter container, estimate the value of the ratio 

^^li^forwhich ,11 atoms are in one-half of, he volume 
number of states for 

(d) If the collision rale of an atom is =£ lf) I0 c - 1 .„»,«* : ,> , 

Mmmmms! 

in idcT° P,C rel0ti0n5 0fiJcal * QS ' <») Show that the differential changes for 
an ideal gas in an isentropic process satisfy 6 * 


dz , JV 
~ + (y ~ !}y*0; 


dp y dx 

7 + ~/7 “ °- ^ 


droZLT x C ’i Ct,: !?fi C , rC,ali ° nS appIy even if molecules have internal 
grees of freedom, (b) The isentropic and isothermal bulk moduli are defined as 


B ° “ - y (tpfcV).; B, = - V(dp/cV) s . (81) 


giv^bJc ?* = 7pl B ‘ = * The veIoci, y of sound in a gas is 

S '? D by 7 ( °/ P \ : ,h f Cre ,s vef y httle heat transfer in a sound wave. For an 

Sr! f ' ?L f maSS M WC have P - P*/M. so that c « ( yr /A/)*« 
Mere p is the mass density. w ' ' ’ 

°f«“ «»»e V W The lower 10-ISkm 
at a,™ T P r “ troposphere is often in a convective steady state 
M constant entropy, no, constant temperature. In such equilibrium ,P is 
independent of altitude where — r r n-^.i r / 

eouiliKritim in ** r . *-V- Use the condition of mechanical 

equilibrium in a uniform grav national field lot (a) Show that dT/iz = constant 

d V tdi^ 5 , , 3 " ™ S q “ a " ,i,y ’ imP °'*am in meteorology, is called the 

derived* hfn T Tr' ‘ "°‘ ““ l,,C baromE,ri<: P ress “ E >= ^Mon .ha, was 

fc Ifkm T he " 7/s f, S‘ h T U a ' m ° SphCreJ (b > &li "' a « E in 

per Krn. Take , = 7/5. (c) Show that p x p\ where p is the mass density. 
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If the actual temperature gradient is greater than the isentropic gradient the 
atmosphere may be unstable with respect to convection. 


12. Ideal gas 'in two dimensions, (a) Find the chemical potential of an ideal 
monatomic gas m two dimensions, with N atoms confined to a square of area 

f. . * The spm 1S zcro - < b ) Find an expression for the energy U of the gas 

(c) rind an expression for the entropy o. The temperature is r. 

13. Gibbs sum for ideal gas. (a) With the help of Z v = (n Q V) s /N\ from 
Chapter 3, show that the Gibbs sum for an ideal gas of identical atoms 
is - exp(;.n 0 K). (b) Show that the probability there arc N atoms in the gas 
in volume V ui diffusive contact with a reservoir is 


P(N) = <N) A 'cxp( — <N))/N! , (82) 

v;hich is just the Poisson distribution function (Appendix C). Here <iV> is the 
thermal average number of atoms in the volume, which we have evaluated 
previously as <N) = l.Vn Q . (c) Confirm that P(N) above satisfies 

X P(N) =1 and £ NP(N) *= <,V>. 

N s 

14. Ideal gas calculations. Consider one mole of an idea! monatomic gas at 
300 K and 1 atm. hirst, let the gas expand isolhermally and reversibly to twice 
the initial volume; second, let this be followed by an isentropic expansion from 
twice to four times the initial volume, (a) How much heat (in joules) is added to 
the gas in each of these two processes? (b) What is the temperature at the end of 
the second process? Suppose the first process is replaced by an irreversible 
expansion into a vacuum, to a total volume twice the initial volume, (c) What 
is the increase of entropy in the irreversible expansion, in joules per kelvin? 


15. Diesel engine compression. A diesel engine is an internal combustion 
engine in which fuel is sprayed into the cylinders after the air charge has been 
so highly compressed that it has attained a temperature sufficient to ignite the 
fuel. Assume that the air in the cylinders is compressed isentropicaily from an 
initial temperature of 27 C C (300 K). If the compression ratio is 15, what is the 
maximum temperature in °C to which the air is heated by the compression? 
Take y — 1.4. 
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COnCCn,ra " 0n ,S ™ a " in com P ar > s °n with the qua „, ura 

" «»t? = (A fr/lTth 2 )*' 1 . {!) 

The Said h° b= , in ,ht quamura re8ime aad f called a 

5S&«S5S=SJ 

magnetic susceptibility, low 

viscosity COnU “““-"“)' « ■» a supernuid, with practically zero 

To 3 (2nti 2 /M)n 213 , (2) 

is Often sald'to bTz^Znt'" e %* ““ ' he re * imc " i,h 1 « r “ 

as 'I ro. r Qu“u„^ TZ l r h f ! W d “ tal 835 di '^ S as lex 

8 asc, ’t y: b , o,h f r ion and b °“ n 

ZZ’ZT* " K cn,ropy is ™ E '£ 

ia 6 » ^ ■—' -age nu mb er of particles 

/(£) - cxp[0i - £)/T ]. (3) 

1 {erc wc have *he second distinct usacc of ihc word ••h,.., 

u “* e was introduced in Chapter 1. where called a^rnert'^l ! n ( slallst,cal phjws. The first 
state has the same cu.-.-py. ev< ^ degenerate if more than one 
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With the result for p appropriate to this regime, 

/(£) ~ (n/jj 0 )exp( — £ /t) , ( 4) 

with the usual choice of the origin of* at zero for the energy of the lowest orbital. 
The form (4) assures us that the average occupancy of any orbital is always 
<n/y, which is «1. consistent with our original picture of the classical regime. 

A fermion is any particle— elementary or composite— with a half-integral 
spin. A fermion is limited by the Pauli exclusion principle to an orbital occu- 
pancy of 0 or 1, with an average occupancy anywhere between these limits. At 
low temperatures it is clear that many low-lying orbitals will have one fermion 
in each orbital. At absolute zero all orbitals with 0 < e < £/f will be occupied 
with / = l. Here c F is the energy below which there are just enough orbitals 
to hold the number of particles assigned to the system. This energy is called the 
i-erm. energy. Above r., all orbitals will have / - 0 at r « 0. As T increases the 
distribution function will develop a high energy tail, as in Figure 7.3. 

Bosons have integral or zero spin. They may be elementary or composite; 
if composite, they must be made up of an even number of elementary particles 
if these have spin \, for there is no way to arrive at an integer from an odd 
number of half-integers. The Pauli principle does not apply to bosons, so there 
is no limit on the occupancy or any orbital. At absolute zero the ground 
orbital— the orbital of lowest energy— is occupied by all the particles in the 
system. As the temperature is increased the lowest single orbital loses its popula- 
tion only slowly, and each excited orbital— any orbital of higher energy— will 
contain a relatively small number of particles. We shall discuss this point 
carefully. Above r » r 0 the ground orbital loses its special feature, and its 
occupancy becomes much like that of any low-lying excited orbital. 

FERMI GAS 

A Fermi gas is called degenerate when the temperature is low in comparison 
with the Fermi energy. When the inequality t « c F is satisfied the orbitals of 
energy lower than the Fermi energy e F will be almost entirely occupied, and the 

orbitals of higher energy will be almost entirely vacant. An orbital is occupied 
fully when it contains one fermion. A Fermi gas is said to be nondegenerate 
" * len ! ^ e temperature is high compared with the Fermi energy, as in the classical 
regime treated in Chapter 6. 

The important applications of the theory of degenerate Fermi gases include 
conduction electrons in metals, the white dwarf stars; liquid 3 He; and nuclear 
matter. The most striking property of a fermion gas is the high kinetic energy 
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(a) (b) 


confined o ", The f e " erg ' CS 0f ,he 0rbita!s 10 for an electron 

confined to a hne of length L. Each level corresponds to two orbitals, one for 

Ta ^° Wn ' (b) ThC Sr ° Un<J SlatC ° f 3 S > S,em of 16 ‘^rons. 

Orbttals above the shaded region are vacant in the ground state. 



he ground slate of the system at absolute zero. Suppose that it is necessary J 

WhToZ:, C ,rK n ° nmleraCtinB dCCUOnS in a !englh L in onc dimension. 

What orbitals will be occupied in the ground state of the N electron system? 

nrlTnf m /M IOna! CryS{al !hC qUanlUm nUmber of a free ^ctron orbital of I 

number , + “r« P ° S ' t,VC " ,tC ® Cr SUpplcmcn,cd by the spin quantum 

number m s - ± j- for spin up or spin down. 

U the system has 8 electrons, then in the ground state the orbitals with 
-i - 1, 2, 3, 4 and with .... » ±j are filled, and the orbitals of higher I, arc j 

empty. Any other arrangement gives a higher energy. To construct the ground 
state wc fill the orb..a!s starting from „ = , aI , hc boUom _ and we 

filhng higher orbitals with electrons until all N electrons are accommodated. 

Si ? ?,‘ e fi “ ed m thC groUnd sla,c ofa s y 51 ™ of 16 electrons are 

shown in Figure 7.1. 


Ground State of Fermi Gas in Three Dimensions 
Ground State of Fermi Gas in Three Dimensions 

Let the system be a cube of side L and volume V — L 3 . The orbitals have the 
form oT (3.58) and their energy is given by (3.59). The Fermi energy r.f is the 
energy of the highest filled orbital at absolute zero; it is determined by the 
requirement that the system in (he ground stale hold N electrons, with each 
orbital filled with onc electron up to the energy 


' 2m \ L J ' 

Here >t f is the radius of a sphere (in the space of the integers n x , n y , n.) that 
separates filled and empty orbitals. For the system to hold N electrons the 
orbitals must be filled up to ii^ determined by 

N = 2 x 1 x y «,> = j it, 1 ; n, - (3W/*)*«. (6) 

The factor 2 arises because an electron has two possible spin orientations. The 
factor j arises because only triplets n x , n y , n z in the positive octant of the sphere 
in u space are to be counted. The volume of the sphere is 4jnt f 3 /3. We may 
then write (5) as 

h 2 /37r 2 N\ 2/3 ft 2 ... 

= tT. -77- = 7- (3^ 2 «) 2/3 s T r . (7) 


This relates the Fermi energy to the electron concentration N/V = «. The 
so-called “Fermi temperature” x F is defined as r> s £ f . 

The total energy of the system in the ground state is 

b 0 = 2 y £ n - 2 x J x 4n f r tin n 2 e a — ~~ ( ^ thin * , (S) 

n<nr j0 2 m\Ll Jo 


with £ n = (h z /2m){nn/L) 2 . In (8) and (9), n is an integer and is not N/V. Consistent 
with (6), wc have let 


2 £(■“)-♦ 2(t)(4n) J*dn n 1 (•• ■) 


in the conversion of the sum into an integral. Integration of (8) gives the total 
ground state kinetic energy: 


10m \L 
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0 10 20 30 40 50 60 70 80 90 100 

Volume, in cm 3 

en " 8y u - ° f ■ - ■* - 


theFcTOie"^' J! AtroTOUnllv^he ? K '’ gy - P " Par ' ide is U °' N and « I of 
(««*— 7-2). *o ,ha« the ta " t " Cr6y " ,CrCaSCS “ ' hc ralumc dc crcases 

binding of any material; in most mettk T7‘ ‘‘ r ^ puls ‘ VC con,ribut «on to the 
it is the most important repulsive inter, r * dwarf and ncu tron stars 
to increase the volume i b '*! * "* Fcnni '-ds 

^nc,cc, roB .^JL^ 

Density of States 

Thermal averages for Independent particle problems have the form 

<*> - Z/lv^x. , (II) 


- '<* va.ee „r the q „a„,i, y X in 

inbulion function, of the orbital We often express Ca "' d lhe dis ' 

orbital energy £ . Then ( 1 1 ) becomes P <A > 30 ,nlC8rai ovcr lhe 


(X) = J ( / c QWfa^xic) , 
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whereUte sum over orbita.s has been transformed to an integral by the sub- 


X (•••)-* Jilt 0( £ )(- • -). 


n H uamhv £ «tHs lh ' ° f ° rbi,a,s °f ener 8y between a and e + dt The 

quantity D(e) is nearly always called the density of states although •, • 

Me) - (V/h i 2 )(2im/A j ) j/ V' j , (l4) 

for volume V. Take the logarithm of both sides: 

log A/ = lloge + constant, (15 j 

and take differentials of log N and logs: 

(IN __ 3Jc 

N 2 a' (16) 

^ " ‘Xr m2 ‘ W iS n “ mb£r ““ between . 

•Off.) s (IN/de = 3<V(c)/2c (17) 

^^±xssssssxz 

' vrUe W as a function of s alone because 

N(e)/c = (K/3ir 2 )(2i»i//, l )W £ «/* , (ig) 

from (14). Then (17) becomes 


V_ (2m\ i!2 v 


2 n 2 \h 
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Figure 7.3 Density of orbitals as a function 
of energy, for a free electron gas in^hrec ^ 

s»«y /me) Of occupied orbitais at a finite 
temperature, but such that r is small in 

Wmparcon wi ‘ h Cjf . The shaded area represents 
the occupied orbitals at absolute zero 


' 1F j 8Ure 6 - 3) ' ,he of 

Iota! number of electrons{n a ^ [cm^^irow^ 3 

n = r**w«.v,j . (20) 

problems ’where dcscribed in Chap,cr 6 - In 

requiring that the total number of m . ,° f parl,cles * vve determine ,t by 

»™ .,i,. t., „ rrr :irr" 'r »*• 

u = j;</ ££ o( £ )/( £ , t , /1 ). (2I) 

above which 1 Ihe^are^acam^The^umber of ^ energy c fl 

<V=J>©( £ ), (22) 

and the energy is 

U ° m K' J “ ®< £ )- (23) i 

i 
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Heat Capacity of Electron Gas 

gas of electrons 'three Zenslons^ Ferilli 
pressive accomplishment of the theol of rte”d “ PerhapS ' h ‘ m0SI ira - 
Ideal monatomic gas the heat capacit^is 4 bu,TT“ FCrmi ^ FOr "" 
much lower values are found The cairn? r * u f eleclro,ls 1[ » a metal very 
mem with the experimental results The T" ^ 1’°^ 8iVCS CXCcHcnt 
of * electrons when heated To^ 1^7 *"“» ° f 3 ***» 

whence Ulot|s dcn °'ed by AU & U(x) - C(0), 

M = (2 <) 

0<£) is lhc "™ b " p - 
w = / 0 “-fe/WC( £ ) =/-*„(,) P5) 

by h to obtain 

(X" + £)**/mbm - (26) 

Wc use (26) to rewrite (24) as 

AU ~ ^ ^ ~ ^ )/(£)<D(£) f fo'' Ie ( e r - «)[1 “ /(e)J*D( £ ). (27) 

The first integral on the right-hand side 0 fO7\ ,u 
electrons from t e to the orbitals of me S he Cnergy needed t0 ‘ake 

the energy needed to bring the electronic /'f^ lh * “ C °" d intCgral gives 
contributions to the energy are positive The' & T ° r ' la S bc,OW £f ‘ Both 
integral is the number of electrons elevated hi m tf ie first 

dc at an cnergy e . The factor [l - f( E )l in „ ° ^ S m the ener SV ran 8 e 

,hal an e,cc ‘™ has been removed from an o bhal £ Th “ "T pr ° babllily 
>n Figure 7.4. In Figure 7 5 vve nlot the P. n J function At/ is plotted 

< for six values of the '“"**» —us 

gas was taken such that ^k B = 50000 K T* C ° nCentratl0n of ,he Fe ™ 
electrons in a metal. ’ ^ aracfens{1 c of the conduction 

resect i ^ °" dlfferen[iatin S At/ with 

' ,cnlp rdture "dcpcndent .cm, in (27) is M whence wc 
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Figure 7.4 Temperature dependence of the energy of 
a noninteraciing fermion gas in three dimensions. The 
energy is plotted in normalized form as A U/Ni r , 
where N is the number of electrons. The temperature 
is plotted as t/r. f . 




Figure 7.5 Fcrmi-Dirac distribution function at various temperatures, for 
T f = t F /k B = 50000 K.. The results apply to a gas in three dimensions. The total 
number of particles is constant, independent of temperature. The chemical potential at 
each temperature was calculated with the help of Eq. (20) and may be read off the 
graph as the energy at which / = Courtesy of B. Feldman. 
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Figure 7.6 Plot of the chemical potential p versus temperature r for a 
gas of noninteracting fermions in three dimensions. For convenience in 
plotting, the units of p and t arc 0.763c,-. 


can group terms to obtain 

C “ = ~j~ = J<T' /£ < £ - £ ') f x ®( £ )- ( 28 ) 

At the temperatures of interest in metals z/e f < 0.01, and we see from Figure 7.5 
that the derivative df/dx is large only at energies near e f . It is a good approxi- 
mation to evaluate the density of orbitals “0 (e) at e f and take it outside of the 
integral: 

C el £ -DM J** Jc (e - Cf) (29) 

Hxamination of the graphs in Figures 7.6 and 7.7 of the variation of ft with t 
suggests that whent « e f \ve ignore the temperature dependence of the chemical 
potential p in the Fermi-Dirac distribution function and replace ft by the 
constant c F . We have then: 

<1 __ £ - E r . exp[( c - gfVf] 

dx T> {exp[(£ — £ f )/t] + l} 2 * {iU) 


f, 
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Figure 7.7 Variation with temperature of the 
chemical potential p, for free electron Fermi 
gases m one and three dimensions. In common 
metals t/r, * 0.01 at room temperature, so 
that ft is closely equal to . These curves were 

calculated from series expansions of the integral 
for the number of particles in the system 



- v « (*■“ £f)A , 


and it follows from (29) and (30) that ' 


Q = iO(e f ) f“ dxx 2 

{e * + JJ2* 


imerit'll T “ '! ,e .'°"' Cr limit b > -« because the factor e* in the 
cmSnn, 1 T l ”' Sl ‘ Slbie a ‘ * ” if we are concerned with low 

P res such that £ F /r ~ too or more. The integral* becomes 


J-V'” 


; £ ^ 

ie* + l) 2 ~ 3 * 


' The integral is not elementary, but may be evaluated from the more familiar result 


r r tix — 

Jo p°-‘ 


*“ +1 12a 2 


on differentiation of both sides with respect to the parameter a. 
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whence we have for the heat capacity of an electron gas, when r « t f . 

(34) 

In conventional units, 

C'i « WfHe r )k B *T. (3S ) 

We found that the density of orbitals at the Fermi energy is 

®{ £ f) = 3A, /2Cf - 3 iV/2r f (36) 

for a free electron gas, with r, s Do not be deceived by the notation r • 

For 7<< ' 777s is d ° f ^ ^ ^ ° nIy 3 convcnicn * «fcrcn« point 

Thus (7)7777 dCgCnCralC: f0r T » thC *“ iS * “ regime. 

■ 2 Nt/t f . ( 37 ) 

In conventional units there is an extra factor k B , so that 

C eI = j n 2 Nk B T/T r , ( 3 gj 

point' k ‘ T * = Cf A6ain ' Tf ' S 1101 8,1 aC1 “ al ,em P cralure . but °"ly a reference 

Wc cun give a physical explanalion of the form of the result (37) When the 
speemen ts heated from absolute zero, chiefly those electrons in states within 
n energy range r of the Fermi level are excited thermally, because the FD 
dis nbulion function is affected over a region of the order oft in width illus- 
trated by Figures 7 3 and 7.5. Thus the number ofexei.ed electrons is of the order 

mmt a n ! ^ haS iUener W facreased approximately by t. The 

total electronic thermal energy is therefore of the order of U„ a ,Vr ! /r f . Thus 
the electronic contribution to the heat capacity is given by 

C cl = f/fi c! /f/t s: Nr/cp ~ A f r/r f , (39j 

Which is directly proportional to r, in agreement with the exact result (34) and 
'vtth the experimental results. 
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Table 7.1 Calculated Fermi energy parameters for free electrons 



Conduction 
electron 
concentration 
NjV, in cm 3 

Velocity 
e F , in cm s'" 1 

Fermi 
energy 
e F , in eV 

Fermi 

temperature 
T f = tfk a . 
in K 

Li 

4.6 x IQ 22 

1.3 x 10 8 

4.7 

5.5 x 10 3 

Na 

2.5 

1.1 

3.1 

3.7 

K 

1.34 

0.85 

2.1 

2.4 

Rb 

LOS 

0.79 

1.8 

2.1 

Cs 

0.S6 

0.73 

1.5 

1.8 

Cu 

8.50 

1.56 

7.0 

8.2 

Ag 

5.76 

1.38 

5.5 

6.4 

Au 

5.90 

1.39 

5.5 

6.4 


Fermi Gas in Metals 

The alkali metals and copper, silver, and gold have one valence electron per 
atom, and the valence electron becomes the conduction electron in the metal. 
Thus the concentration of conduction electrons is equal to the concentration 
of atoms, which may be evaluated either from the density and the atomic 
weight or from the crystal lattice dimensions. 

If the conduction electrons act as a free fermion gas, the value of the Fermi 
energy e f may be calculated from (7): 

E f = (fi 2 /2m)(37i 2 n) 2/3 - (40) 

Values of n and of e f are given in Table 7.1 and in Figure 7.8. The electron 
velocity v F at the Fermi surface is also given in the table; it is defined so that 
the kinetic energy is equal to e f : 

, (41) 

where m is the mass of the electron. The values of the Fermi temperature T F s 
e F /k B for ordinary metals are of the order of 5 x I0 4 K, so that the assumption 
T « T f used in the derivation of (35) is an excellent approximation at room 
temperature and below. 

The heat capacity of many metals at constant volume may be written as 
the sum of an electronic contribution and a lattice vibration contribution. At 
low temperatures the sum has the form 

C y = yx + Ax 3 , (42) 
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Electron concentration, in cm" 3 


Figure 7.8 Fermi energy r. f of a free electron 
gas as a function of the concentration. 
Calculated values are shown for several 
monovalent metals. The straight line is drawn 
rorc f = 5.835 x 10' 3 ’ n Vi ergs, with <i j n 
cm ' \ 



T-, in K.* 

Figure 7.9 Experimental heat capacity values for potassium, plotted as C/Tv ersus 
f J . After W. H. Lien and N. E. Phillips, Phys. Rev. 133. AI370 (1964). 


where y and A are constants characteristic of the material. Here y = jti 2 N/x f 
from (37), and the lattice vibration term Ax 3 was discussed in Chapter 4. The 
electronic term is linear in t and is dominant at sufficiently low temperatures. 
It is helpful to display the experimental values of the heat capacity for a given 

material as a plot of C k /t versus t 2 : 

Q/t = y + Ax 2 , ( 43 ) 

for then the points should lie on a straight line. The intercept at r = 0 gives 
the value ofy. Such a plot is shown for potassium in Figure 7.9. Observed values 
ofy are given in Tables 7.2 and 7.3. 




White Dwarf Stars 

White dwarf stars have masses comparable to that of the Sun. The mass and 
radius of lire Suo arc 

M ® = 2 -° x 10” g; Rq = 7.0 X lo 10 cm. (44) 

The radii of white dwarfs are very small, perhaps 0.01 that of the Sun. The 
density of the Sun, which is a normal star, is of the order of 1 gem" 3 , like that 
of water on the Earth. The densities of white dwarfs are exceedingly high, of the j 
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near iu predicted SS" ?' ‘""Panton Sirius B. was discovered 
to be 20 x If) 33 o hv he m ass of Sinus B was determined 

estimated as 2 x °" ^ ° rb ’' ,S - The radius of SWu. B is 

.. I- , - y a corn parison of the surface temperature and the 

in ChaptcrT U$, ° S ^ ° f ' lher ™ ! energy developed 

The mass and radius of Sirius B lead to the mean density 


— - 2_xJ0 w g 

y ~ Ua x 


0-7 x 10* gem -3 . 


(45) 


lllnw X n tra0rdi i ari i y A hi8h dCnSily Was a PP raised by Eddington in 19^6 in the 
following words: “Apart from the incredibility of the result there 2 To 

hlTh h rC T n t0 V1CW lhC Ca,cu,ation w«h suspicion.” Other white dwarfs 
** Mm£d Va " 2 - a mean ££ 

Hydrogen atoms at adensitv of 10 6 *rm-* „ i 

y u gem have a volume per atom equal to 


I 

~ 2 X 10- 30 , 


iheordelofo'ni A Ural ° m Thc avcrage nearest-neighbor separation is then of 
molecule of hi ; TtT thC imernuclcar reparation of 0.74 A in a 

eTc ron <, T C ° nditi °” s ° f SUch hi * h d ™ 5 ity the atomic 

and ^r T e " aUaC '" d ‘° i " dividual " udd - The >« ionized 

i^^sassssetasss 

lectron gas at a concentralmn of 1 x lO^cIcctronscm" 1 is given by 


Cr - (/. 2 /2»i)(3a ! .,)'o a 0.5 x KTVrg s J x 10’ eV , ( 46 ) 


*!££ *«•«. »> w. K. RO it , dura,, Holt. „ d 
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Table 7.4 Fermi energy of degenerate fermion gases 
(characteristic values) 


Phase of matter 

Particles 

T f , in K 

Liquid 3 Hc 

atoms 

0.3 

Mclal 

electrons 

5 x t0‘ 

While dwarf stars 

electrons 

3 x 10 9 

Nuclear matter 

nucleons 

3 x 10" 

Neutron stars 

neutrons 

3 x 10 13 


about 10 5 higher than in a typical metal. The Fermi temperature e F /k B of the 
electrons is ~ 3 x 10 9 K, as in 1 able 7.4. The actual temperature in the interior 
of a white dwarf is believed to be of the order of 10 7 K. The electron gas in the 
interior of a white dwarf is highly degenerate because the thermal energy is much 
lower than the Fermi energy. 

Are the electron energies in the relativistic regime? This question arises 
because our theory of the Fermi gas has used the nonrelativistic expression 
p J /2m for the kinetic energy of an electron of momentum p. The energy equi- 
valence of the rest mass of an electron is 

e 0 = me 2 a(l x 10~ 27 g)(3 x lO^cms' 1 ) 2 ss 1 x 10“ 6 crg. (47) 

This energy is of the same order as the Fermi energy (46). Thus relativistic 
eflects will be significant, but not dominant. At higher densities the Fermi gas 
is relativistic. 


Nuclear Matter 

We consider the state of matter within nuclei. The neutrons and protons of 
which nuclear matter is composed form a degenerate fermion gas, at least 
qualitatively. We estimate here the Fermi energy of the nucleon gas: The radius 
of a nucleus that contains A nucleons is given by the empirical relation 

R ss (1.3 x 10- 13 cm) x A 1 3 . (48) 

According to this relation the average volume per particle is constant, for the 
volume goes as i? 3 , which is proportional to A. The concentration of nucleons 
in nuclear matter is 
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about 10 s times higher than the concentration of nucleons in a white dwarf 
Star. Neutrons and protons arc not identical particles. The Fermi energy of 
ihc neutrons need not equal the Fermi energy of the protons. The concentra- 
tion of one or the other, but not both, enters the familiar relation 

^ t3« J n) 2/3 . (50) 

Tor simplicity let us suppose that the number of protons is equal to the 
number of neutrons. Then 

H ptoton» Wcuirons ~ 0.05 X 10 39 C1TI , (51) 

as obtained from (49) on dividing by 2. The Fermi energy is 

c f £ (3.17 x I0~ 30 )n m » 0.43 x 10“ 4 erg % 27Mev. (52) 

The average kinetic energy of a particle in a degenerate Fermi gas is •} of the 
hcrmi energy, so that in nuclear matter the average kinetic energy is 16Mev 
per nucleon. 

BOSON GAS AND EINSTEIN CONDENSATION 

A very remarkable effect occurs in a gas of nonintcracting bosons at a certain 
transition temperature, below which a substantial fraction of the total number 
of particles in the system will occupy the single orbital of lowest energy, called 
the ground orbital. Any other orbital, including the orbital of second lowest 
energy, at the same temperature will be occupied by a relatively negligible 
number of particles. The total occupancy of all orbitals will always be equal to 
the specified number of particles in the system. The ground-orbital effect is 
called the Einstein condensation. 

There would be nothing surprising to us in this result for the ground state 
occupancy if it were valid only below 10 -14 K. This temperature is comparable 
with the energy spacing between the lowest and next lowest orbitals in a system 
of volume 1 cm 3 , as we show below. But the Einstein condensation temperature 
for a gas of fictitious noninteracting helium atoms at the observed density of 
liquid helium is very much higher, about 3K. Helium is the most familiar 
example of Einstein condensation in action. 

Chemical Potential Near Absolute Zero 

The key to the Einstein condensation is the behavior of the chemical potential 
of a boson system at low temperatures. The chemical potential is responsible 


t 
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„ „ ,>!, w . U J should be in the orbital of lowest 

H It CJn \ la ‘ a Subslamial Action remains in the ground orbital 

at low, although experimentally obtainable, temperatures. ' 

f we put the energy of the ground orbital at zero on our energy scale then 
from the Bose-Emstein distribution function * 


/M p 

CX P|> " P)/r] - 1 


we obtain the occupancy of the ground orbital at £ = 0 as 


’ T) expf-^/r) _ (54) 

When t -+ 0 the occupancy of the ground orbital becomes equal to the total 
number of particles in the system, so that 

lim/(0, T ) = N v lim „ 1 r 

' _0 cx p(~/vt) - i ~ 

Here we have made use of the series expansion cxp(-.v) = l _ A - + . . . W e 

ioLh,''’ "h' Ch 7 " /t ' mUSt tC in com P ar ‘ son with unity, tor otherwise 
h ° ,0lJ ' nUmbcr 0f P""** " ““M no. be large. From this result we find 


N = ~rht; (55) 

7 ■ ’ K ’"' Cha '^ * >< 10“ 38 erg. We note 

’■ ~ “P <"A) s 1 - \ ■ (56) 


“ T - 0. The chemical potential in a boson system most always be lower In 

£ ,han ,hC Er ° m,d ^atcorbirai, in order .ha, the occupancy of every orbital 
U( - non-negative. 


Chemical Potential Near Absolute Zero 




Th ‘ — » ra “ 


l) («** + ll/ + H ; z ) . 


»h«e are positive image. The energy e(lll) of the lowest orbital is 




and the energy '(211) of one of the set of next lowest orbitals is 


£(2 ">-^(r ) :<4 + 1 + 1 >' 


The lowest excitation energy of the atom is 


As = £(211) - £ (iii) = 3 x 


2M[l 


IfA/< 4 He) « 6.6 x 10' 34 gandL = t cm, 


Ac « (3)(8.4 x 10- J2 )(9.S6) = 2.4S x KT^crg. ( 61 ) 

In temperature units, &c/k B = 1.S0 x 10'“ K 

»<*•»«»»« h-ponu. 

mueheloLtothe^lr^r^ 

Pj/t} IS much closer to I than is exntrrm IV i, > , CX P(L £ 1‘ ‘U - 

tribution function. P ‘ } S ° lhal c(i 1 *) dominates the dis- 

Thc Boltzmann factor exp(- Ae/i) at 1 mK. is 

e-vp(-1.8 x I0~ u ) s 1 - 1.8 x 10-“ , (62) 

first \ Un, H By , ( 1! WC VVOuid cxpccl 1I,a! »r« * « 0 the occupancy of the 

2 ,|T V heoftheonieron.lWer.theBose.Ei.tttehtdistr.bution 

8 an entirely different value for the occupancy of the first excited orbital: 


/(Ac,i) = 


exp [(As ~ /i)/ T J - i exp(Ae/r} - ! * 


(63) 
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so that the fraction of the N particles that are in this orbital is /.,Y = 5 x 10'°, 10 21 = 

5 x 10 1 3 , which is very small. We see that the occupancy of the first excited orbital at low 
temperatures is relatively very much lower than would be expected at first sight from the 
simple Boltzmann factor (62). The Bose-Einslein distribution is quite strange; it favors a 
situation in which the greatest part of the population is left in the ground orbital at suffi- 
ciently low temperatures, f he particles in the ground orbital, as long as their number is » 1 , 
are called the Bosc-Einstcin condensate. The atoms in the condensate act quite differently 
from the atoms in excited states. 

How do we understand the existence of the condensate? Suppose the atoms were 
governed by the Planck distribution (Chapter 4), which makes no provision for holding 
constant the total number of particles; instead, the thermal average number of photons 
increases with temperature at r\as found in Problem 4.1. If the laws of nature restricted the 
total number of photons to a value N, wc would say that the ground orbital of the photon 
gas contained the difference N 0 = N - N(t) between the number allotted and the number 
thermally excited. The A/ 0 noncxcitcd photons would be described as condensed into the 

ground orbital, but A' 0 becomes essentially zero at a temperature i,such that all \ photons 
arc excited. I here is no actual constraint on the total number of photons; however, there 
is a constraint on the total number N of material bosons, such as 4 He atoms, in n system, 
I his constraint is the origin of the condensation into the ground orbital. The difference 
between the Planck distribution and the Bosc-Einstcin distribution is that the latter will 
conserve the total number of particles, independent of temperature, so that noncxcitcd 
atoms are really in the ground state condensate. 



Orbital Occupancy Versus Temperature 

We saw in (19) that the number of free particle orbitals per unit energy range is 





(65) 


for a particle of spin zero. The total number of atoms of helium-4 in the ground 
and excited orbitals is given by the sum of the occupancies of all orbitals: 


N “ I/, = N 0 [l) + N t { T) = N 0 (t) + J" cfefl (£)/{£,!). (66) 


We have separated the sum over n into two parts. Here N u (t) has been written 
for /(0,t), the number of atoms in the ground orbital at temperature r. The 
integral in (66) gives the number of atoms N t (z) in all excited orbitals, with 
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figure 7.10 Plot of the boson distribution function for two temperatures, with sufficient 
particles present to ensure ). ~ I. The integral of the distribution times the density of 
states gives the number N, of particles in excited orbitals; the rest of the particles present 
arc condensed into the ground state orbital. The value of N 0 is loo large to be shown on 
the plot. 


/(e,t) as (he Bose-Einstein distribution function. The integral gives only the 
number of atoms in excited orbitals and excludes the atoms in the ground 
orbital, because the function ©(c) is zero at e = 0. To count the atoms correctly 
we must count separately the occupancy N 0 of the orbital with c = 0. Although 
only a single orbital is involved, the value of N 0 may be very large in a gas of 
bosons. We shall call N Q the number of atoms in the condensed phase and N t 
the number of atoms in the normal phase. The whole secret of the result which 
follows is that at low temperatures the chemical potential p is very much closer 
in energy to the ground state orbital than the first excited orbital is to the 
ground state orbital. This closeness of ft to the ground orbital loads most of 
the population of the system into the ground orbital (Figure 7.10). 


i 
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. _ T 0 is BO “~ Ei ” S " in dU,ribu,io " written for the orb,', a, a, 


< v o(») - pr~r , (67) 

“ "l temPera,Uie " T ” e nUmber of !«&ta 


\h 2 ) Jo d£ ; -T 


exp(£/r) - 1 


or, with x s £ / r , 


4 « a V*v J° r v - r ( 68 ) 

N aI“ mi??" SiVB ' h = tera >«a,ure dependence of « 

will bc TZ y Zl°" ' C TT m ‘ h= n ™ ber ° r I» nfcl « in lhe ground state 

:i w ; r T. n^ r The q ; aiion (67) ,ci,s us t,,at musi be ^ closet 

rosconic value ofN r V' “ VCty aCCUn,,el >' because a mac- 

£r; ':> c ‘, o imi,y - The .r ,,i °" r - ■* »«*» 

“I £ f' m T n t lh£ V “' UC ° f >'* “'^nd '** Insensitive fo'stti I ia 

" 0nS ° U ff0m *• “ lhal « “0 ret a -• 1 in m although no, in (67^ 


The value of the integral* in (68) is, when ). 


f * <ix - = i 
Jo e x _ i *• 


306n 1/2 . 


1 o evaluate the integral we wrile 


f* X 111 X l/2 e~ x *> 

-i*rrr=i-sjr** 


The infinite sum is easily cvaiuaicj numerically to be 2 61 2 The , 

>' =t u 1 !o gi\ c ' c integral may be transformed with 


2 So ' ,M1<1 cxp (-U 1 ) = 


hinstein Condensation Temperature 


Tltus the number of atoms in excited states is 

N _ 1-306 VflMzy- 2 

4 ( n /i r J = 2.6122 j q K , ( 70 ) 

t, e o rc o^r„ !t~bt n .“ n,ra,ion - w= divid= *• by 

N ‘ /N - MUhqV/N = 2 . 612 n Q /n. (?j) 

numbed of atoms 'at in ^ '° (7 ' ! ‘ S va,id as b "S « * large 

orbital, ei,h=rr a rexld ofr;t S,a '\ AI1 Par,iCl ' S haVC be <" 
excited orbitals is rclativeiv inse v * " ground orbital. The number in 
■be particles ha^ V’ ^ "* "* 

very dose to 1 as long as N n is a !m. . n k ’ I * 1,5 We musl ,ake '■ 

•he- occupancy of an orbital. Yet within Ar/r^'J !o”‘ of d “ | ,ar * e . n . Wnber for 
r £ is defined by (72) below ihp oro If ° 1 IC tra, »s«Uon, where 

c". - a, the col ’S X dTV°m ' “ > 10 ' 5 — 

at Ar/r £ = I0~ 6 . q 0Ur argumcnt ,s h 'ghly accurate 

Einstein Condensation Temperature 

* as r ,cm ~ «» 

atoms. That is, N (rd = N Ahnv ,i <S eqUa '° thc total nui «hcr of 

not a macroscopic number ^[ 0 w ° CCUPanCy ° f gr ° Und ° rbilaI is 



N ' 
2.612V 



Now (71) may be written as 

N r/H =x - , (73) 

value of r, for atoms of -He U “ 3 £ “ S "°"" F «^ 71 1 ■ The calculated 


A. Einstein, Akademic der Wissenschaftrn R»ri. n c- ■ 

•men, Berlin, Suzunesbcr ichte 1924,261; 1925.3. 



Chapter 7: Fermi and Bose Cases 


liquid 4 He 



Figure 7.1 1 Condensed boson gas: temperature dependence 
of the proportion N 0 /N of atoms in the ground orbital and 
of the proportion N,/N of atoms in all excited orbitals. We 
have labeled the two components as normal and superftuid 
to agree with the customary description of liquid helium. 

The slopes of all three curves arc intended to be zero at x = 0. 

The number of particles in the ground orbital is found from (73): 

N 0 - N ~ N t *= N[1 - (t/r E ) 3 ' 2 ]. (74) 

We note that N may be of the order of 10 22 . For x even slightly less than x E a 
large number of particles will be in the ground orbital, as we see in Figure 7.1 1. 
We have said that the particles in the ground orbital below x form the condensed 
phase or the superfluid phase. 

The condensation temperature in k'elvin is given by the numerical relation 

^(in K) = (115 /F m 2/3 M) , (75) 

where is the molar volume in cm 3 mol -1 and M is the molecular weight. 
For liquid helium = 27.6 cm 3 mol -1 and M = 4; thus T E = 3.1 K. 


Liquid 4 He 

The calculated temperature of 3 K is suggestively close to the actual temperature 
of 2.1 7 K at which a transition to a new state of matter is observed to take place 
in liquid helium (Figure 7,12). We believe that in liquid 4 He below 2.17 K there 
is a condensation of a substantial fraction of the atoms of 4 He into the ground 
orbital of the system. This is different from the condensation in coordinate 
space that occurs in the condensation of a gas to a liquid. Evidently the inter- 
atomic forces that lead to tire liquefaction of 4 Hc at 4.2 K under a pressure of 
one atmosphere are loo weak to destroy the major effects of the boson con- 
densation at 2.1 7 K. In this respect the liquid behaves as a gas. The condensa- 
tion into the ground orbital is certainly connected with the properties of bosons. 



Figure 7.12 Heat capacity of liquid 4 He. The sharp 
peak near 2.17 K is evidence of an important transition 
in the nature of the liquid. The viscosity of the liquid 
above the transition temperature is typical of normal 
liquids, whereas the viscosity below the transition as 
determined by rate of flow through narrow slits is 
vanishingly small, at least IQ 6 times smaller than the 
viscosity above the transition. The transition is often 
called a lambda transition merely because of the shape 
of the graph. After Kccsom ct al. 
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In metals. A different t ypc oHransition 'to' * ° 61 lcclron P airs (Cooper pairs) 
properties has been observed in liquid *He bd^T * hh SUpcrfluid 

** * “" » . - pairs oPHc atoms act b ™ 

V* h ° f ° Ur View of %” d helium as a 

of the problem bnt t^r t c 1 ? 2 *“* ovcrsim P^-tion 

which the view is correct. ‘ mP ° mm features of liquid helium for 

•h« w“l "r idJH ‘ al zcr0 h 3.. times the volume 
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of the helium atoms has a hroe uT ( > r , . - Thus ll >e kinetic motion 

ponded structure thl atoms „ , ^ ^ *"* tad ‘ ' ° “ 

appreciable distances. We can say that the ^ “ l£nl m ° Ve freC ' y ° Ver 
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>lCv (3.2, at 4.0 K 

Th-'sT “ fOT • — a, room 
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above the critical t c i n pe rut 'urc "o f 's ' ^ 'k * 2t ^ liqU ' d T* ^ 

volume by the 2ml™ ^ ,h ‘ “l»'«ion of the molar 

reduction in the binding e^ergyldie Xvli' 'X7e ^ 

temperature is d, reedy proportional the binding energy 
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WemS ‘ OCk - and B - M - Abraham. Phys. Rcv.7S. 
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J, 8U« 7.14 The melting curve of liquid and 
solid helium ( 4 He). and the transition curve 
between the two forms of liquid helium. He 1 
and He II. The liquid He 11 form exhibits 
superflow properties as a consequence of the 
condensation of atoms into the ground orbital 
of the system. Note that helium is a liquid at 
absolute zero at pressures below 25 atm. The 
liquid-vapor boiling curve is not included in 
this graph as it would merge with the zero 
pressure line. After C. A. Swenson, Phys. *ev 
79,626(1950). 



Temperature, in K 


or any other low-lying orbital, as we have seen. The regions of pressure and 
temperature in which liquid He I and II exist are shown in Figure 7.14. 

The development of superfluid properties is not an automatic consequence 
of the Etnstem condensation of atoms into the ground orbital. Advanced cal- 
culations show that it is the existence of some form (almost any form) of inter- 
aetton among atoms that leads to the development of superfluid properties in 
the atoms condensed in the ground orbital. 

Phase Relations of Helium 

I he phase diagram of 4 He was shown in Figure 7.14. The liquid-vapor curve 
can be followed from the critical point of 5.2 K down to absolute zero without 
any appearance of the solid. At the transition temperature the normal liquid, 
called He I, makes a transition to the form with superfluid properties, called 
e II. A temperature called the X point is the triple point at which liquid He I, 
liquid He II, and vapor coexist. Keesom, who first solidified helium, found that 
the solid* dtd not exist below a pressure of 25 atm. Another triple point exists 

canTu S' 1 " 1 " £iVC ? by B Bcr,ram and R - A ' Guycr. Scientific Amcri- 
of “““ thrCC CryS,al S,fUCtUreS 3CC ° rdin * ,Q lhe cond “ ionS 
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Figure 7.15 Phase diagrams for liquid 3 He, (a) in 
kehin and (b) in mtUikelvin. In the region of negative 
slope shown in (a) on the phase boundary the solid has 


a higher entropy than the liquid, and we have to add 
heat to lhe liquid to solidify it. Superfluid properties 
appear in (b) in the A and B phases of liquid 3 Hc. The 
A phase is double — in a magnetic field the phase divides 
into two components with opposite nuclear magnetic 
moments. 

at 1.743 K: here the solid is in equilibrium with the two liquid modifications. 
He I and He II. The two triple points are connected by a line that separates the 
regions of existence of He II and He I. 

The phase diagram of 3 He differs in a remarkable way from the phase diagram 
of He. Figure 7.15 exhibits the importance of the fermion nature of 3 He. Note 
the negative slope of the coexistence curve at low temperatures. As explained 


\ 
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Quasiparticles and Superfluidity, ‘He 

zr^-r uid r ptraem ° niquid hc,ium " w-« « 

are condensed in, o’ the ground orbM and ha/" 6 "* ^ SllpCrn “ id 

ground orbital by definition h "° “ c,lauon encr » for >hc 

only when the n ^ , r h "° KC,tali00 cncr Sy- The superfluid has energy 

labor:,: r ; s T nuid is e ™ a A -» •£ 

the laboratory. " ,en 1 le su Pcnuid is set into flow relative to 

asli^ow :r: d „ c ,r poncn ' ° tN ° a,oms wm n ° w wiih »° » io „ 8 

*-*«•*- iff («)* (76) 

!=-r s,;^=s“-;:‘r=ir = 

excitations lo nM BICn< ti°r ' Dlerac,K>ns ^'“r 1 the atoms the low enemy 
waves lonuit r [ i:s ™ b,e rreE Panicle excitations, but are longitudinal sound 

ion elt utbna Uoirn’i P T ( ?f aP ' er 4) ' Af,CT >"■ h is ->< unreasonable that a 
iongttudm.il sound wave should propagate in any liquid, even though ,vc have 

no previous experience of superliquids. mougnwcnaie 

A language has grown up describe the low-lying excited slates ota system 
of many atoms. These slates are called elementary excitations and in their 

*e L m-w! T tT are rr a " £d ‘ iU3si ' ,3r,id ‘ !s ' Longitudinal phonons are 
mem I . of lK ) u,d H ' »■ We shall give the clear-cut experi- 

fluidity "np °1- lhlS ' bul r,rsl " e derivc a Dec °ssary condition for super- 

eiementa h 0 ” "'*» show us why the phonon-like nature of the 

ry excitations leads to the superfluid behavior of liquid He II. 
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If : \ Figure 7. 16 Body of mass M 0 moving with 

° velocity V down a cylinder that contains liquid 

He if at absolute zero. 

V 

We consider in Figure 7.16 a body, perhaps a steel ball or a neutron, of 
n axs A/ 0 falling with velocity V down a column of liquid helium a, rest at 
absolute zero, so that initially no elementary excitations are excited. If the 
mutton of the body generates elementary excitations, there will be a damping 
orce on the body. In order to generate an elementary excitation of energy c . 
and momentum /«lc, we must satisfy the law of conservation of energy: 

h\f 0 V 2 = jA/ 0 F' 2 + c k , ( 77 ) 

where V is the velocity of the body after creation of the elementary excitation 
Furthermore, we must satisfy the law of conservation of momentum 

,\/ 0 V = A/ a V -f Itk, (7§) 

rhe two conservation laws cannot always be satisfied at the same time even 
if Ihe direction of the excitation created in the process is unrestricted. To show 
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this we rewrite (78) as 

A/ 0 V - hk = Af 0 V' 
and take the square of both sides: 

M 0 2 V 2 - 2A/oftV • k + h 2 k 2 = A/ 0 2 V' 2 . 

On multiplication by 1/2 Af 0 wc have 

\M 0 V 2 - hV • k + ~~ h 2 k 2 -= *A/ 0 V"\ (79) 

We subtract (79) from (77) to obtain 

' ,V ' k -2 m 

There is a lowest value of the magnitude of the velocity V for which this 
equation can be satisfied. The lowest value will occur when the direction of k 
is parallel to that of V. This critical velocity is given by 

„ . . fl + m h ' kl 

V e - minimum of . (81) 

hk 

The condition is a little simpler to express if we let the mass M 0 of the body 
become very large, for then 



A body moving with a lower velocity than V c will not be able to create excitations 
in the liquid, so that the motion will be resistanceless. The viscosity will appear 
to be zero. A body moving with higher velocity will encounter resistance 
because of the generation of excitations. 

There is a simple geometrical construction for (82). We make a plot of the 
energy t k of an elementary excitation as a function of the momentum hk of the 
excitation. We construct the straight line from the origin which just touches 
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the curve from below. The slope of this line is equal to the critical velocity. If 
r x = irk}/2Kt, as for the excitation of a free atom, the straight line has zero 
slope and the critical velocity is zero: 

Free atoms: V c — minimum of Iik/IM — 0. (83) 

The energy of a low energy phonon in liquid He H is e k *= hu> k = hi s k in the 
frequency region of sound waves where the product of wavelength and frequency 
is equal to the velocity of sound or where the circular frequency o k is equal 

to the product of v, times the wavevcctor k. Now the critical velocity is 

Phonons: V c = minimum of htfl/hk = it,. (8<j) 

The critical velocity V ( is equal to the velocity or sound if (84) is valid for ail 
wavevcctors. which it is not in liquid heiium 11. The observed critical flow 
velocities arc indeed nonzero, but considerably lower than the velocity of sound 
and usually lower than the solid straight line in Figure 7.17, presumably because 
the plot of c k versus hk may turn downward at very high hk. 

The actual spectrum of elementary excitations in liquid helium II has been 
determined by the observations on the inelastic scattering of slow neutrons. 
The experimental results are shown in Figure 7.17. The solid straight line is the 
Landau critical velocity for the range of wavevcctors covered by the neutron 
experiments, and for this line the critical velocity is 

K = &/hk 0 * 5 x K^cms -1 , (85) 

where A and k 0 are identified on the figure. 

Charged ions of helium in solution in liquid helium II under certain experi- 
mental conditions of pressure and temperature have been observed* to move 
almost like free particles and to have a limiting drift velocity near 5 x 10 3 cm s~ 1 
closely equal to the calculated value of (85). Under other experimental condi- 
tions the motion of the ions is limited at a lower velocity by the creation of 
vortex rings. Such vortex rings are transverse modes of motion and do not 
appear in the longitudinal modes covered by Figure 7.17. 

Our result (84) for a necessary condition for the critical velocity is more 
general than the calculation we have given. Our calculation demonstrates that 
a body will move without resistance through liquid He II at absolute zero if 
the velocity V of the body is less than the critical velocity V c . However, at 

* L. Meyer and F. Rcif. Phys. Rev.' 123, 727 (196 i); G. W. Ray field. Phys. Rev. Letters 16. 934 (1966). 
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from i he origin rcDrewnt* J . The P arabollc curve rising 

■*» a«r;Xil e «rs “ * ««• •* 

the energy and momentum nf,h. 0I5Cn urc cs correspond to 

curve has been drawn through the^nte^*? 18 !! 0 "*' A Sn,00lh 
rising linear] v f rol „ ■ , P 01013 - lllc broken curve 

* i,h a Vclocit y of S oundS;m "* , ^ , ;^ h0n °? branch 

the critical velocity in annmn , . '. T 0ti stra, 8 , « hnc gives 

mum of rjk over the re Jon of /; cover'd ’ ^ ^ 

D - G. Henshaw and A. D. B. Wood Jphjs.'p ni^l266 , (1961j* Cr 


wmt ,h = ^ 

excited. The norma! fluid componemt '“T* 0 ” ' hat are lhcrn,al| y 
Of the body. The superflow aspect an « ° f r “' s ' ancc 10 *■“ motion 
liquid flows out through a fine “Pen'mems in which the 

fluid component may LtLT ' f S ' de ° f » “»<""«• The normal 

component leaks out without resislan-e Th'd™™" ' V '" le ' hC supc,fluid 

rests, ance. The denvahon we have given of the 


J 
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would be created above V by the inter ^ *"*“ ° f ‘ he flmd - Excitat '°ns 

andaoymcchanicaUrreguLrhy ^S 0 " "* "° W ° f ““ 

Superfluid Phases of 3 He 

are known * (Fie “ re 

The superfluid phases are L i ' CmpSra ! Ufes of “"'r a fc» millikelvin. 

conducting state of electrons ’ ^ t'° ^ quallIallvcl y similar to the super- 
Ihe FemSSSL *** ° f « orbitals nTar 

pair is qualitatively like a diatomic”" . S,at ® k " own as a Coo Pcr pair. Such a 
is much larger than the average intereTcctron sm^ ^ rad ‘ US ° f U>C moIccuIc 
interparticle spacing in liquid 3 He P Cm8 *" * melal ° r Ihe avcragc 

in a *"» a Cooper pair are 
two atoms that form a pal Te 1 he r , , $UP S,ates ° f liquid * He 
SO that three magnetic suDcrflnirk r ' P * u , Spin Slales ° f the lwo lHc nuclei, 

tions = i o' and ~] ld: s . dre P°»ible. corresponding to spin orienta- 

superfluids have’ been cxo\ZdTZ7 m,** ^ ^ The magnc,ic 
superfluid proper, ^,2^' “* *"< 


SUMMARY 

^igh° P r Jss u -fd 'l o ' 835 “• ,<>W lcmpcraturc h ™ >»i»h kinetic 
is zero in ihJgrciund stale The e entropy of the Fermi gas 

ground state of a free particle gas oPfermions ofspTn 'if "h 1 * 1 " ^ 




2. The total kinetic energy in the ground state is 



Bullen'n^TViVt I975j J aH r P p|' s,c . s T “ day - Fcbru;ir y 1976. p. 32: A. J ( C g Ce , t 
see J. C. Wheatley, Re* . Mod Ph\s. 47^1 ^ For deeper reviews! 

. i-Miy/ajana A. J-Lcggcu, Rev. Mod. Phys.47, 33 1 ^975} 
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.3. The density of orbitals at z F is 

®(Cf) - 3.V/2 z F . 

4. The heat capacity of an electron gas at r « x F is 

C cl = ^7T J C>(£ r )r =s Nxix r , 

in fundamental units. 

5. For a Bose gas at r < r £ the fraction of atoms in excited orbitals is 

NJN = 2.612 »i c / H - (t/tjp) 1 2 . 

6. The Einstein condensation temperature of a gas of nonintcracting bosons is 

__ 2n/i 2 f N V 3 

U ~ ~JT \1612K J ‘ 

PROBLEMS 

J. Density of orbitals in one and two dimensions, (a) Show that the density 
of orbitals of a free electron in one dimension is 

^(e) = {L/n)(2m/hh) 1 2 , (86) 

where L is the length of the line, (b) Show that in two dimensions, for a square 
of area A, 

*Dj{e) = Am/nh 2 , (87) 

independent ofe. 

2. Energy of relativistic Fermi gas. For electrons with an energy e » me 1 , 
where hi is the rest mass of the electron, the energy is given by £ ~ pc, where 
p is the momentum. For electrons in a cube of volume V — L 2 the momentum 
is of the form (nh/L), multiplied by (n, 2 + n/ + n. 2 ) m , exactly as for the 
nonrelativistic limit, (a) Show that in this extreme relativistic limit the Fermi 
energy of a gas of N electrons is given by 

t r = /mc(3«/jt) ,,i , (88) 
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where n = N/V. (b) Show that the total energy of the ground state of the gas is 

Uq — 4 hie F . (S9) 

The general problem is treated by F.JUttner, Zeitschrift Fur Physik 47,542(1928). 

J. Pressure and entropy of degenerate Fermi gas. (a) Show dial a Fermi 
electron gas in the ground stale exerts a pressure 


(3a 2 ) 2 ' 3 fr ( N\ sii 
P 5 'hi V V) 


(90) 


In a uniform decrease of the volume of a cube every orbital has its energy 
raised: The energy of an orbital is proportional to \/U or to 1/E 2 ' 3 , (b) Find 
an expression for the entropy of a Fermi electron gas in the region r « ty. 
Notice that a -> 0 as r -* 0. 


4. Chemical potential versus temperature. Explain graphically why the initial 
curvature of p versus t is upward for a fermion gas in one dimension and 
downward in three dimensions (Figure 7.7). Hint: The t),(e) and t)j(e) curves 
are different, where t), is given in Problem 1. It will be found useful to set up 
the integral for N, the number of particles, and to consider from the graphs 
the behavior of the integrand between zero temperature and a finite temperature. 

5. Liquid 3 He as a Fermi gas. The atom 3 He has spin / = { and is a fermion, 
(a) Calculate as in Table 7.1 the Fermi sphere parameters v F , e f , and T F for 
3 He at absolute zero, viewed as a gas of noninteracting fermions. The density 
of the liquid is 0.081 gem" 3 , (b) Calculate the heat capacity at low temperatures 
T « 7' f and compare with the experimental value = 2.89 Nk B T as observed 
for T < 0.1 K by A. C. Anderson, W. Reese, and J. C. Wheatley, Phys. Rev. 
130, 495 (1963); see also Figure 7.18. Excellent surveys of the properties of 
liquid 3 He are given by J. Wilks, Properties of liquid and solid helium, Oxford, 
1967, and by J. C. Wheatley, “Dilute solutions of 3 He in “He at low tem- 
peratures,” American Journal of Physics 36, 181-210 (1968). The principles 
of refrigerators based on 3 He- 4 He mixtures are reviewed in Chapter 12 on 
cryogenics; such refrigerators produce steady temperatures down to 0.01 K. 
in continuously acting operation. 

6. Mass-radius relationship for white dwarfs. Consider a white dwarf of mass 
A/ and radius R. Let the electrons be degenerate but nonrelativistic; the protons 
are nondegenerate, (a) Show that the order of magnitude of the gravitational 
self-energy is — GM 2 JR , where G is the gravitational constant. (If the mass 
density is constant within the sphere of radius R, the exact potential energy is 
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Temperature, in K 

Figure 7.18 Heat capacity of liquid s Hc and of a 5 percent solution of 
He m liquid He. The quantity plotted on the vertical axis is C/T, and 

Jinn^h ""I- V' ^ f ° r 3 FCrm ‘ 83S m thc de 6 encratc temperature 
regton the theoretical curves of C/T at constant volume are horizontal. 

e curve for pure He .s taken at constant pressure, which accounts Tor 

h!,' lf h 'u OPC ' CUr% ' C f ° r ,hc S ° lu,i0n ° f 3,le in lic l uid <Hc indicates 
" * 10n 3CtS 3S 3 Fttt # B3S; lhe de 8 e "“ a " region at low 

empcraturc goes over to the nondegenerate region at higher temperature. 

for V j! n *! h " U8 J ^ experimental points for thc solution is drawn 

tor I, - 0.331 K, which agrees with the calculation for free atoms if the 
effective mass is taken as 2.33 times the mass of an atom of 2 He. Curves 
alter J. C. Wheatley, Amcr. J. Physics 36 (1968). 


(b) Sh0W J that thc ordcr of magnitude of the kinetic energy of the 
electrons m thc ground state is 

/i 2 N 5/3 l, 2 A/ 5/3 


vjhcrc m is the mass of an electron and M„ is the mass of a proton, (c) Show 
nit if the gravitational and kinetic energies are of the same ordcr of magnitude 
(as required by thc virial theorem of mechanics), M 1/3 R » 10 20 g 1/3 cm. (d) If the 
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mass is equa! to (hat of the Sim (2 x 10 33 g). what is the density of the white 
dwarf? (e) It is believed that pulsars are stars composed of a cold degenerate 
gas ot neutrons. Show that for a neutron star M Ui R 10 n g 1/3 cm. What is 
the value of the radius for a neutron star with a mass equal to that of the Sun’ 
txpress the result in km. 

7. Photon condensation. Consider a science fiction universe in which the 
number of photons N is constant, at a concentration of 10 20 cm " 3 . The number 
of thermally excited photons we assume is given by the result of Problem 4.1 
winch is N - 2.404 Vi /aW. Find the critical temperature in K below which 
i e < N. The excess N - ,V r will be in the photon mode of lowest frequency- 
the excess might be described as a photon condensate in which there is a large 
concentration of photons in thc lowest mode, in reality there is no such principle 
Hut the total number of photons be constant, hence there is no photon 

condensate. 1 

S. Energy, heat capacity, and entropy of degenerate bason yas. Find ex pres- 
sunis as a function of tcn M >crature in thc region x < r, ; for the energy, heat 
capacity, and entropy of a gas of,V nonimei acting bosons of spin zero confined 
to a volume V. Put the definite integral in dimensionless form; it need not be 
evaluated. The calculated heat capacity above and below z £ is shown in 
f-igure 7.19. The experimental curve was shown in Figure 7.12. The difference 
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between the two curves is marked; It is ascribed to the effect of interactions 
oetween the atoms. 

9. Baton gas in one dimension. Calculate the integral for N,(t) for a one- 
uimensional gas of noninteracting bosons, and show that the integral does 
not converge. This result suggests that a boson ground state condensate does 
not orm in one dimension. Take = 1 for the calculation. (The problem should 
really be treated by means of a sum over orbitals on a finite line.) 

W Relativistic white t dwarf stars. Consider a Fermi gas of N electrons each 
of rest mass ». m a sphere of radius R. Conditions in certain white dwarfs are 
sue t that the great majority of electrons have extreme relativistic kinetic 
energies £ * pc where p is the momentum. The dc Broglie relation remains 
. 2 nhfp. Problem 2 gives the ground state kinetic energy of the N electrons 

on the assumption that £ = pc for ail electrons. Treat the sphere as a cube 
of equal volume, (a) Use the standard virial theorem argument to predict the 
value of N. Assume that the whole star is ionized hydrogen, but neelect the 
kinetic energy of the protons compared to that of the electrons, (b) Estimate 
the value of N. A careful treatment by Chandrasekhar leads not to a single 
value of N, but to a limit above which a stable white dwarf cannot exist: see 
. n« Cl *y t ° n ' Pr,nci P ,es of Stellar evolution and nucleosynthesis, McGraw-Hill 
1-mb, p. 161; M. Harwit. Astrophysical concepts, Wiley, 1973. 

H. fluctuations in a Fermi gas. Show for a single orbital of a fermion system 

<(AA} 2 > = </V>(l - <N» , (9I) 

if <N> is the average number of fermions in that orbital. Notice that the 
uctuation vanishes for orbitals with energies deep enough below the Fermi 
energy so that <N> = 1. By definition, AN =■ N ~ </V>. 

U Fluctuations in a Bose gas. If <N> as in ( 11 ) is the average occupancy 
of a single orbital of a boson system, then from (5.83) show that 

((AN) 2 ) = <N>(! + <N». (92 ) 

Thus if the occupancy is large, with <N> » 1, the fractional fluctuations are 
of the order of unity: <(AN) 2 >/<N> 2 a 1, so that the actual fluctuations can 
be enormous. It has been said that “bosons travel in flocks.” The first edition 
of this text has an elementary discussion of the fluctuations of photons. 

13. Chemical potential versus concentration, (a) Sketch carefully the chemical 
potential versus the number of particles for a boson gas in volume V at 


Problems 


223 



temperature r. Include both classical and quantum regimes, (b) Do the same 
for a system of fermions. 

14. Two orbital boson system. Consider a system of N bosons of spin zero 
wuh orbllals at the single particle energies 0 and e. The chemical potential is 
M. and the temperature is r. Find r such that the thermal average population 
of the lowest orbital is twice the population of the orbital at e. Assume 
N » I and make what approximations are reasonable. 

If the atoms in a gas have integral spin (counting the sum of electronic 
and nuclear spins), they can form a boson condensate when the gas is cooled 
below the Einstein condensation temperature t e given by (72): 

t e = {2TTh 2 /M){N/2.6\2V) 2,} . 

For atoms in the vapor phase the Einstein' condensation temperature is very 
low because the number densities are very low'; In (1995) early successful 
experiments were carried out at Boulder, MIT, and elsewhere. Such experi- 
ments, which are extraordinarily complex, mark the exciting forefront of the 
quantum gas field. A large literature on BEC experiments and theory is on 
the Web. 

One set of experiments (MIT) started with a beam of sodium atoms 
exiting an oven at 600K at a concentration NIV of 10 14 cm - ’. What happens 
next is the result of a number of clever tricks with laser beams directed on 
one part or another of the beam of atoms. First the atoms are slowed by one 
laser beam from an exit velocity of 800 m s" 1 to about 30 m s'*. This is 
slow enough lor 10“’ atoms to bo trapped within a magneto-optical trap. 
Fuithcr tricks, including evaporation, reduced the temperature of the gas to 
- ^K, the ubralow temperature t e at which the condensate was formed. The 
concentration at t e was again 10 14 atoms/cm 3 . 

The atoms in the condensed phase are in the ground orbital and expand 
only slowly once released from the trap. The atoms in excited states move 
relatively rapidly out of their steady-state positions. The positions of the 
atoms can be recorded as a function of time after release, using a laser beam. 
The number of atoms in excited orbitals is in good agreement with the r 3 
law, (73). With this technique the signature of Bose-Einstein condensation is 
the sudden appearance of a sharp peak of atoms as the temperature is 
decreased through t e . The peak comes from light scattered by atoms in the 
condensate; the wings of the line from light scattered by atoms in excited 
orbitals. 
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7. Light Bulb in a Refrigerator 

8. Geothermal Energy 

9. Cooling of Nonmetallic Solid to T — 0 

10. Irreversible Expansion of a Fermi Gas 


,Vof<: In (and only in) ihc discussion of energy conversion devices that operaie in cycles, we shall 
define ail energy, entropy, and heat transfers as positive, whether the flow is into or out of the dev ice. 
This convention avoids needless difficulties with algebraic signs. The term "reversible" includes 
processes for which the combined entropy of the interacting systems remains constant. 
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ENERGY AND ENTROPY TRANSFER: 

DEFINITION OF HEAT AND WORK 

Heat and work arc two different forms of energy transfer. Heat is the transfer 
of energy to a system by thermal contact with a reservoir. Work is the transfer 
of energy to a system by a change in the externa! parameters that describe the 
system. The parameters may include volume, magnetic field, electric field, or 
gravitational potential. The reason we distinguish heat from work will be clear 
when wc discuss energy conversion processes. 

The most important physical process in. a modern energy-intensive civiliza- 
tion is the conversion of heat into work. The Industrial Revolution was made 
possible by the steam engine, which converts heal to work. The internal com- 
bustion engine, which seems to dominate man as much as it serves him, is a 
device to convert heat to work. The problem of understanding the limitations 
of the steam engine gave rise to much of the development of thermodynamics. 
Energy conversion remains one of the central applications of thermal physics 
because most electrical energy is generated from heat. 

The fundamental difference between heat and work is the difference in the 
entropy transfer. Consider the energy transfer dU from a reservoir to a system 
with which the reservenrj^rv, thermal contact at temperature t; an entropy 
transfer do ~ dll/x accompanies the energy transfer, according to the argument 
of Chapter 2. This energy transfer is what we defined above as heat, and we see 
it is accompanied by entropy transfer. Work, being energy transfer by a change 
in external parameters — such as the position of a piston — does not transfer any 
entropy to the system. There is no place for entropy to come from when only 
work is performed or transferred. 

However, we must be careful: the total energy of two systems brought into 
contact is conserved, but their total entropy is not necessarily conserved and 
may increase. The entropy transfer between two systems in thermal contact is 
well defined only if the entropy of one system increases by as much as the entropy 
of the other decreases. Let us restrict ourselves for the present to reversible 
processes such that the combined entropy of the interacting systems remains 
constant. Later we will generalize the discussion to irreversible processes which 
are processes in which the total entropy of the two systems increases, as in the 
heat flow example in Chapter 2. 
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j; nx:,r ,,,i,a,ive expression ,o ihe >*«•<*- he a < and 

“'W cha ' 1 ^ of a system during a reversible process- 2 

is the entropy change, and t is the temperature. We define ’ 

t1Q ^ tia (!) 

of energy,^ rece * vcd by lllc system in the process. B y the prindple ofconservation 

du = aw + hq, (2) 

m = llU ~ ‘IQ — dU - t da (3) 

IS W .° rk 00 lhe syslem in the reversible process. Our reasons for 

bZTrof la dl "o T k ^ ‘' Q ** rathCr ,han dQ and dW arc explained 

below. For da « 0, we have pure work; for JU = uh, pure heat. 

HEAT ENGINES: CONVERSION 
OF HEAT INTO WORK 

. > 

™ "T y ‘ HCat and WOrk have roles in energy conversion 

dwcra “ in — — — « - — 

Jh ^ T ° f W ° rk arC freely convcrlible !■>» mechanical work and into 
r ’ , CCaUS = ‘ r he Cn,r0 P y lransr « « aro. An ideal electrical motor, 

, I 3 " C “° n 01 ClcC "' ial resislan “- is a device lo convert 

electrical work into mechanical work. An ideal electrical generator converts 
mechanical work mto electrical work. Because all forms of work are freely 
convernble, they are thermodynamically equivalent to each other and in 

particular, equivalent to mechanical work. The term work denotes all type's of 
work. 

(b) Work can be completely converted into heat, but the inverse is not true: 
heat cannot be completely converted into work. Entropy enters the system with 
the heat, but does not leave the system with the work. A device that generates 
work from heal must necessarily strip the entropy from the heat that has been 
converted to work, f he entropy removed from the convened input heat cannot 
be permuted to pile up inside the device indefinitely; this entropy must ulti- 
ma ely be removed from the device. The only way to do this is lo provide more 
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Input 



rt i = Q,/r, 

Emr °Py Heat 


— / 

Output 

SS-s;s» 

entropy iffk™ by Ve , ^ h “, ! r "“ fa a “ompa„yi„g Jum, 0 ’ f 
•hat only pa,, offhe input^ieal ,fle hc; vt is transferred. Ii follows 

tHI lire input heat lo work! ° rC “ ,S ,m P ossib '= <° invert 

cn,ropy accunm,M ™ * a <*« «. 
removed. ^ “ “ “■*“<* 

g> con ' ers >on devices operate in cycles, and (he 
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entropy contained in the device varies periodically with time. Such a cyclic 
device is called a heat engine. The internal combustion engine is an example: 
The entropy contained in each cylinder is at a minimum near the beginning of 
the intake stroke and a maximum near the beginning of the exhaust stroke. 
There is a value of the entropy content to which the device returns cyclically; 
the entropy does not pile up indefinitely. 

What fraction of the input heat Q h taken in during one cycle at the fixed higher 
temperature t,, can be converted into work? The input entropy associated with 
the input heat is c h — Q h /i t .To avoid confusing signs, we define in this discus- 
sion all energy, heat, and entropy flows as positive whether the How is into or 
out of the system, rather than following the usual convention according to 
which a flow is positive into the system and negative out of the system. If Q, is 
the waste heat leaving the system per cycle at the fixed lower temperature r,. 
the output entropy per cycle is a, = Q,/t,. In a reversible process this output 
entropy is equal to the input entropy: 


Qtfrt = Qhht, 


(r,lr b )Q h . 


The work generated during one cycle of a reversible process is the difference 
between the heat added and the waste heat extracted; 


iv - a, - q, - [i - (t,/t,n& - &■ (6) 

The ratio of the work generated to the heat added in the reversible process is 
called the Carnot efficiency: 


(7) 


This quantity is named in honor of Sadi Carnot, who derived it in 1824. It was 
a remarkable feat: the concept of entropy had not yet been invented, and 
Carnot's derivation preceded by some 15 years the recognition that heat is a 
form of energy. 

The Carnot efficiency is the highest possible value of the energy conversion 
efficiency t; = W/Q h , the output work per unit of input heat, in any cyclic heat 
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Figure 8.2 Entropy and energy (low in a real heat engine containing 
irreversibilities that generate new cmropy inside the device. The 
entropy outflow at the lower temperature is larger than the entropy 
inflow at the higher temperature. 


engme that operates between the temperatures r„ and T| . Actual heat engines 
have lower efficiencies because the processes taking place within the device are 
not perfectly reversible. Entropy wilt be generated inside the device by irrevers- 
ible processes. The energy-entropy flow diagram is modified as in Figure 8 2 
We now have three inequalities 

a > ^ a »' (8) 

Qt ^ QhUtht,)’, ( 9 ) 


w = as V s & = 


00 ) 
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The actual energy conversion efficiency »/ obeys the Carnot inequality 



We can have >] = j; c only in the limit of reversible operation of a device that 
takes in heat at r A and ejects heat at r,. 

The Carnot inequality is the basic limitation on any heat engine that operates 
in a cyclic process. The result tells us that it is impossible to convert all input 
heat into work. For a given temperature ratio rjr, the highest conversion 
efficiency is obtained under reversible operation. The limiting efficiency in- 
creases with increasing r A /r f , but we attain 100 percent efficiency only when 
T h/ T i -*■ go. 

The low-temperature waste heat of any heat engine must ultimately be 
ejected into the environment, so that r, cannot be below the environmental 
temperature, usually about 300 K. High efficiency requires an input temperature 
T h high compared to 300 K. The usable temperatures in practice are unfortu- 
nately limited by various materials constraints. In power plant steam turbines, 
which are expected to operate continuously for years, the upper temperature 
is currently limited to about 600 K by problems with the strength and corrosion 
of steel. With T, — 300 K and T h = 600 K. the Carnot efficiency is if c = j, or 
50 percent. Losses caused by unavoidable irreversibilities reduce this efficiency 
typically to about 40 percent. To obtain higher efficiencies is a problem in high 
temperature metallurgy. 

Sources of irreversibility. Figure 8.3 illustrates several common sources of 
irreversibility: 

(a) Part of the input heat Q h may flow directly to the low temperature, by- 
passing the actual energy conversion process, as in the heat flow into the 
cylinder walls during the combustion cycle of the internal combustion 
engine. 

(b) Part of the temperature difference r,, - r, may not be available as tem- 
perature difference in the actual energy conversion process, because of 
the temperature drop across thermal resistances in the path of the heat 
flow. 

(c) Part of the work generated may be converted back to heat by mechanical 
friction. 

(d) Gas may expand irreversibly without doing work, as in the irreversible 
expansion of an ideal gas into a vacuum. 
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The energy ratio of interest in a refrigerator is not the energy conversion 
efficiency (7), but the ratio y = Q,j\V of the heat extracted at the low tem- 
perature to the work consumed. This ratio is called the coefficient of refrigerator 
performance; its limiting value in reversible operation is called the Carnot 
coefficient of refrigerator performance, denoted by y c . Do not confuse y « 0,J\V 
v.ith i/ _ \V;Q h for the energy conversion efficiency of a heat engine; although 
i) < 1 always, y can be > 1 or < 1. From Fq. (5) and \V = Q h - Q lt the work 
consumed is 

W-Q t -Q,,'±Zj! Ql . ,,,, 

T / 

The Carnot coefficient of refrigerator performance is 



This ratio can be larger or smaller than unity. 

Actual refrigerators, like actual heat engines, always contain irreversibilities 
that generate entropy inside the device. In a refrigerator this excess entropy is 
ejected at the higher temperature, as in the energy-entropy flow diagram of 
Figure 8.4. With ihc convention that all energy and entropy flows are positive, 
we now have 

<r»> ft , (14) 

in place of (8). Further, 

Q» 2: (VOQi , (15) 

and 

W “ Qh~ Qt> [(t*/t,) - l]Q, = T -- - T ' Q, = Q,Jy c , (16) 

T i 

so that 



Air Conditioners and Heat Pumps 


235 




Input 

work: 

W 



Figure 8.4 Entropy and energy flow in a refrigerator. 


The Carnot coefficient y c is an upper limit to the actual coefficient of refrigerator 
performance y, just as the Carnot efficiency tj c is an upper limit to the actual 
energy conversion efficiency >/ of a heat engine. 

Both heat engines and refrigerators are subject to restrictions imposed by the 
law of increase of entropy, but the device design problems are totally different. 
In particular, the design of refrigerators to operate at the temperature of liquid 
helium or below is a challenging problem in thermal physics (Chapter 12). 

Air Conditioners and Heat Pumps 

Air conditioners arc refrigerators that cool the inside of a building or an auto- 
mobile; the heat is ejected to the outside environment. If we interchange the 
inside and outside connections, an air conditioner can be used to heat a building 
during the winter. Such a device is called a heat pump. If t* — t, « r k a heat 


1 
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s;;:r:^ ui!dins vvuh a co — n by direct 

rhe limitations on the use of heat pumps are largely economical. They are 
ic more cost y to install and to maintain than are simple heaters or furnaces 

Heat pumps make economic sense primarily in climatic conditions in which 
air conditioning is required anyway. 

Carnot Cycle 

The derivation of the Carnot energy conversion efficiency and of the Carnot 
coeffiaent of refrigerator performance made no statement about how to 
realize a process by which work is generated from heat, or about how refrigera- 
ionis achieved. The simplest and best known such process is the Carnot cycle 
In the Carnot cycle a gas-or another working substance-is expanded and 
om pressed m four stages, two .sothermal and two iscnlropic, as in Figure 8.5 

at r! ! SaS a‘T thC ,Cm P cral lurc T* . and the entropy a L . The gas is expanded 
constant t until the entropy has increased to the value <x„, at point 2. In the 
second stage the gas is further expanded, now at constant a, until the temperature 
has dropped to the value r„ at point 3. The gas is compressed isolhermally to 
point 4 and then compressed isentropically to the original state I. We write a, 
and „„ for the low and high values of the entropy contain in the working 
substance, to distinguish these values from a, and a*, which are the entropy 
flows per cycle at the low and high temperatures x, and r v For the Carnot cycle 
a < =* <*k = <r„ - a L . ' 

The work done by the system in one cycle is the area of the rectangle in 
i lire o»!) . 

w - (r h - T,)(tr /( - a L ) , (jg) 

which follows from 



where jpdV is the work done by the system in one cycle. The heat taken up at 
* = t,, during the first phase is 

Qh = “ O l ). (19) 

We combine (IS) and (19) to obtain the Carnot efficiency % . Any process 

described by figure 8.5 is called a Carnot cycle, regardless of the working 
substance. 
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Figure 8.5 A Carnot cycle, for the conversion of heat into work 
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nun temperature r*. The gas « expanded isothermaHy to the volume 


233 


Chapter 8: Heat and Work 


K, as in Figure £.6a, In the process the gas absorbs the heat from (R, and delivers it as 
work IF, 2 to an external mechanical system connected to the piston. For an ideal gas the 
heal absorbed from the reservoir is 

2s = H't* - jpdV - A't„J tlV/V = A* rjogdyj' J. (20) 

This work is indicated by the area labeled “12.” Next, the gas is disconnected from <R„ and 
further expanded, now iscnlropically, until the temperature has dropped to the low tem- 
perature r,. In the process the additional work 

M'ij = U(t*) - U( t,) = 4 N(t* - r,) (21) 

is delivered by the gas. The volume F, at the end of the isentropic expansion is related to 
Kt by 

3 = t^ 2 ' 3 , or Kj/^i = (Ti./t,) 3;2 , (22) 

from (0.63). After point 3 the gas is brought into contact with a temperature reservoir (R, 
at the temperature t,, and then compressed isolhcrmally {Figure 8.6b) to the volume F 4 
chosen to satisfy 

VJV, = (t„/t,) 3 ' 2 - VJVj . (23) 

so that Kj/V* = F 2 i F,. To accomplish ihis compression, the work 

W,* - Nx t \o&VJV 4 ) - Nx^ogiVJV,) (24) 

must be done on the gas. This work is ejected to (51, as heal: 

Qi = W'm- ( 25 ) 

Finally, the gas is disconnected from (R f and recompressed isenlropically until its tempera- 
ture has risen to the initial temperature t*. Because of the choice (23) of F 4 , the gas volume 
at this point has returned to its initial value F„ and the cycle is completed. In this last stage 
the work 


W Al = |A'{r„ - x,) (26) 

is performed on the gas; this cancels the work W 2i done by the gas during the isentropic 

expansion 2 -♦ 3, by (21). 

The net work delivered by the gas during the cycle is given by the difference in shaded 
areas in Figures 8.6a and 8.6b, which is the enclosed area in Figure 8.6c. The isentropic 
curves in the p-V diagram are steeper than the isothermal curves, so that the area of the 


Carnot Cycle 



Figure 8.6 The Carnot cycle for an ideal gas, as a p-V plot. An ideal gas is expanded 
and recompressed in four stages. Two of them are isothermal, at the temperature r k and 
T,(r fc > r,). Two of them arc isentropic, from r, to t,. and back. The shaded areas show 
(a) the work done during the two expansion stages, (b) the work done during the two 
compression stages, and (c) the net work done during the cycle. 
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loop is finite and is equal to th c area of the rectangle in Figure 8.5. We have 

- N(t„ -■ T.jioanyj/,}. (2?) 


The heat absorbed from#* was given in (20). so that W/O = fr - r \h whirl, • • 
thc Camot relation (7). ' '* r t)/ T *. which is just 



Energy Conversion and the Second Law of Thermodynamics 

The Carnot limits on the conversion of heat into work and on the performance 
of refrigerators are d.rect consequences of the law of increase of entropy The 
second law of thermodynamics usually is formulated without mention of 
entropy. We stated the classical Kelvin-Planck formulation in Chapter 2: 
t is impossible for any cyclic process to occur whose sole eiTcct is thc extraction 
ol heat from a reservoir and the performance of an equivalent amount of work." 

All reversible energy conversion devices that operate between the same tem- 
petatures have the same energy conversion efficiency jj = I V/Q h . Were this not 
so, we could combine two reversible devices with different efficiencies, ». < 
in such a way (figure 8.7) that device 1 with the lower efficiency is operated in 
reverse as a refrigerator that moves not. only the entire waste heat O l2 from the 
more efficient device 2 back to the higher temperature r*. but an additional 
amount g(in) of heat as well. The overall result would be the conversion of 
the heat Q(m) to work IE(out), without any net waste heat. This would require 
the annihilation of entropy and would violate the law or increase of entropy. 

ow that we have established that all reversible devices that operate between 
the same temperatures have the same energy conversion efficiency, it is sufficient 
to calculate this efficiency for any particular device to find thc common value. 
The Carnot cycle dcv.ce leads to ,, c = ( Tfc - r,)/r h for the common value. 

Path Dependence of Heat and Work 

We have carefully used the words heat and work to characterize energy transfer 
processes, and not to characterize properties of thc system itself. It is not 
meaningful to speak of the heat content or of the work content of a system. 

e look at the Carnot cycle once more: Around a dosed loop in the p-V 
plane, a net amount of work is generated by the system, and a net amount of 
icat is consumed. But the system-on being taken once around the loop— is 
returned to precisely the initial condition; no property of the system has 
c anged. This means that there cannot exist two functions Q{a,V) and W(o,V) 


Path Dependence of Heat ami Work 


241 


- h', + Q n + £>(j n ) 

@1, ~ Wy -f Q n + |J/( 0ut ) 

~o~=~e(inT^ 


2* 



Q(\n) = (t?2 -. ^ 


same temperatures T * and"!, wJS^ V e“^^ CrS ' 0n dev '^ operating between the 
“ wouW ^ possible to conime ,hS n iu COnv f r5,on effidc ” d « ^ 
usmg the less efficient dev ice I as a lr " 8 , C ' CC W “ h 1 00 ^ c«icicncv -, v 

hca ‘ Q n of the more efficient device 2 bfck mtie rT'^ °° ly ** en,ire **>'* 
amount Q(in) of heat as well. This addition ,, h ? S n ' Cmptfraturc > bu « an additional 
to work. addmonul heat would then be completely converted 


state (<r a , VJ to a state^KUre ‘° Carry ,hc s >' stci ” from a 
1 b. b) • rc given by the differences in Q and IV: 

Q “ 1 QM) ~ ii'. i ina.,ia - 

zero. Ztr0 - Jnd “ llul tire Ira, refers are not 

ine rem en ts rfO and lhat _ 



242 


Chapter 8: Heat and H'ork 



Figure 8.8 Two irreversible processes in which mechanical or electrical potential 
energy is used to heat a sv stent. 


of mathematical functions Q(a,V) and \V(a,V). For this reason we designated 
the increments by itQ and il\V, rather than by tlQ and dW. Without the path 
dependence of heat and work there would not exist cyclical processes that 
permit the generation of work from heat. 

Irreversible Work 

We consider the energy transfer processes of Figure 8.8. In each process & { 
is a purely mechanical or electrical system that delivers pure work with zero 
entropy change. The energy transferred to & 2 is converted to heat, either by 
mechanical friction or by electrical resistance. The final state of & 2 is the 
same as if the energy had been added as heat in the first place. The entropy 
of p 8 2 is increased by da 2 = dU 2 h. This entropy is newly created entropy. 
Processes in which new entropy is created are irreversible because there is 
no way to reverse the process in order to destroy the newly created entropy. 
If newly created entropy arises by the conversion of work to heat, we say that 
irreversible work has been performed. 

If we look only at the net change in a system, there is no way to tell whether 
the process that led to this change was reversible or irreversible. For a change 
dU in energy and da in entropy, we can define a reversible heat rfQ scy and a 
reversible workrfW te< as the amount of heat and work that would accomplish 
this change in a reversible process. If part of the work done on the system is 
irreversible, the actual work required to accomplish a given change is larger 
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than the reversible work, 

<ni< irtt > dll'.,. (2S) 

By conservation of energy 

dU = ,TU' I(CV + l 1Q,„„ - it\V m + ifQ,« , 

so that 

rffilrt «v < W) 

The actual heat transferred in the irreversible process must be less than the 
reversible heat. 


Example: Sudden expansion of an ideal gas. As an example of an irreversible process we 
consider once more lire sudden expansion of an ideal gas into a vacuum. Neither heat nor 
work is transferred, so that tIU = 0 and <lt = 0. The final state is identical with the stale 
that results from a reversible isothermal expansion with the gas in thermal equilibrium 
with a reservoir. The work \Y I( , done on the gas in the reversible expansion from volume 
l' ( ro Pj is, from (6.57). 

IK CV - -NtlogtW). (30) 

The work done on the gas is negative; the gas does positive work on the piston in an amount 
equal to the heat transfer into the system: 

Q m = “ > 0; W tt , < 0. (31) 

The entropy change is equal to Q,„/t, or 

- <T. - - VKJx = Nlog(K 2 /K,)- (32) 

In the irreversible process of expansion into the vacuum this entropy is newly created 
entropy because neither heat nor work Rows into the system from the outside: = 

Qi,r<« = 0. From (31) wc obtain 

w itm > W,„, Q irm < Q,„ , (33) 

in agreement with (28) and (29). 
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where the pressure on the piston is the external atmospheric pressure. If the 
system changes its volume by dV, the work -pJV - -J(pV) is part of the 
total work done on the system. If positive, this work is provided by the environ- 
ment and is in this sense ‘‘free.’’ If negative, the work is delivered to the 
environment and is not extractable from the system for other purposes. For 
this reason it is often appropriate to subtract —d(pV) from the total work. We 
thus obtain the effective work performed on the system, defined as 

tiw ~ dW + d(pV) = dU + d( P V) - dQ = dll - aQ , 137) 

where we have defined a new function 

H = U + pV , (38) 

called the enthalpy which plays the role in processes at constant pressure that 
the energy U plays in processes at constant volume. The term pkin (38) is the 
work required to displace the surrounding atmosphere in order to vacate 
the space to be occupied by the system. Implicit in these definitions is the idea 
that there are other kinds of work besides that due to volume changes. 

Two classes of the constant pressure processes arc particularly important: 

(a) Processes in which no clfect ivc work is done. The heal transfer is dQ = dll, 
from (37). The evaporation of a liquid (Chapter 10) from an open vessel is 
such a process, because no effective work is done. The heat of vaporization 
is the enthalpy difference between the vapor phase and the liquid phase. 

(b) Processes at constant temperature and constant pressure. Then dQ ~ 
ida = d{va), and the effective work performed on the system is, from (36) and 
(37), 

dW‘ = dF + d(pV) = dO , (39) 

where we have defined another new function 

G ~ F -f pV — U + pV — tct , (40) 

the Gibbs free energy. The effective work performed in a reversible process 
at constant temperature and pressure is equal to the change in the Gibbs 
free energy of the system. This is particularly useful in chemical reactions 
where the volume changes as the reaction proceeds at a constant pressure. 
The Gibbs free energy is used extensively in Chapter 9, and the enthalpy is 
used in Chapter 10. 


Heat and If ork at Coni rant Temperature or Constant Pressure 


example : electrolysis and fact cells. Electrolysis is a process that is both isothermal and 
isobaric. Consider an electrolyte of dilute sulfuric acid in which arc immersed platinum 
electrodes that do not react with the acid (Figure 8.11). The sulfuric acid dissociates into 
H and S0 4 * " ions: 

H 2 SO a ^2H + + SO,". (4!) 

When a current is passed through the ceil the hydrogen ions move to the negative electrode 
where they take up electrons and form molecular hydrogen gas: 

2H* + 2e' -* H 2 . ( 42 ) 

The sulfate ions move to the positive electrodes where they decompose water with the 
release of molecular oxygen gas and electrons: . 

S0 4 "~ + HjO -» HjS 0 4 +' iO a + 2c“. (43) 

The sum of the above three steps is the net reaction equation in the cell: 

H 2 0 -* H 2 + JO,. (44) 

When carried out slowly in a vessel open to the atmosphere, the process is at constant 
pressure and Constant temperature. A negligible part of the electrical input power goes into 


V 



Figure 8.! I An electrolysis cell. An electrical current passes through an electrolyte, such 
as dilute sulfuric acid. The overall result is the decomposition of water into gaseous 
hydrogen and oxygen. The process is an example of work being done at constant 
temperature and constant pressure. 
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cell or fuel cell, md.cat.ng the two operating ranges. 
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Chemical Work * 

Work performed by the transfer of particles to a system is called chemical 
work, because it is associated with the chemical potential. 

When particles are transferred, the number of particles in the system is one 
of the independent variables on which the energy U depends. If U = U(o t V,N), 
then for a reversible process 

dU — u ia - pdV -f pdN , (49) 

by the thermodynamic identity of Chapter 5. Here we have replaced the partial 
derivatives by their familiar equivalents (Table 5.1). By our definition of heat, 
the zda term represents the transfer of heat and the -pdV and pdN terms 
represent the performance of work, all understood to be reversible: 

d\V~~ P JV + pJN. (50) 

The -pdV term is mechanical work; the pdN term is the chemical work: 

d\V c = pdN. (51) 

If there is no volume change, dV - 0. All the work is chemical. 

In particle transfer there are usually two systems involved, both in contact 
with a heat reservoir, and the total chemical work is the sum of the contributions 
from both systems. In the arrangement of Figure 8.14 a pump transfers particles 
from system to system & 2 - The chemical potentials are and p 2 - If 
dN ~ dN 2 — -dN x is the number of particles transferred, the total chemical 
work performed is 

dW c = dW cl + d\V cl = ih dN x + PidN 2 « (/i 2 - pJdN. (52) 

The work that must be supplied to the pump is d IV C if there is no volume work 
(dV l = dV 2 = 0), and if all processes arc reversible. 

The result (52) gives an additional meaning of the chemical potential. Wc 
summarize the properties of the chemical potential: 

(a) The chemical potential of a system is the work required to transfer one 
particle into the system, from a reservoir at zero chemical potential. 

(b) The difference in chemical potential between two systems is equal to the 
net work required to move a particle from one system to the other. 
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Figure 8.14 Chemical work is the work performed when partictes arc moved 
reversibly from one system to another, with the two systems having different 
chemical potentials. If the ls\o volumes do not change, the work is pure 
chemical work; the amount per particle is the difference in chemical potentials. 


(c) If the two systems are in diffusive equilibrium they have the same chemical 
potential; no work is required to move a particle from one system to 
the other. 

(d) The difference in internal chemical potential (Chapter 5) between two 
systems is equal but opposite to the potential barrier that maintains the 
systems in diffusive equilibrium. 


Example: Chemical work for an ideal gas. We consider the work per particte required lo 
move reversibly the atoms of a monatomic ideal gas from -S, with concentration n,. to 
with concentration itj > n„ both systems being at the same temperature (Figure 8.15). If 
dV ~ 0, the work contains only a chemical work term, which can be calculated front the 
difference in chemical potential, no matter how the process is actually performed. The 
chemical potential difference between two ideal gas systems with different concentrations is 

V-1 - l l 1 = tpog(H 2 /»! c ) - log(n,/i» Q )] « tiog(n 2 /jij). (53) 

This result is equal lo the mechanical work per particle required to compress the gas 
isothcrm.dly from the concentration ti, lo the concentration itj. The work required to 
compress N part ides of an ideal gas from an initial volume to a final volume 1\ is 

W = -jpdV= -Nt fdV/V- Nx\og(VJV 2 ) = Ntiog(H 2 /H,). (54) 
Hence the mechanical work per particle is ilogfnj/Bj), identical to the result (53). The 
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dSlVcLn'rif'ror^''"-'" 1 7 rt nc mM ° rd,nni “ l «•* panicle 
*"« wilh b °' h sys,on,s in 

Magnetic Work and Superconductors 

t]‘ZZT‘ f T ° f "' 0rk “ mag " eliC WOrk ' Th,: most ira P° r,am application 

of magnenc work is to superconductors, and this application is treated here 

electrka! conductor! T ' “ US “ a, '> >“ «■»" »*. many 
e cc ca “ . ■ , “ rg ° a lransili0n from “''if normal state with a finite 

conducfivhy a SUIXrCOndm ^ ®"= '«th an apparently infinite 

Superconductors expel magnetic fields from their interior. If the suncr- 
~ Mdwr 0 '? bCl °' V ,h ? C,i ' iCal ''™P«»t“te and then inserted into a 

, . . ' might expect that the infinite conductivity would shield the 

intenor rom the penetration by a magnetic field. However, the expulsion occurs 
‘ en tf the superconductor is cooled below T, while in a magnetic field (Figure 
8-16). This active expulsion, called the Meissner effect, shows that supcrcon- 
uatvtty is more than an Infinite conductivity. The Meissner effect is caused by 
Shield, tig currents that are spontaneously generated near the surface, in a layer 
out 10 cm thick. The magnetic field expulsion is not always compleie. 
Superconductors are said to be of type II if thcexpulsion is incomplete, but still 
onzi.ro, in a range of fields above some low field. We shall restrict ourselves 
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figure 8.16 Meissner effect in a superconducting sphere cooled 
in a constant applied magnetic field; on passing below the 
.nuiMtion tent^rature the lines of induction B arc ejected from 



Temperature, in K 


Figure 8.17 Threshold curves of the critical 
field versus temperature for several super- 
conductors. A specimen s superconducting 
below the curve and noin..;| above the curve. 


here to the discussion of type I superconductors, for which the field expulsion 
■s complete up to a definite field and zero thereafter. 

A sufficiently strong magnetic field will destroy superconductivity. The 
crtltcal field required to do this depends on the temperature and on the super- 
conuuctor. For type I superconductors the fields are usually a few hundred 
gauss (Figure 8.17). In some niobium and vanadium compounds of type If 
critical fields of several hundred kilogauss have been observed. 

The Meissner magnetic effect shows that the normal and the superconducting 
states are diiTerent thermodynamic phases of the same metal, just as ice and 
iquid water are dtfTcrent phases of H a O. except that in the superconducting 
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Figure 8.19 A superconductor of length L and 
area .-1 in a superconducting solenoid that 
produces a magnetic field li. 


transition it is the electronic system rather than the crystal structure of the metal 
that undergoes a phase transition. 

The superconducting slate is a distinct thermodynamic phase, as confirmed 
by differences in the heat capacity of the normal and the superconducting states. 
The heat capacity (Figure 8.18) exhibits a pronounced discontinuity at the onset 
of superconductivity at r = t { ; when superconductivity is destroyed by a 
magnetic field, the discontinuity disappears. The stable phase will be the phase 
with the lower free energy. Below t = x t in zero magnetic field the free energy 
of the superconducting phase is lower than that of the normal phase. The free 
energy of the superconducting phase increases in the magnetic field, as we show 
below. The free energy of the normal phase is approximately independent of 
the field. Eventually, as the field is increased, the free energy of the super- 
conducting phase will exceed that of the normal phase. The normal phase is 
then the stable phase, and superconductivity is destroyed. 

The increase of the free energy of a superconductor in a magnetic field is 
calculated as the work required to reduce the magnetic field to zero in the interior 
of the superconductor; the zero value is required to account for the Meissner 
effect. Consider a superconductor in the form of a long rod of uniform cross- 
section inside a long solenoid that produces a uniform field B, as in Figure 8.19. 
The work required to reduce the field to zero inside the superconductor is 
equal to the work required to create within the superconductor a counteracting 
field — B that exactly cancels the solenoid field. We know from electromagnetic 
theory that the work per unit volume required to create a field B is given by 


(SI) 

W m jv = B 2 / 2 /, 0 ; 

(55a) 

or 



(CGS) 

iL/ = A 1 /**- 

(55b) 


t 
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Figure 8.20 The free energy density F s of a 
nonmagnetic normal metal is approximately 
independent of the intensity of the applied 
magnetic field B a . At a temperature x < r, the 
metal is a superconductor in zero magnetic 
field, so that F s ( r.O) is lower than F^t.O). An 
applied magnetic field increases F s by Bj/2ft„ 
in SI units (and by Bjfin i n CGS units)" so ’ 
that F s (r,Bj = F s (r.O) + B. 1 , 2,, 0 . If j s 

larger than the critical field B ac the free energy 
density is lower in the normal state than in 
the superconducting state, and now the normal 
state is the stable state. The origin of the 
vertical scale in the drawing is at f\(t.O). The 
figure equally applies to U s and U s at t = 0. 



This is the amount by which the free energy density in the bulk superconductor 
is raised by application of an external magnetic field, in an experiment at con- 
stant temperature. 

There is no comparable free energy increase for the normal conductor, 
because there is no screening of the applied field. Thus 

(S,) faW ~ f*Cr)i /V = B c J (T)/2p 0 ; (56a) 

or 


(CGS) I/vtO - F j(r)]/l / = B 2 ( r)/8n. (56b) 

In a plot of (he free energy density of both phases versus the magnetic field 
(Figure 8.20), the free energy of the superconducting phase will ultimately rise 
above that of the normal phase, so that in high fields the specimen will be in the 
normal phase, and the superconducting phase is no longer ihe stable phase, 
lliis is the explanation of the destruction of superconductivity by a critical 
magnetic field B c . 

With increasing temperature the free energy difference between normal and 
superconducting phase decreases as r t c> and the critical magnetic field 
decreases. Everything else being equal, a high stabilization energy in a type I 
superconductor will lead to both a high critical temperature and a high critical 
field. 1 he highest critical fields are found amongst the superconductors with the 
highest critical temperatures, and vice versa. 
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SUMMARY 

1* Heat !* the {ransfer of energy by thermal contact with a reservoir In a 
reversible process <fQ = tdo. ■ n a 

2. Work is the transfer of energy by a change in the external parameters that 

dc c„ bc lhe sys , Xhc entropy transfcr jn a rewsibIc proc S 5 r “X ‘ 

only work is performed and no heat is transferred. 

3. The Carnot energy conversion efficiency, ,, c = ( r , - T| ) /t|i is , he UDD , r 
mnt to the ratio W/Q k 0 f the work generated to the heat added. 

4. The Carnot coefficient of refrigerator performance. 7c - T| /(t* - x>) is the 
upper limit to the ratio Q,/lf / of the heat extracted to the work consumed 

5. 1 he total work performed on a system at constant tern perature in a reversible 
process is equal to the change in the Helmholtz free energy F a U - ra 
of the system. 

6. The effective work performed on a system at constant temperature and 
pressure in a reversible process is equal to the change in the Gibbs free 
energy u s U — rcr + pV. 

7. The chemical work performed on a system in the reversible transfer of r/,V 
particles to the system is pu!N. 

8. The change in the free energy density of a superconductor (of type I) caused 
by an external magnetic field B is B 2 /2 { , 0 in SI and 6 2 /8a in CGS. 


PROBLEMS 

J' ! a) Sh ? W that f0r 3 reversible hcat puutp the energy required 

per nit of heat delivered inside the building is given by the Carnot efficiency (6): 


W hat happens tf the heat pump is not reversible? (b) Assume that the electricity 
consumed by a reversible heal pump must itsclt be gencaieo bva Carnot on-T,‘ 
operating between the temperatures r* and r ( . What is the ratio Q tk ;n h , of the 
hea^consumeci at r w to the heat delivered at r*? Give numerical values for 
r ’ * -'00 K; T, = 270 K. (c) Draw an energy-entropy flow 

diagram for the combination heat engine-heat pump, similar to Figures 8.1 
8.2 and 8.4, but involving no external work at all. only energy and entropy flows 
at three temperatures. 
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Absorption refrigerator. In absorption refrigerators the energy driving the 
process is supplied not us work, but as heat from a gas flame at a temperature 
> ^-Mobile home and cabin refrigerators may be of this type, with propane 
met. (a) Give an energy-entropy flow diagram similar to Figures 8.2 and 8.4 for 
such a refrigerator, involving no work at all, but with energy and entropy flows 
at the three temperatures r* > r„ > r,. (b) Calculate the ratio Q,/Q hh , for the 
heat extracted at r - r,, where Q hh is the heat input at r = t**. Assume reversible 
operation. 

3. Photon Carnot engine. Consider a Carnot engine that uses as the working 
substance a photon gas. (a) Given Tjj and r, as well as V t and V 2 , determine 

3 and V 4 ‘ * b * WIiat is the heat Q » ta ben up and the work done by the gas during 
the first isothermal expansion? Are they equal to each other, as for the ideal gas? 
(c) Do the two iscntropic stages cancel each other, as for the ideal gas? (d) Calcu- 
late the total work done by the gas during one cycle. Compare it with the heat 
taken up at t h and show that the energy conversion efficiency is the Carnot 
efficiency. 

4. Heat engine refrigerator cascade. The efficiency of a heat engine is to be 
improved by lowering the temperature of its low-temperature reservoir to a 
value r r> below the environmental temperature r„ by means ofa refrigerator. The 
refrigerator consumes part of the work produced by the heat engine. Assume 
that both the heat engine and the refrigerator operate reversibly. Calculate the 
rauo of the net (available) work to the heal Q„ supplied to the heat engine at 
itUhbTvay? ^ P ° SS ‘ ble l ° obtain a higher net encr 8>' conversion efficiency 

s. Thermal pollution. A river with a water temperature T, = 20X is to be 
used as the low temperature reservoir of a large power plant, with a steam 

emperature of T„ = 500 3 C. If ecological considerations limit the amount of 
heat that can be dumped into the river to 1500 MW, what is the largest electrical 
output t at the plant can deliver? If improvements in hot-steam technology 

would permit raising T h by 100X, what effect would this have on the plant 
capacity ? ^ 

6. Room air conditioner. A room air conditioner operates as a Carnot cycle 
refrigerator between an outside temperature T h and a room at a lower tempera- 
ture 1 The room gains heat from (he outdoors at a rate A{T h - T,); this heat 
is removed by the air conditioner. The power supplied to the cooling unit is P. 

(a) Show that the steady state temperature of the room is 

T, « (T* + P/2A) ~ [{T* + PJ2A) 2 - T* 2 ] 1 ' 2 . 

(b) If the outdoors is at 37 f C and the room is maintained at 17°C by a cooling 
power of 2 kW, find the heat loss coefficient A of the room in WK' 1 . A good 
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discussion of room air conditioners is given by H. S. LelT and W. D. Teeters, 
Amer. J. Physics 46, 19 (1978). In a realistic unit the cooling coils may be at 
282 K and the outdoor heat exchanger at 378 K. 

7. Light bulb in a refrigerator. A 100 W light bulb is left burning inside a 
Carnot refrigerator that draws 100 W. Can the refrigerator cool below room 
temperature? 

8. Geothermal energy. A very large mass M of porous hot rock is to be 
utilized to generate electricity by injecting water and utilizing the resulting hot 
steam to drive a turbine. As a result of heal extraction, the temperature of the 
rock drops, according to dQ h = -MCtlT h , where C is the specific heat of the 
rock, assumed to be temperature independent. If the plant operates at the Carnot 
limit, calculate the total amount W of electrical energy extractable from the 
rock, if the temperature of the rock was initially T h — T h and if the plant is to 
be shut down when the temperature has dropped to T h — T f . Assume that the 
lower reservoir temperature T, stays constant. 

At the end of the calculation, give a numerical value, in kWh. for A/ — 10 u kg 
(about 30km 3 ), C — 1 J g~‘ K"’, T ; - 600 C. T f « 110 C, 7, = 20 C. 
Watch the units and explain all steps! For comparison: The total electricity 
produced in the world in 1976 was between 1 and 2 limes 10 t4 kWh. 

9. Cooling of nonmetallic solid to T ~ 0. We saw in Chapter 4 that the heat 
capacity of nonmetallic solids at sufficiently low temperatures is proportional 
to T\ as C = aT 3 . Assume it were possible to cool a piece of such a solid to 
T — 0 by means ofa reversible refrigerator that uses the solid specimen as its 
(varying!) low-temperature reservoir, and for which the high-temperature 
reservoir has a fixed temperature T h equal to the initial temperature Tj of the 
solid. Find an expression for the electrical energy required. 

10. Irreversible expansion of a Fermi gas. Consider a gas of jV noninteracting, 
spin I fermions of mass M, initially in a volume V t at temperature t,- ~ 0. Let the 
gas expand irreversibly into a vacuum, without doing work, to a final volume 
Vp. What is the temperature of the gas after expansion if V f is sufficiently large 
for the classical limit to apply? Estimate the factor by which the gas should be 
expanded for its temperature to settle to a constant final value. Give numerical 
values for (he final temperature in keivin for two cases: (a) a particle mass equal 
to the electron mass, and N/V = 10 22 cm -3 , as in metals; (b) a particle mass 
equal to a nucleon, and N/V = 10 30 , as in white dwarf stars. 
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Gibbs Free Energy 
and Chemical Reactions 



GIBBS FREE ENERGY 
Example: Comparison of G with F 

EQUILIBRIUM IN REACTIONS 
Equilibrium for Idea! Gases 

Example: Equilibrium of Atomic and Molecular Hydrogen 
Example : pH and the Ionization of Water 
Example: Kinetic Model of Mass Action 

SUMMARY 
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1. Thermal Expansion Near Absolute Zero 

2. Thermal Ionization of Hydrogen 

3. Ionization of Donor Impurities in Semiconductors 
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5. Particle-Antiparlicle Equilibrium 


262 

265 

266 

267 

269 

269 

270 

272 

272 

272 

273 
273 

273 

274 


262 


Chapter 9: Gibbs Free Energy and Chemical Reactions 


GIBBS FREE ENERGY 

The Helmholtz free energy F introduced in Chapter 3 describes a system at 
constant volume and temperature, But many experiments, and in particular 
many chemical reactions, arc performed at constant pressure, often one atmo- 
sphere, It is useful to introduce another function to treat the equilibrium 
configuration at constant pressure and temperature. As in Chapter 8, we 
define the Gibbs free energy G as 



Chemists often call this the free energy, and physicists often call it the 
thermodynamic potential. 

The most important property of the Gibbs free energy is that it is a minimum 
for a system S in equilibrium at constant pressure when in thermal contact 
with a reservoir 01. The differential of G is 

dG = dU ~ xda - ad i + pdV + Vdp. 

Consider a system (Figure 9.1) in thermal contact with a heat reservoir <R ! 
at temperature t and in mechanical contact with a pressure reservoir 01 2 that 
maintains the pressure p, but cannot exchange heat. Now dx - 0 and dp = 0, 
so that the differential dG of the system in the equilibrium configuration becomes 

dG s ~ dU s - xda A + pdV s . (2) 

The thermodynamic identity (5.39) is 

ida s = dU t - pdNi + pdV s , (3) 

so that (2) becomes dG^ ~ pdN t . But dN s - 0. whence 

(4) 
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Figure 9.1 A system in thermal equilibrium 
with a heat reservoir and in mechanical 
equilibrium with a barysiat or pressure 
reservoir which maintains a constant pressure 
on the system. The barystat is thermally 
insulated. 


which is the condition for C A to be an extremum with respect to system varia- 
tions at constant pressure, temperature, and particle number. These are, there- 
fore, the natural variables for G(N,r,p). 

That the extremum of G s must be a minimum, rather than a maximum, 
follows directly from the minus sign associated with the entropy in (1); Any 
irreversible change taking place entirely within & will increase cr and thus 
decrease G s . 

With (2), 


dG = pdN — adx + Vdp. 


The differential (5) may be written as 


cG\ , f dG \ , f dG \ , 
— dN + ( ~ dx + ( j dp. 

t 'p \3xJs. P \'-P Jn.c 


Comparison of (5) and (6) gives the relations 


(dG/dN)„ = p; 


(3G/d x) Nt , = -a; 
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{<?G/£p) V i _ v. jgj 

".rf re ' a "' 0nS m0y bC 0btai " ed fr ° ra lh «‘ b ? CTOss-diflcrentialion; 

W« Gi ^ f r Cn , er f C 3 U ~ + ^‘^riablesrandpareintcrurive 

B„ t oT V L r ", 86 Va ' UC WhC " ‘"° Mcn,ical put together. 

” Car m ' he nUmbCr ° f Par,itte * ** «»» doubles 
sav thaO/ ‘ , 7 **?“ "* P “ l '° 8 ' ,hcr ' apa " fro "’ »'«facc cltccts. We 

P d= is K r 7 *T‘ K qUMMeS - ASS ™ lhat ™ particle 

spcc.es is present. If C ,s d.reclly proportional to N, we must be able to write 

0 = Nipip.x) , ( 10 ) 

:«zz:::7r777 N u is ° fu " c,i °" ° r »* ---- 

, d ,S T 7 "“ o r es ' ,t ' u ’ 1 Pn»»rc and 'empera- 

■ C ' ,d ' w,,h ! ’ V mol «“l«. are pm together, the Gibbs free energy 
G = iAVfp.r) + {N v (pj) = Ntfp,x) 
docs not change in the process. It follows from this argument that 


We saw in (7) that 


(dG/dN)' P ' t = <p(p,x). 


icG/cN) f t = f , , 


so that <p must be identical with p, and (10) becomes 


G(N,p,x) = Np{pj). 


Thus the chemical potential for a single-component system is equal to the 
Gibbs free energy per particle, C/A*. ! or G for an ideal gas, sec (21) below. 

more than one chemical species is present, (13) is replaced by a sum over 
all species: 3 

G== £'Vr (14) 

J 
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The thermodynamic identity becomes 

r d^dU + pW-y^. (IS| 

and (5) becomes 

dG = Y.HjdNj - adz + Vdp. (j6) 

I C , t" V V w dOPlhe ,he0ry ° f d ’ cmical ci >“ ilib ™ hy exploiting the property 
reacting m nl/! “ * m ’ nimum w,th res P ect changes in the distribution of 

T ' P - N ° ” CW a '° mS “™ '»'» tb = W«" i'> a 

IS to ™ ! , ? 7 present re<d tstribute themselves from one molecular 

spcucs to another molecular species. 



( 22 ) 
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by reference to ihc result G = ;\'p( t.p). We see that N appears unavoidably in p(t.V') in 
(19), but not in p(x ,p) in (22), The chemical potential is the Gibbs free energy per particle, 
but it is not the Helmholtz free energy pet particle. Of course, we are free to write p as cither 
(19} or (22), as is convenient. 


EQUILIBRIUM IN REACTIONS 

We may write the equation of a chemical reaction as 

v,A, + v 2 A 2 + • • * + VjA| — 0 , (23) 

or 

Z V j/i j = 0 > ( 24 ) 

i 

where the A; denote the chemical species, and the v t are the coefficients of the 
species in the reaction equation. Here v is the Greek letter nu. For the reaction 
H 2 + Cl 2 - 2HC1 we have 

A x — H 2 ; A 2 = Cl 2 ; A 3 « HC1; v 2 = 1; v 2 =l; v 3 = -2. 

(25) 

The discussion of chemical equilibria is usually presented for reactions under 
conditions of constant pressure and temperature. In equilibrium the Gibbs free 
energy is a minimum with respect to changes in the proportions of the reactants. 
The differential of G is 

dG rn Z pjJNj - oth + Vdp. (26) 

j 

Here p } is the chemical potential of species j, as defined by pj = (2G/3iV ; ) t . p - At 
constant pressure dp = 0 and at constant temperature dx = 0; then (26) reduces 
to 

ilG ~ Z (27) 

} 

The change in the Gibbs free energy in a reaction depends on the chemical 
potentials of the reactants. In equilibrium G is an extremum and dG must be 

zero. 
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The change d.Nj in the number or molecules of species j is proportional to the 
coefficient v in the chemical equation £ VjAj — 0. Wc may write dNj in the form 

dNj - Vj dN , (28) 

where dN indicates how many times the reaction (24) lakes place. The change dG 
in (27) becomes 

(29) 

In equilibrium dG ~ 0, so that 


(30) 


This is the condition for equilibrium in a transformation of matter at constant 
pressure and temperature* 

Equilibrium for Ideal Gases 

We obtain a simple and useful form of the general equilibrium condition 
Z v jP-j - 0 when we assume that each of the constituents acts as an ideal gas. 
We utilize (6.48) to write the chemical potential of species j as 

Pj = Tflognj - logCj.) , ( 31 ) 

where ttj is the concentration of species j and 

c j m n Q jZj(\in) , (32) 

which depends on the temperature but not on the concentration. Here Zy(int) 
is the internal partition function, (6.44). Then (30) can be rearranged as 

Z v j 1°8 n i = Z'’j Io 8G . ‘ (33a) 

I J 


* But the result is more general: once equilibrium is reached, the reaction does not proceed further, 
and there is no further change in. the thermal average values of tho concentration*. The volume at 
equilibrium will be known, so that the condition (30) applies as well when V end x arc specified as 
when p and t arc specified. . 


* 
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or as 

z to**/' -Doge/-. 03 b, 

The left-hand side can be rewritten as 

Zl°gV' = lognV>. (33C) 

and the right-hand side can be expressed as 

Io S ric/> a log /C(r). (33d) 

Sr" £>’ “ C "" iS • -ly of - . 

A'(r) * n^cxrf-v^int)/!] , (34) 

OTweVavV’"’"" 31 *“ " er8y iS f ' (inl) " ~^M). From (33c,d) and 

IT'/' = *(r) , (35) 

known as the law of mass acion. The result says that the indicated product of the 

°T" * rcac,ams is a function of the temperature alone. A chance 

concentration of*' 00 °' ’ wi “ for “ “ ‘‘“"S' '■> -he equilibrium 

concentration of one or more of the other reactants. 

a corner lhe K q “ ilib " Um C0 " SlaM m in (34) ' 11 is hernial to choose in 
a consistent way the zero or the internal energy of each reactant We need 

consistency here because the value of each partition function ZJini) depen dt 
our choice of the zero of the energy eigenstates. The different zeros f^thc 
.,5 rCaC '" mS muSt bc reIulcd 10 give properly the energy or free energy 
,!,C rCaCti0n ’ 11 is " ot »uh to arrange thisT but it docs Tut 
happen^, horn a conscious effort on our part. For a dissociation reaction such 

nf carl Tr ' ^ \ procCtiuis is t0 clloosc lhe ®*o of the internal energy 

each compos'te particle (here the H 2 molecule) to coincide with the energy 

o h dissociated parttcles (here 2H) at rest. Accordingly, we place the energy 
ofthe ground state of the composite particle at where £ a « the cne^y 
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“tat "" COn,POSiK Pat,i * h “ - constituents 


hydrogen into atomic hydrogen is 1 ~ n ~ 0 for thc dissociation of molecular 


C h JM--^-k W 


° f ^ CH] U* inn 

IH] _ 1 

[H a ] [H 2 ]‘ /2 /C 1,j ' (37) 

f ■ — -PC— is inversely 
hum cons, am K is given by concentration of molecular hydrogen. Thc e.uihb- 

l ° gK = lo ««fl(Ha) ~ 2 log n Q (H) - f(H 2 )/r , ( 38 ) 

mo,ecu!e - ?r faclors are ■»«*- 

more negative is f(H 2 ), and thc higher is ^"cadi^lo^h * H " ,be 

mixture. The energy to dissociate £ is 4 476 cV ~ „ Q . l & V 0 ?™'™ of H, in the 

It may be s'! id i; . * per molecule, at absolute zero, 

example of entropy dissociation' ° f . m ? ICCUlar hydr0gcn inl ° atomic hydrogen is an 
or Ha into two in^Crd^ 

that most of the hydrogen in intereahni^ m bmd,n * axet ^‘ II is believed 

equilibrium is thrown in the direction of H byffte bwval T H * : Thc rcaclion 

Hydrogen is very dilute in mterg^lpacT "* ^ Val “ eS »*■ 


Example: pi l and the ionization of water In lioi.i.l ,, • • 

> • in liquid water the ionization process 


H 2 0*->H*+OH- (39) 

approx imately by^thVc'onccntra don^rod uct^ ' ““ CClui,ibrium is d ««ibcd 

[H + ][OH-] = iO-^moPr- , {40) 
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where the ionic concentrations arc given in moles per tiler. In pure water [H + ] = [OH - } = 

10" 7 moll' V An acid is said to aci as a proion donor. The concentration of H * ions is 
increased by adding, an acid to the water and the concentration of OH " ions will decrease 
as required to maintain the product [H’][OH'] constant. Similarly, the concentration 
of OH - ions can be increased by adding a base to the water, and the H * concentration will 
decrease accordingly. The physical state of water is more complicated than the equation 
of the ionization process suggests— the H' ions are not bare protons, but are associated 
w ith groups* of H 2 0 molecules. This does not significantly affect the validity of the reaction 
equation. 

It is often convenient to express the acidity or alkalinity of a solution in terms of the pH, 
defined as 

(41) 

The pH of a solution is the negative of the logarithm base ten of the hydrogen ion concentra- 
tion in moles per liter of solution. The pH of pure w ater is 7 because [H * ] = 10" 7 mol 1"‘. 
The strongest acidic solutions have pH near 0 or even negative; an apple may have pH — 3. 
Human blood plasma has a pH of 7.3 to 7.5; it is slightly basic. 

Example: Kinetic model of mass action. Suppose that atoms A and B combine to form a 
molecule AB. Wc suppose that AB is formed in a bialomic collision of A and B. Let n A , 
n u , n AB denote the concentrations of A, B, and AB respectively. The rate of change of u AB is 

dn AB /dt = Cn A « a - Dn AB . (42) 

where the rate constant C describes the formation of AB in a collision of A with B. and the 
rate constant D describes the reverse process, the thermal decay of AB into its component 
atoms A and B. In thermal equilibrium the concentrations of all constitutents are constant, 
so that dn AU 'dt ~ 0 and 

Ch a m b = D« a8 ; n A n B /'i AB = D/C , (43) 

a function of temperature only. This result is consistent with the law of mass action that we 
derived earlier by standard thermodynamics. 

Suppose AB is not formed principally by the bimolecular collision of A and B, but is 
formed by some catalytic process such as 

A + E *-» AE; AE + B^AB + E. (44) 

• The dominant species present is most likely II *■ 4H 2 0, a complex of 4 water molecules surround- 
ing one proton. A review is given by M. Eigen and L. Dc Macycr. Proc. Roy. Soc. (London) A247, 

505(1958). 
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Here E is the catalyst which is returned to its original state at the end of the second step. 
So long as the intermediate product AE is so short lived that no significant quantity of A 
is tied up as AE, the ratio »i A n„/ii AB in equilibrium must be the same as if A B were formed in 
the direct process A + B«-*AB treated above. No matter by what route the reaction 
actually proceeds, the equilibrium must be the same. The rates, however, may differ. 

The equality in equilibrium of the direct and inverse reaction rates is called the principle 
of detailed balance. 



Comment: Reaction rates. The law of mass action expresses the condition satisfied by the 
concentrations once a reaction has gone to equilibrium. U tolls us nothing about how fast 
the reaction proceeds. A reaction A + B = C may evolve energy All as it proceeds, but 
before the reaction can occur A and B may have to negotiate a potential barrier, as in 
Figure 9.2. The barrier height is called the activation energy. Only molecules on the high 
energy end of their energy distribution will be able to react; others will not be able to get 
over the potential hill. A catalyst speeds up a reaction by offering an alternate reaction path 
with a lower energy of activation, but it does not change the equilibrium concentrations. 



Schematic coordinate 



Figure 9.2 The quantity AH measures the energy evolved in the reaction 
and determines the equilibrium concentration ratio [A][B]/[C]. The 
activation energy is the height of ihe potential barrier to be negotiated 
before the reaction can proceed, and it determines the rate at which the 
reaction takes place. 
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SUMMARY 

1 - 1 he Gibbs free energy 

G ~ U — zo + pV 

is a ,h„ ma , equilibrium at cons!aM Iempera[ure prKsurt 

{cG/Sr) »■' " - ff: WH, - V; (ea, IN ), , = 

3 - G(t , p,N) = Wp( r ,p) 

4 - ThC laW of mass for a chemical readion is that 

nv - m , 

a function of the temperature alone. 

problems 

w Prove lhe Ihree Maxwei| rda _ 

(Ch7a l)f = , {45a) 

(chyaw), = +{d / i/dp) ll , l 45b l 

(a,i/a,). v = -(<>°/aN),. (4Sc) 

Striclly speaking, ( 45 a) should be wriiten 

“ <« b > f«c). It is common ,o 

■he help of (45a) L , h W a„ * f equal ities, (b) Show with 

dent of thermal expansion of « he ™odynamics that the volume coeffi- 




(46) 


approaches ’zero as r -» 0. 


Problems 
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2. Thermal ionization of hydrogen Condrler it,J r 

dsogen in the reaction i + wSh h =J l ° rma,,on of atomic %- 

of an electron on a proton H* fit e’hr,, / m t - lcUrori ‘ as ,hc adsorption 
of the reactants satisfy the relation V ^ | eqmllbnum concentrations 

W[H + ]/[H] S n Q cxp( - // T ) , (4?) 

hydro r a " d - 3 ww* 

not affect the final result 'Yhe resulf i« r ^ pan ' clcs ’ this ass umption does 
electrons and proto” T" aS lhe Saha e ^ atiori - ^ all the 

concentration of protons is equal to 'tha'i^'n? of hydr ° fien atoms . lhe « *he 
concentration is given by q 31 ° f lhe Clcctrons ' and ,hc electron 

M = [H] ,, 2 '|q ' /2 exp(— // 2r ). (48) 

- - 

hyd„ ra ““^ Pr ° p0r,i0 ' Ml ° «“ ^ ^ 

<3) “e“r elK,ronS 10 ,hC SyS,em - lhen concent ralion of protons 

OrJL 1 !-! ? ( f XC) ^ den ° te the et l uilibr ' um concentration of H atoms in the 
r“ *r ,C T* Wh ' Ch ‘ S 11 ab ° Ve tHe ground statc - Compare 
aI2 r I MOO K ° nS at 6 SUrfaCe 0f the Sun - with [H] - 10“ cm - 3 

(caHccf^dcm^ semiconductors. A pentavalcnt impurity 

Sn ictX 1 * *? P r° tetrava!ent i silic °“ -'om - crystalline 

Uicon acts !Ae a hydrogen atom in free space, but with e 2 /e playing the role of 

L llZtT mass m ’ playing the ro,e ° r * ££ 

description of the ionization energy and radius of the ground state of the 
unpurily atom, and also for the free electron. For silicon the dielectric constant 

t~ V; 7 andl 3 PP r oxima;dy, m* * 0.3 m. If there arc 10' 7 donors per an 3 
stsmate the concentration of conduction electrons at 100 K 

( 7 mer * Let denote the equilibrium constant for 
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this reaction, (a) Show from ihc law of mass action that the concentrations [• • -1 
satisfy L J 


C N + 1] = [1 Y+'/K l K 2 K i ---K s 


(49) 

(b) Show from the theory of reactions that for ideal gas conditions (an ideal 
solution): 


^ F • - 


Here 


n Q (N) = (2nh 2 IM lS ty in 


(50) 


(51) 

where M N is the mass of the Nmcr molecule, and F N is the free energy of one 
A'mer molecule, (c) Assume N » 1, so that n Q {N) = n JN + 1). Find the 
concentration ratio [ N + 1]/[N] at room temperature if there is zero free 

energy change in the basic reaction step: that is, if AF = F Kt) - F s - F ~ 0. 

Assume [1] = l0 }o cm" 3 , as for amino acid molecules in a bacterial cell. The 
molecular weight of the monomer is 200. (d) Show that for the reaction to go in 
the direction of long molecules wc need AF < -0.4cV, approximately. This 
condition is not satisfied in Nature, but an ingenious pathway is followed that 
simulates the condition. An elementary discussion is given by C. Kittel Am J 
Phys. 40,60(1972). 

5. Particlc-antiparticlc equilibrium, (a) Find a quantitative expression for the 
thermal equilibrium concentration n = n* = n~ in the particlc-antiparticle 
reaction A + + A = 0. The reactants may be electrons and positrons; protons 
and antiprotons; or electrons and holes in a semiconductor. Let the mass of 
either particle be A/; neglect the spins of the particles. The minimum energy 
release when A combines with A is A. Take the zero of the energy scale as the 
energy with no particles present, (b) Estimate ;i in cm - 3 for an electron (or a 
hole) in a semiconductor T « 300 K with a A such that A/t = 20. The hole is 
viewed as the antiparticlc to the electron. Assume that the electron concentration 
is equal to the hole concentration; assume also that the particles are in the 
classical regime, (c) Correct the result of (a) to let each particle have a spin off 
Particles that have antiparticles are usually fermions with spins of f 
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Note: In the first section s denotes o/N, the entropy per atom. In the section on ferromagnetism. 
p is the magnetic moment of an atom. 
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VAPOR PRESSURE EQUATION • 

The curve of pressure versus volume for a quantity of matter at constant 
temperature is determined by the free energy of the substance. The curve is 
called an isotherm. We consider the isotherms of a real gas in which the atoms 
or molecules interact with one another and under appropriate conditions can 
assoc, ate together in a liquid or solid phase. A phase is a portion of a system 
that is uniform in composition. 

Two phases may coexist, with a definite boundary between them. An isotherm 
ot a real gas may show a region in the p-V plane in which liquid and gas coexist 
m equilibrium with each other. As in Figure 10.1, part of the volume contains 
atoms in the gas phase. There are isotherms at low temperatures for which 
solid and liquid coexist and isotherms for which solid and gas coexist. Everything 
we say for the liquid-gas equilibrium holds also for the solid-gas equilibrium 
and the solid-liquid equilibrium. 

Liquid and vapor* may coexist on a section of an isotherm only if the 
temperature of the isotherm lies below a critical temperature x e . Above the 
ermcal temperature only a single phase-the fluid phase-exists, no matter 
ow great the pressure. There is no more reason to call this phase a gas than 
a liquid, so we avoid the issue and call it a fluid. Values of the critical temperature 
for several gases are given in Table 10.1. 

Liquid and gas will never coexist along the entire extent of an isotherm 
from zero pressure to infinite pressure; they coexist at most only along a 
section of the isotherm. For a fixed temperature and fixed number of atoms, 
there will be a volume above which all atoms present are in the gas phase. 
A small drop of water placed in an evacuated sealed bell jar at room temperature 
wdl evaporate entirely, leaving the bell jar filled with H 2 0 gas at some pressure. 
A drop of water exposed to air not already saturated with moisture may 
evaporate entirely. There is a concentration of water, however, above which 
the atoms from the vapor will bind themselves into a liquid drop. The volume 
relations are suggested by Figure 10.1. 

The thermodynamic conditions for the coexistence of two phases are the 
conditions for the equilibrium of two systems that are in thermal, diffusive, 

Vapor is a term used for a gas when the gas is in equilibrium with its liquid or solid form. 


Vapor Pressure Equation 


277 




laumcun qi a real gas at a 

temperature such that liquid and gas phases may coexist, that 
is. r < r t . In the two-phase region of liquid + gas the pressure 
s constant but the volume may change. At a given lempcrature 
there is only a single value of (he pressure for which a liquid 
and its vapor arc m equilibrium. If at this pressure we move the 
piston down, some of the gas is condensed to liquid, but the 
pressure remains unchanged as long as any gas remains. 


Table 10.1 Critical temperatures of gases 



T,, in K 


r,, in K, 

He 

5.2 

H, 

33.2 

Ne 

Ar 

+14 

151 

N. 

o, 

126.0 

154.3 

Kr 

210 

H.O 

647.! 

Xe 

289.7 

co. 

304.2 
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Derivation of the Coexistence Curve , p f ’ersus t 
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and mechanical contact. These conditions are that t s = t 2 ; p t = p 2 ; « - p 
or, for liquid and gas, 

T ' = V Pi = Pi = P g , (1) 

where the subscripts / and ry denote the liquid and gas phases. Note that the 
chemical potentials of the same chemical species in the two phases must be 
equal if the phases coexist. The chemical potentials are evaluated at the common 
pressure and common temperature of the liquid and gas, so that 


(2) 

At a general point in the p - r plane the two phases do not coexist: If p, < p 
the liquid phase alone is stable, and if p g < p, the gas phase alone is stable. 
Metastable phases may occur, by supercooling or superheating. A metastable 
phase may have a transient existence, sometimes brief, sometimes long, at a 
temperature for which another and more stable phase of the same substance 
has a lower chemical potential. 

Derivation of the Coexistence Curve, p Versus r 

Let Pq be the pressure for which two phases, liquid and gas, coexist at the 
temperature r 0 . Suppose that the two phases also coexist at the nearby point 
Po + dp',* o + dr. The curve in thep.r plane along which the two phases coexist 
divides the p, r plane into a phase diagram, as given in Figure 10.2 for HjO. 
It is a condition of coexistence that 

(3) 


(4) 


Ps(PoJo) + Z™'') dp + dx + • • ■ 

\dpj, \dxj, 

“ pt(poco) + (fr) d P + dx + ( 5 ) 

\0p)x \d*Jp 


fMPo.*o) - Pi(PoTo) . 

and also that 

PgiPo + dp, x 0 + dx) — p,(Po + dp, Xq + dx). 

Equations (3) and (4) give a relationship between dp and dx. 
We make a series expansion of each side of (4) to obtain 





Temperature, in °C 


Figure 10.2 Phase diagram of H.O, The 
relationships of the chemical potentials p„ p,. 
and n g in the solid, liquid, and gas phases arc 
shown. The phase boundary here between ice 
and water is not exactly vertical, the slope is 
actually negative, although very large. After 
International Critical Tables. Vol. 3. and P. W. 
Bridgman, Proc. Am. Acad. Sci.47, 441 (1912); 
for the several forms of ice, see Zernansky. 
p. 375. 


In the limit as dp and dx approach zero, 




by (3) and (5). This result may be rearranged to give 



which is the differential equation of the coexistence curve or vapor pressure 
curve. 

The derivatives of the chemical potential which occur in (7) may be expressed 
in terms of quantities accessible to measurement. In the treatment of the Gibbs 


1 
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free energy in Chapter 9 we found the relations 


G ~ Njtip, t); 


With the definitions 


a = V/N, s ~ o/N 


for the volume and entropy per molecule in each phase, we have 


I (dG\ 

N vp): 

Then (7) for tlp/dx becomes 


a ( C P\ 

(ft); <10) 


f fl ~ s, 

dx v 8 - v t ' d J ) 

Here s - s ( is the increase of entropy of the system when we transfer one 

of the U s C ster 0rn i qU ' d l ° r Uie gaS ’ and D - ~ r ' is ,hc incrcasc of volume 
f the s> stern when we transfer one molecule from the liquid to the eas. 

It is essential to understand that the derivative dp/dr in (11) is not simply 

taken from the equation of state of the gas. The derivative refers to the very 

spec, a! interdependent change of p and r in which the gas and liquid continue 

o coexist The number of molecules in each phase will vary as the volume is 

varied, subject only to N, + N, = N, a constant. Here N, and N, are the 

numbers of molecules in the liquid and gas phases, respectively. 

i h f, q , Uantll i y 5tf “ s * is reIated directly to the quantity of heat that must 
e added to the system to transfer one molecule reversibly from the liquid 
to the gas, while keeping the temperature of the system constant. (If heat is 
not added to the system from outside in the process, the temperature will 
decrease when the molecule is transferred to the gas.) The quantity of heat 
added m the transfer is 

l1 Q = *(*, “ 5,) , 

( 12 ) 

by virtue of the connection between heat and the change of entropy in a 
reversible process. The quantity 


L s T ( 5 j “ 5 i) 


Derivation of the Coexistence Curve, p i'ersus r 


281 



calorimetry !atCnt ^ Vaporizalfcw ’ and is easil y measured by elementary 
We let 

Aa=f a -r ( {!4) 

tTe lOlV hanSe ? fVOlUmC Whcn ° ne moIccuIe is '^nsferred from the liquid 
to the gas. We combine (11), (13), and (14) to obtain 



T It ? 3S 1 Clautuus^lapcyron equation or the vapor pressure equation 

I ,‘ V °" ° r 15 Cqualion was a remarkable early accomplishment of 
hemodynamic, 0°th sides of (15) are easily determined experimentally, and 
the equation has been verified to high precision. 

Par :r !arly USCfU ‘ f0rm 0f {l5) ifwc make two approximations: 
nh • mC ! , " 9 * p<: ,hc volumc occupied by an atom in the gas 

phase is very much larger than in the liquid (or solid) phase, so that we may 

replace Ad by v g : 3 

^ - Kin,. (i6, 

A t atmospheric pressure v,/v, = 1Q», and the approximation is very good 
(b) We assume that the ideal gas law pi' - N,r applies to the gas phase, 
so that (16) may be written as 

AdSt/p. (17) 

W ith these approximations the vapor pressure equation becomes 


fP 

tlx 




(IS) 


where L is the latent heat per molecule. Giv en L as a function of temperature, 
this equation may be integrated to find the coexistence curve. 

If, in addition, the latent heat L is independent of temperature over the 
temperature range of interest, we may take L = Z, 0 outside the integral. Thus 
when we integrate (18) we obtain 




/ 



(19) 
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whence 

log/7 - — L 0 /x + constant; p( t) = p 0 cxp{-L 0 /x) , (20) 

where p 0 is a constant. We defined L 0 as the latent heat of vaporization of 
one molecule. If L 0 refers instead to one mole, then 

P(T) = p 0 ex p(-L 0 /KT) , (21) 

where R is the gas constant, R s A ' 0 k B , where N 0 is the Avogadro constant. For 
water the latent heal at the liquid-gas transition is 2485 J g~‘ at (FC and 2260 
J g” 1 at 100'C, a substantial variation with temperature. 

The vapor pressure of water and of ice is plotted in Figure 10.3 as iogp 
versus 1/T. The curve is linear over substantial regions, consistent with the 


Figure 10.3 Vapor pressure of water and of ice 
plotted versus 1/T. The vertical scale is 
logarithmic. The dashed line is a straight line. 



I0 3 /T. in K _1 


Derivation of the Coexistence Curve, p Versus 




Along this curve the liquid and vapor 
are in equilibrium and coexist. Any- 
where oir the curve the system is all 
liquid or all vapor. At much highe 
pressures a solid phase occurs. 


Temperature, in K 

Figure 10.4 Vapor pressure versus temperature for 4 He. After H. van Dijk 
0959) Urnal ° f RCSCarCh ° f ,flC Nalional of Standards 63 A . 1 2 


approximate result (20). The vapor pressure of 4 He, plotted in Figure 10.4, 
is widely used in the measurement of temperatures between I and S K. 

The phase diagram of 4 He at low temperatures was shown in Figure 7.14. 
Notice that the liquid-solid coexistence curve is closely horizontal below 1.4 K, 
Ve infer from this and (I I) that the entropy of the liquid is very nearly equal 
to the entropy of the solid in this region. It is remarkable that the entropies 
should be so similar, because a normal liquid is much more disordered than a 
solid, so that the entropy of a normal liquid is considerably higher than that 
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°Hrri s r 0 A;Vt’;;rd n,um liquiti - For ano,hcr tiuamum **< 

or .he a,o ms have lh e ir mom e„,a o.dczcd £ £ ^^1^7 

“ rcma ' n '" s volum = *M “main only the vapor in equilibrium w h 
triple point temperature is not identical with the melting temperature 

r=s= 

pressure melting temperature: T. = 001°C = 271 1 AW Th» v i - , • 

defined such ,ha, the Iriplo poim.of waler is exac.ly273.i6K; see A 7p=ndix B 
Late*, ,c« and The , alCTt hoal ofa phasc lransforraation as from 

f , = “wo P nha S : ,He *“ PhaSe ’ " CqUa ‘ 10 ' ‘ im “ lhe en| ropy 'difference 

diff^nce offl = u 1°"7k‘ T ThS la ' ent hea ‘ is also “>“ al - ""= 
pnfhoi tk a-o- + P bctwcen the tvvo phases, where H is called the 
nthalpy. The deferential is dH . dU + pdV + Vdp. When we cross he 
c tstence curve, the thermodynamic identity applies: 

ute » dU -f pdV - u lg - flt)dN t (22) 

On the coexistence curve flg = Pl . Thus at constant pressure 

L = tAo = A U + pAV = A// = H, - If. (23 ) 

3re f ° Und b) ' imeerali ° n ° f the « 
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i‘Z r ?L We * simple model ,o de. 

I 0 ’ ‘ hal “■ lhc cncr ^ of a " a tom in its ground slate is - £ „ referred to a free atom a. rest 

Fonh T £ 7 SC 1 al ° r “* - '«• " h " C 11 is 1 P° sili ™ integer or zero 

dimon ° ^ ^ ° f S,mpl,C, ‘ y we su PP° se lh at each atom can oscillate only in o c 

dimension. The result for oscillators in three dimensions is left as a problem. > 
lie partition function of a single oscillator in the solid is 


Z * = Icxp[~(n/,m 


exp(c 0 /t) Vexp( — nhm/z) 


The free energy F f is 


- U; — T a i = -tlogZj. 


The Gibbs free energy in the solid is, per atom, 


~ ~ ™s + Pt’, = F, + pv s = p t . 



Figure 10.5 Atoms in a solid in equilibrium 
wuh atoms in the gas phase. The equilibrium 
pressure is a function of temperature. The 
energy of the atoms in the solid phase is lower 
than in the gas phase, but the entropy of the 
atoms tends to be higher in the gas phase, lhc 
equilibrium configuration is determined by ihe 
cotmicrplny of the two effects. At low 
temperature most of the atoms are in the solid; 
at high temperature all or most of the atoms 
may be in the gas. 
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VAN DER WAALS EQUATION OF STATE 

The simplest model of a liquid-gas phase transition is that of van der Waals, who 
modified (he ideal gas equation pV = Nr to take into account approximately 
the interactions between atoms or molecules. By the argument that we give 
below, he was led to a modified equation of state of the form 

(p + N 2 a/V 2 )(V - Nb) = Nt . (33) 

known as the van der Waals equation of state. This is written for N atoms in 
volume V. The a, b are interaction constants to be defined; the constant a is 
a measure of the long range attractive part of the interaction between two 
molecules, and the constant h is a measure of their short range repulsion 
(Figure 10.7). We shall derive (33) with ..the help of the general relation p = 

~(dF/dV) x N . We shall then treat the thermodynamic properties of the model 
in order to exhibit the liquid-gas transition. 

For an ideal gas wc have, from (6.24), 

/■(ideal gas) = — Nx[log(n Q /n) + 1], (34) 

The hard core repulsion at short distances can be treated approximately as 
if the gas had available not the volume V, but the free volume V - Sb, when 
b is the volume per molecule. We therefore replace the concentration n = N/V 
in (34) by N/(V - Nb). Thus, instead of (34), we have 

F = -Nt{log[n e (K - Nb)/N] + 1}. (35) 

To this we now add a correction for the intermodular attractive forces. 


Figure 10.7 The interaction energy between 
two molecules consists of a short range 
repulsion plus a long range attraction. The 
short range repulsion can be described 
approximately by saying that each molecule 
has a hard, impenetrable core. 
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Mean Field Method 


tak e ,n 1 " S ‘ mP a K PPr ° Ximate mCth0d * cal!ed *e "lean field method for- 

& T 6 CffCCl ° f WCak l0ng nn * *«“**>"» among” the 

gases and to l ^ ^ kn ° Wn a PP ,icalions of the method are to 

g es and to ferromagnets. Let v (r) denote the potential energy 0 f interaction 

:i:zT:r ei by : dis,an “ r - wh “ *• 

the atom at'r = 0 if 3 *' '°' al in " ra " i °" of *" »«>« ««w» on 


j*<lV<p(r)n = " j*dV<p(r) = ~2na , 


-here -2, denotes the value of the integral f rfKtf* The factor of two is a 
eful convention. We exclude the hard core sphere of volume b from the 
«me of integration. In writing (36) we assume that the concentration » is 
ons an throughout the volume accessible to the molecules of the gas. That is 

USe ‘ he mCan Value »• This assumption is the essence of the mean fiV.d 
approximation. By assuming uniform concentration we ignore the increase 
f concentration m regions of strong attractive potential energy. In modern 

nguage we say that the mean field method neglects correlalLs betwee" 
interacting molecules. 

From (36) u follows that the interactions change the energy and the free 
energy of a gas of N molecules in volume V by 

AF a AW = -±(2Nna) = -N 2 a/V. ( 37) 

Jhc factor ] is common to self-energy problems; it arranges that an interaction 
bond between two molecules is counted only once in the total energy. The 
exact num er of bonds is jN(N - 1), which we approximate as \N 2 . 

Vc add (37) to (35) to obtain the van der Waals approximation for the 
Iklmholu free energy of a gas: 

f(vdW) a -,V t 'tog[,i y ( V - Nb)/N ] + 1} - N*a/V. ' (38) 

The pressure is 


~(cF/cV\ v = — ‘2J. 

• V - Nb V 2 


( 39 ) 
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Figure 10.8 Directions of inlermolecular 
forces (hat act on molecules near the boundary 
of a volume V. The van der Waals argument 
suggests that these forces contribute an internal 
pressure N o/F* which is to be added to the 
external pressure p, so that p + N'a/V 1 should 
be used as the pressure in the gas law. 



Figure 10.9 The container of volume V has N 
molecules, each of volume b. The volume not 
occupied by molecules is V - Nb. Intuition 
suggests that this free volume should be used in 
the gas law m place of ihe container volume V. 


or 

IP + N 2 a/V 2 )(V ~ Nb) = i Yt. (40) 

Zz z z:';o.r im « s,a,c - Thc — » • - * - ■« 

Critical Points for the van der Waals Gas 
We define the quantities 

Pc = a/ 27 b l ; V c = ^Nb; 


T, 


Ba/21 b. 


(91) 
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v/v c 


Figure 10.10 The van dcr Waals equation of slate near 
the critical temperature. Courtesy of R. Cahn. 


In terms of these quantities the van dcr Waals equation becomes 



This equation is plotted in Figure 10.10 For several temperatures near the 
temperature x c . The equation may be written in terms of the dimensionless 
variables 

P S pfpcl v s V/V t ; T s t/t, , (43) 

as 



This result is known as the law of corresponding states. In terms of p, V, t, 
all gases look alike — if they obey the van der Waals equation. Values of a 
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and 6 arc usually obtained by fitting to the observed Pt and v States of uvo 
substances at the same p, V, f are called corresponding states of the substances 
Rea! gases do not obey the equation to high accuracy. 

At one point, the critical point, the curve of p versus V at constant f has a 
horizontal point of inflection. Here the local maximum and minimum of the 
p V curve coincide, and there is no separation between the vapor and liquid 
phases. At a horizontal point of inflection 



These conditions are satisfied by (44) if p = 1; V = 1 ; f = l. We call p c , V c , 
and t £ the critical pressure, critical volume, and critical temperature, respectively. 
Above t c no phase separation exists. 


Gibbs Free Energy of the van der Waals Gas 

The Gibbs free energy of the van der Waals gas exhibits the characteristics of 
the hquid-gas phase transition at constant pressure. With G = F + P V wc 
have from (38) and (39) the result 


C{x,V,N) 


V - Nb 


•cis a 

Nr{log[u u (K - Nb)/N] + 1). 


This equation gives G as a function of V, t, N; the natural variables for G are 
p, t, N. Unfortunately wc cannot conveniently put G into an analytic form as a 
iunction of pressure instead of volume. We want G(x,p,N) because we can then 
obtam /t(T ,p) as G(x,p,N)/N by (9. 13). It is/j that determines the phase coexistence 
relation - Pt . The results of numerical calculations of G versus p are plotted 
m Figure 10.! 1 for temperatures below and at the critical temperature. At any 
temperature the lowest branch represents the stable phase; the other branches 
represent unstable phases. The pressure at which the branches cross determines 
the transition between gas and liquid; this pressure is called the equilibrium 
vapor pressure. Results for G versus x are plotted in Figure 10.12. 

Figure 10.13 shows, on ap-V diagram, the region V < F, in which only the 
hqmd phase exists and the region V > V 2 in which only the gas phase exists 
The phases coexist between V t and V>. The value of V x or V 2 is determined by 
t ie condition that p,{x ,p) == p g (x,p) along the horizontal line between V x and 
2 . This will occur if the shaded area below the line is equal to the shaded area 
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(a) 



Figure 10.1! (a) Gibbs free energy versus pressure for van 
der Waals equation of state: t = 0.951,. Courtesy of R. Cahn. 

(b) Gibbs free energy versus pressure for van der Waals equation of 
state; i = t e . 

above the line. To see this, consider 

dG — — adr + Vdp + pdN. (47) 

We have dG = Vdp at constant t and constant total number of particles. The 
difference of G between V l and V 2 is 

G e -G, = fvdp, 


( 48 ) 
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Figure 10.13 Isotherm of van dcr Waals gas at a 
temperature below the critical temperature. For volumes 
less than F, only the liquid phase exists; for volumes 
above F, only the gas phase exists. Between F, and F, 
the system in stable equilibrium lies along the coexistence 
line and is an inhomogeneous mixture of two phases. The 
liquid and gas phases coexist. The proportion of the 
liquid and gas phases must be such that the sum of their 
volumes equals the volume V that is available. 


but the integral is just the sum of the shaded areas, one negative and one positive. 
When the magnitudes of the areas are equal, G 0 {t,p) = G,(r,p) and p 9 (r,p) = 

/h(r,p) along the horizontal coexistence line drawn in the figure. In equilibrium 
we require /t s = 

t\ucleat ion. Let A/t = fi g - be the chemical potential difference between 
the vapor surrounding a small liquid droplet and the liquid in bulk (an infinitely 
large drop). If A p is positive, the bulk liquid will have a lower free energy than 
the gas and thus the liquid will be more stable than the gas. However, the 
surface free energy of a liquid drop is positive and tends to increase the free 
energy of the liquid. At small drop radii the surface can be dominant and the 
drop can be unstable with respect to the gas. We calculate the change in Gibbs 
free energy when a drop of radius R forms. If »i, is the concentration of molecules 
in the liquid, 



AG = Gj — G s = -(4n/3)f? 3 n i Ap + 4nR 2 y 
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*op will groVwta ^ 51 ^ 1 “ SUrli “ lensio "- The liquid 

*■ A " UnSlablc ma >™™ of AG is attained when 

dSG,JR = o = -4*K’„,Ap + SnRy _ (5p) 

or 

R ‘ = 2 ’//»iA/i. (5J) 

*nd ^ At * lhc ^op will 

larger * ,|J drop wTield 0 “ o “ "' a ‘ Wi " IOWCr tlw At 

the free energy " d S '° W spon,a "“" sI y because that, too, williowcr 

bc "= b > a 

(5 1 ) in (49): fi beyond R. is found by substitution of 

m. = (16n/3)[ y Vil, : (Ap) 1 ]. (52) 

to inT' "" VaP ° r behaVCS lite “ Wral « « « use Chapter 5 
A f* “ rI °g (P/Pc t ) . 

for water at 300K and^ - ^ “ “ ,ima,e *■ 

ferromagnetism 

moment even in zero applfed^ wh . ich means a ma S««ic 

mation to the temnerafurp i t ' deveIo P t hcrneanfieldapproxi- 

magncticmomcntperunitvolunTcThc'ce^ ’I 16 magne . tiailion ‘ defincd as ‘he 

atom experiences an effective field I CCntral assum P t,on is ‘hat each magnetic 
vc held B e proportional to the magnetization: 

= >M , 

where X is a constant. We take the estcrnal applied field as aero. 


( 53 ) 
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Critical barrier for growth 



Figure 10.14 Excess Tree energy of drop relative to gas, as 
function of drop radius R, both in reduced units. The gas is 
supersaturated because the liquid has the lower free energy for 
this curve as drawn, but the surface energy of small drops creates 
an energy barrier that inhibits the growth of nuclei of the liquid 
phase. Thermal fluctuations eventually may carry nuclei over the 
barrier. 

Consider a system with a concentration n of magnetic atoms, each of spin j 
and of magnetic moment ji. In Chapter 3 we found an exact result for the 
magnetization in a field B: 

M - /!/itanh(/ifl/x). (54) 

In the mean field approximation (53) this becomes, for a ferromagnet, 

, M — n/Uanh(/iAM/x) , (55) 



Figure 10.15 Graphical solution of£q. (56) for the 
reduced magnetization m as a function of temperature. 
The reduced magnetization is defined as m - M/n/t. The 
left-hand side of Eq. (56) is plotted as a straight line in 
with unit slope. The right-hand side is tanh(tii/t) and is 
plotted versus m for three different values of the reduced 
temperature t « = T /r c . The three curves 

correspond to the temperatures 2r t> t,, and 0 5r ( . The 
curve for t « 2 intersects the straight line m only at 
in = 0, as appropriate for the paramagnetic region (there 
is no external applied magnetic field). The curve for i = 1 
(or t = r e ) is tangent to the straight line m at the origin; 
this temperature marks the onset of ferromagnetism. The 
curve for i = 0.5 is in the ferromagnetic region and 
intersects the straight line m at about in = 0.94 n/<. As 
I -* 0 the intercept moves up to m » 1, so that all 
magnetic moments are lined up at absolute zero. 


a transcendental equation for M. We shall see that solutions of this equation 
with nonzero M exist in the temperature range between 0 and t £ . To solve (55) 
we write it in terms of the reduced magnetization m == Af/n/z and the reduced 
temperature t = x/nn 2 X, whence 

in = tanhOn/r). (56) 

We plot the right and left sides of this equation separately as functions of m, 
as in Figure 10.15. The intercept of the two curves gives the value of m at the 
temperature of interest. The critical temperature is t — I, or x c - nfi 2 X. The 
curves of M versus x obtained in this way reproduce roughly the features of the 
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2-0 6 

Figure 10.16 Saturation magnetization of 5" 

nickel as a function of temperature, together c 
with the theoretical curve for spin \ on the q t 

mean field theory. 5 

o.: 


0 07 Od rw; no I. 

T/r f 

experimental results, as shown in Figure 10.16 for nickel. As t increases the 
magnetization decreases smoothly to zero at r - r c , called the Curie temperature. 

LANDAU THEORY OF PHASE TRANSITIONS 

Landau gave a systematic formulation of the mean field theory of phase transi- 
ts applicable to a large vanety of systems exhibiting such transitions. We 
consider systems at constant volume and temperature, so that their Helmholtz 
tree energy F - U - to is a minimum in equilibrium. The big question is a 
minimum with respect to what variables? It is not helpful to consider all possible 
variables. We suppose here that the system can be described by a single order 
parameter the Greek xi, which might be the magnetization in a ferromagnetic 
system, the dielectric polarization in a ferroelectric system, the fraction of 
superconducting electrons in a superconductor, or the fraction of neighbor A-B 
bonds to total bonds in an alloy AB. In thermal equilibrium the order parameter 
will have a certain value { = c 0 (r). In the Landau theory we imagine that £ 
can be independently specified, and we consider the Landau free energy function 

TJc,:) s l/(c, T ) - to(c,t) , (57) 

where the energy and entropy are taken when the order parameter has the 
speafied value not necessarily c 0 . The equilibrium value £ 0 (r) is the value of 
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m ofTlZ F , L a minimum> at a sivcn '• and >»' Helmholtz free energy 

r(t) of the system at , ,s equal to that minimum: 

fW - FJCo-t) S FJti) if (S8) 

Plotted as a function of { for constant t, Hie Landau free cncr e y may | lavc moro 

f morZ m 'h ,mUra ' ThC ' 0 "' CS, ° f "’ CSC d = le ™ i "“ equilibrium state. In a 
fis increased” 5 ° n afl ° ther b = com£s Ihe ,owest 

function of ? , 0 T' V b SyS, r CmS r ° r Which lh£ Landau is an =v=n 

Itort sv ? "I” “ PPliCd fieldS ' M ° Sl fe ™mag„ctie and ferro - 

wc bZ'Tf! ““"IF dfthk Wc alS0 assume lhal MM is a sufficiently 
stell-behaved fund, on of { that ,t can be expanded in a power series in {- 

armed" 8 " 0t b = lak '" Sranted. For an even function of (, as 

FiK.t) = So(i) + + | p 6 ( t ){« + . . . . (59) 

Ihe entire temperature dependence of is contained in the expansion 
C Cien S f 0 ’ 9u g *' 9( ‘- T hese coefficients are matters for experiment or theory. 

T he simplest example of a phase transition occurs when g 2 ( r) changes sign at 
a temperature r 0 . wtth y 4 positive and the higher terms negligible. For simplicity 
we take g 2 {x) linear in t: 

3z(r) = (r - r 0 )x . (60 ) 

over the temperature range of interest, and we take as constant in that range. 
With these idealizations, 6 

- 0 o (t) + i2(r - i 0 )' 2 -f \g^. (61 ) 

The form (60) cannot be accurate over a very wide temperature range, and it 
certainly fails at low temperatures because such a linear dependence on tem- 
perature is not consistent with the third law. 

The equilibrium value of f is found at the minimum of F t (c,\ t) with respect 
to < : 

(dFJca = (r — r Q )*Z + « o , (62) 

which has the roots 

■ * = 0 and ? = (to " r )(x/g 4 ). 


(63) 
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With a and g* positive, the root c, = 0 corresponds to the minimum of the free 
energy function (61) at temperatures above r 0 there the Helmholtz free energy is 

= 0o(t). (64) 

The other root, < 2 = U/g 4 )( r 0 - r) corresponds to the minimum of the free 
energy function at temperatures below i 0 ; here the Helmholtz free energy is 

f ( r ) = OoU) ~ (* 2 /40j( r - t 0 ) 2 . (65) 

The variation of F(t) with temperature is shown in Figure 10.17. The variation 
T L (if ;t) as a function of £ 2 for three representative temperatures is shown in 
Figure 10.18, and the temperature dependence of the equilibrium value of £ is 
shown in Figure 10.19. 

Our model describes a phase transition in which the value of the order param- 
eter goes continuously to zero as the temperature is increased to r 0 . The entropy 



Figure 10.17 Temperature dependence of the free energy 
for an idealized phase transition of the second order. 



Figure 10.18 Landau free energy function versus at 
representative temperatures, As the temperature drops below t 0 
the equilibrium value of ^ gradually increases, as ddined by die 
position of the minimum of the free energy. 



Figure 10.19 Spontaneous polarization versus 
temperature, for a second-order phase transition. The 
curve is not realistic at low temperatures because of the 
use of Eq. (60): the third law of thermodynamics requires 
that d£/dr -+ 0 as t -* 0. 
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at 1 = > s ° that there * n ° ,a,eM hK » * «« i™**™ 
temperature T,. Such a transition is by definition a second order transition 
Trans, „ons w„h a nonaero latent heat are eatled firs, order traLifion « 

«ond or Z T Sm " y ' The W ° rld C0 " ,ainS a rcma ' kab " diversity of 
onducto s : beS1 £Xamp " S 3rC Magnets and super- 


,n lhe raca “ fi ' M approximation, ferromaEncts satisfy 
Which we sSscUaual lhl ^ COn5lder an a,om of magnetic moment p in a magnetic field B 
h ' S " " )ual 10 th = •»“" « as in (S3). The interaction energy density fa 

C(M)= -JJU/i . (6S) 

c{M) ~ constant - M 2 /2hp 2 ( 67 j 

in the regime in which Af « Thus the free energy function per unit volume is 

F l (KJ) = constant - - + terms of higher order. (68) 

At the transition temperature the coefficient of Af 1 vanishes, so that 


i 0 = n;r/. , 


in agreement with the discussion following (56). 




First Order Transitions 

A latent heat characterizes a first order phase transition. The liquid-gas transi- 
ion at constant pressure is a first order transition. In the physics of solids first 
order transitions are common in ferroelectric crystals and in phase transforma- 
tions in metals and alloys. The Landau function describes a first order transition 
Wlcn thc ex P ansion coefficient g 4 is negative and g b is positive. We consider 

F d^,r) = <7 0 (t) + fcc(r - r 0 )c 2 - % 4 (t)|<; 4 + ±g 6 g 6 + ■■■. (70) 
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igure 10.20 Landau free energy function versus Z 1 in a 
first order transil.on, at representative temperatures. At r 
the Landau function has equal minima at < = 0 and at a' 
n.te Z as shown For r below r c the absolute minimum is at 
atgu values of«f; as r passes through x ( there is a 
isconimuous change in the position of the absolute 
minimum. The arrows mark the minima. 

^“5 0f tWS rU “ ai0n arC Biven by li,e roo,s of - 0 ns in 
a(t “ r o)C - |j/ 4 (r)!f 3 -f g 6 Z s » 0. (71 j 

Either q = 0 or 

“ (l - Po) - fo(t)|r ! + tJp - 0. (72) 

w Tf “Sr ‘ he fra enerE ' CS "' iH b = tl« Phases 

C 0 a ” d " llh lhe root « * 0- The value of t, will not be equal to r „, 
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Figure 10.21 Dependence of £ on t — s t for a 
typical first order phase transition. 


and the order parameter £ (Figure 10.21) does not go continuously to zero at 
T e . These results differ from those in the second order phase transition treated 
earlier, where £ went to zero continuously at t 0 - x e . A first order transfor- 
mation may show hysteresis, as in supercooling or supersaturation, but no 
hysteresis exists in a second order transition. 


SUMMARY 

1. The coexistence curve in the p-r plane between two phases must satisfy the 
Clausius-Clapeyron equation: 

dp _ L 
d x tAu 

where L is the latent heat and Au is the volume difference per atom between 
the two phases. 

2. The latent heat L = H l — H 2 , where H = V + pV is the enthalpy. 

3. The van der Waals equation of state is 

■ ' {p + N 2 a/V 2 ){V - Nb) = Nt. 

4. In the Landau free energy function 

FY(£,t) == - tc(£,t) , 

the energy and entropy are taken when the order parameter has the specified 
value not necessarily the thermal equilibrium value £<,. The function F L 
is a minimum with respect to £ when the system is in thermal equilibrium. 
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5. A first order phase transition is characterized by a latent heat and bv 
hysteresis. J 


PROBLEMS 

/. Entropy , energy, and enthalpy of van der l Vaals gas. (a) Show that the en- 
tropy of the van der Waals gas is 

a — /V{log[« c >(l / - Nb)/N] + |}. (73) 

(b) Show that ihe energy is 

u - $N x .— N\a/V. (74) 

(c) Show that thccmhalpy 11 = U + pV is 

H{x,V) - |Nr + N 2 bx/V - 2N 2 a/V; (75) 

//(r.p) = } 2 Nx + A7 >/> - 2iWnp/x. (76) 

All results arc given to first order in the van dor Waals correction terms a, h. 

2. Calculation of dT/dp for water. Calculate from the vapor pressure equa- 
tion the value of dT/dp near p ~ 1 atm for the liquid-vapor equilibrium of 
water. The heat of vaporization at 100 C is 2260Jg -1 . Express the result in 
kelvin/atm. 

3. Heat of vaporization of ice. The pressure of water vapor over icc is 3.SS mm 
Hg at — 2"C and 4.5S mm Hg at Q’C. Estimate in J mo! ~ 1 the heat of vaporiza- 
tion of ice at -1°C. 

4. Gas-solid equilibrium . Consider a version of the example (26)-(32) in which 
we let the oscillators in the solid move in three dimensions, (a) Show that in the 
high temperature regime (t » fio )) the vapor pressure is 

{MY 12 w 3 

^ eXp( ~ £o/T) - (77) 

(b) Explain why the latent heat per atom is e 0 - H 

5. Gas-solid equilibrium. Consider the gas-solid equilibrium under the ex- 
treme assumption that the entropy of the solid may be neglected over the tem- 
perature range of interest. Let — e 0 be the cohesive energy of the solid, per atom. 


ii 
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l 

smaller volume occupied by the solid l " dependem of lhe much 

energy of the system is ( ) ^ lhat the to,al free 


F ~ F ‘ + F 9 ~ A^o + A/ ? t[Iog (N 9 /Vn Q ) - I] , (78) 

where the total number of atoms N — ». • 

mum oflhe freeenergy with resnect mW 'i + ^ ‘ S COnstantl (b ) Find Ae mini- 
ergy Uh respect to N ,; show that in the equilibrium condition 

^ = « Q Kexp(- Co / T }. (?9) 

(c) Find the equilibrium vapor pressure. 

«■ rWjMfa «,/ „ IC supel . conJua ; ns (a) Show |hal 



' Vi ' h **»•** “mp-tcre, ,hc right 

ordered Phase As t -Jo onill ! c ". n epl'asehasthe i owerem r opy:ilisthemore 

with the third law wi. m ^ c , nr ° w '. m bo,h P llases will go to zero, consistent 
(bJAtrlr wch^'a' J ! CS n ' h,S “" P '^ or ' 1 '-''“P'=of>l> cc „r v eof B ,vcrs„ S r7 
following co'i’iscqucnccs'm Thel “T *“ = SI,OW lllal lhis rcsul1 h;ls >1“ 
merge, at shown^n Figure 10 22 ‘E £ d ° “ 0 °“ “ <■ but 

UJt ) m Th,.rn ic W 1 he two energies are the same: UJz ) = 

‘^associated with the transition at f- 

at r < r t ? (c) Show that C 'and'r" 1 ^ 'u lCn carncd out in a magnetic field, 
related by C * d C *’ he hcat capacilics P^r unit volume, are 


AC = C 5 - C„ 


t <l 2 (Bf) 

2/i 0 dr 2 


{80 


5STS“^ C/r VS r2 and «h»« U™ Cs decreases much faster 
man tmearly wdh decreasing r, while C v decreases as 7 i For r « r AC is 
dominated by C v . Show that this implies ' c ’ C 


Po dz 1 l=0 
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r E T rim cn ,a t va,ll « of Ac free energy as a funeiion of 

ITS o w [he f T m ,hC SUpCrConductil '8 slalc a " d >n «hc normal 
in ,K,!, thc transilion temperature T, « 1.180 K the free energy is lower 

temtra. d r“' w &la,C ' ‘ W ° CUrVCS mcr £ c at lhc transition 
orTrSi^naTA a Vh ph3SC i ransilion is scl : ond order (.here is no latent hcat 
, . r)- The curve F s is measured in zero magnetic field, and F N is 

“:?i n rs; r : c,d suftic,cnt ,o pui ,hc in 


' ,msi,hn - T 'tc B.(t) curves of most 
superconductors ha\c shapes close to simple parabolas. Suppose that 

B ch) = B c0 [l - (x/r t ) 2 ]. ( 83 ) 

Assume that C s vanishes faster than linearly as t -> 0. Assume also that C v is 
linear in r, as for a Form, gas (Chapter 7). Draw on the results of Problem 6 to 
calculate and pot the r dependences of the two entropies, the two heat capacities 
and the latent heat of the transition. . Show that C s (r c }/C v (r £ ) = 3. 

8. Fust order crystal transformation. Consider a crystal that can exist in either 
«ahM T Ur “* f by “ and P - We su PP° se that th * * structure is the 
form of lIe e X a,Ure rT thc <* S,rUC,Ure is lh = slaM = high temperature 
, UbS ' an “-i f ,hC ZCr ° ° f U ' C ener Sy «:»lc is taken as the state of 
separated atoms at infinity, then the energy density C{0) at r = 0 will be 
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negative. The phase stable at t = 0 will have the lower value of U(0)- thus 
U a {0) < U f { 0). If the velocity of sound r, in the /I phase is lower than v t in the 
or phase, corresponding to lower values of the clastic moduli for /J, then the 
thermal excitations in the /? phase will have larger amplitudes than in the a 
phase. The larger the thermal excitation, the larger the entropy and the lower 
the free energy. Soft systems tend to be stable at high temperatures, hard 
systems at low. (a) Show from Chapter 4 that the free energy density contributed 
by the phonons in a solid at a temperature much less than the Debye temperature 
is given by -n x*/2Qv i h i t in the Debye approximation with v taken as the 
velocity of all phonons, (b) Show that at the transformation temperature 

r c 4 = (30/iV)[Ly0) - UJi - „ a -3). {84) 

1 here will be a finite real solution if v fi < r,. This example is a simplified model 
of a class of actual phase transformations in solids, (c) The latent heat of trans- 
formation is defined as the thermal energy that must be supplied to carry the 
system through the transformation. Show that the latent heal for this model is 

L = 4[l/,(0) - UMl (85) 

In (84) and (85), U refers to unit volume. 
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Md Urge Par ' s 

have .wo or more of 1 ““"icompooen, systems ,ha. 

Physical - d hipon™ 

— P.«r, 

SOLUBILITY GAPS 

ternary and quaternary mixtures tf .s F COnSt!,ue,Hs are called 

coles, .he miLe L Z~ 0 y ^ '°— S “ — 

£EHS=^?»-====: 

SSsr^==: 

Consider a gold-silicon alloy: pure^u^TI^C^d ^ s ‘? >n “ itl,ent# - 

*0 mC,t , S (3nd SO ' idiM ^ **« 

=£=i=r-— 

=SS5=== SSKSSE 

evolve to the rnnfic P any SyStem dt a fixed {em P e raturc will 

ssolve in a hie T ° f mmim “ ra ta “»■ T ™ «■»»« will 
Zo? Z'7£ m 3 lomo S eneolls mix, ore if .ha. is the coofigura- 

of losses, free energy accessible ,o the components. The substances will 


Solubility Gaps 




M 






F.gurc I.l Heterogeneous gold-silicon alloy. When a mixture of 69 pet Au and 31 pet 
Si is melted and then solidified, the mixture segregates into a phase of almost pure Au 
(hghlphase) coex.stentvvuh a phase of almost pure Si (dark phase). Magnified about 
800 limes. The composu.on given is that of the lowest-melting Au-Si mixture, the 

m ' XUJre - 3 Concepl ex P !ained ,ater ‘n the text. Photograph courtesy 

form a heterogeneous mixture if the combined free energy of the two separate 
phases side by side is lower than the free energy of the homogeneous mixture: 
then we say that the mixture exhibits a solubility gap. 

A heterogeneous mixture will melt at a lower temperature than the separate 
substances if the free energy of the homogeneous melt is lower than the com- 
bined free energies of the two separate solid phases. 

I hroughout this chapter we assume for simplicity that the external pressure 
may be neglected, and we set pK = 0. Then volume changes do not involve 
work, and the appropriate free energy is the Helmholtz free energy F rather 
than the Gibbs free energy G. We will usually simply speak of the free energy. 

We dtsctfss binary mixtures of constituents that do not form well-defined 
compounds with each other. Our principal interest is in binary alloys. Consider 
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Many appl.cai.ons of materials science, and large parts of chemistry and 
biophysics, are concerned with the properties of multicomponent systems that 
have two or more phases in coexistence. Beautiful, unexpected, and important 
physical efiects occur in such systems. We treat the fundamentals of the subject 
in this chapter, with examples drawn from simple situations. 

SOLUBILITY GAPS 


Mixtures are systems of two or more different chemical species. Binary mixtures 
have only two constituents. Mixtures with three and four constituents are called 
ternary and quaternary mixtures. If the constituents arc atoms, and not mole- 
cules, the mixture is called an alloy. 

A mixture is homogeneous when its constituents are intermixed on an atomic 
scale to form a single phase, as in a solution. A mixture is heterogeneous when it 
contains two or more distinct phases, such as oil and water. The everyday 
expression “oil and water do not mix” means that their mixture does not form 
a single homogeneous phase. 


The properties of mixtures differ from the properties of pure substances. The 
melting and solidification properties of mixtures are of special interest. Hetero- 
geneous mixtures may melt at lower temperatures than their constituents. 
Consider a gold-silicon alloy: pure Au melts at 1063°C and pure Si at 1404°C 
ut an a loy of 69 pet Au and 31 pet Si melts (and solidifies) at 370°C.This is not 
the result of the formation of any low-melting Au-Si compound: microscopic 
investigation of the solidified mixture shows a two phase mixture of almost 
pure Au side by side with almost pure Si (Figure 11.1), Mixtures with such 
properties are common, and they are of practical importance precisely because 
of their lowered melting points. 


What determines whether two substances form a homogeneous or a hetero- 
geneous mixture? What is the composition of the phases that are in equilibrium 
with each other in a heterogeneous mixture? The properties of mixtures can be 
understood from the principle that any system at a fixed temperature will 
evolve to the configuration of minimum free energy. Two substances will 
dissolve m each other and form a homogeneous mixture if that is the configura- 
tion of lowest free energy accessible to the components. The substances will 
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10 pm 

Figure II. 1 Heterogeneous gold-silicon alloy. When a mixture of 69 pet Au and 31 pet 
Si is melted and then solidified, the mixture segregates into a phase of almost pure Au 
{light phase) coexistent with a phase of almost pure Si (dark phase) Magnified about 
800 times. The composition given is that of the lowest-melting Au-Si mixture, the 
so-called eutectic mixture, a concept explained later in the text. Photograph courtesy 
of Stephan Justi. 

form a heterogeneous mixture if the combined free energy of the two separate 
phases side by side is lower than the free energy of the homogeneous mixture: 
then we say that the mixture exhibits a solubility gap. 

A heterogeneous mixture will melt at a lower temperature than the separate 
substances if the free energy of the homogeneous melt is lower than the com- 
bined free energies of the two separate solid phases. 

Throughout this chapter we assume for simplicity that the external pressure 
may be neglected, and we set pV ~ 0. Then volume changes do not involve 
work, and the appropriate free energy is the Helmholtz free energy F rather 
than the Gibbs free energy G. We will usually simply speak of the free energy. 

We discuss binary mixtures of constituents that do not form well-defined 
compounds with each other. Our principal interest is in binary alloys. Consider 
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a mixture of N A atoms of substance A and W B atoms of substance B The total 
number of atoms is 

N + N a . (J) 

Wc express the composition of the system in terms of the fraction .v of B atoms: 

x « A'b/W ; i — x = N a /N. ^2) 

Suppose the system forms a homogeneous solution, with an average free energy 
per atom given by 

f - FfN. (3 ) 

Suppose further that /(.\) has the functional form shown in Figure 1 1.2. Because 
this curve contains a range in which the second derivative d 2 fjdx 2 is negative 
we can draw a line tangent to the curve at two points, at jc = x, and x = x [ 
Free energy curves of this shape are common, and we will see later what may 
cause this shape. Any homogeneous mixture in the composition range 

v « < * < '** ( 4 ) 

is unsure with respect to two separate phases of composition x, and * fl . Wc 
shall show that the average free energy per atom of the segregated mixture is 
given by the point i on the straight line connecting the points a and /?. Thus in the 
entire composition range (4) the segregated system has a lower free energy than 
the homogeneous system. 

Proof. The free energy of a segregated mixture of the two phases a and p is 

F = N m flx t ) + N f f(x,) , {5 ) 

where N, and are the lota! numbers of atoms in phases a and P, respectively. 
I hese numbers satisfy the relations 

N, + \’ f = A'; Xl N 3 + x,N, = N b , (6) 

which may be solved for \' 3 and N fi : 

m (7) 


Solubility Caps 



F. ure 11,2 Free energy per atom as a function of composition, for a 
system wuh a solubility gap. If, he free energy per atom of a 
homogeneous mix t u re has a shape such that a tangent can be drawn 
hat touches the curve a, two different points x and ft the composition 
range between the two points is unstable. Any mixture with a 
composition in this range wilt decompose into two phases with the 
composition x, and .v,. The free energy of the two phase mixture is 
gnen by the point i on the straight line, below the point h. 


From (5) we obtain 


m " f ■ [(x > ~ ' )/(vJ + (* - ^)/('»] , (sj 


for the free energy of ihe two phase system. This result is linear in i and is a 
straight line the /-* plane. Ifwe sc, * = ,v„ „ r « c sec lhat , hc linc docs 

h ouglt he points a and f. Thus f, in the interval between .v, and *, is given by 
the point i on the straight line connecting a and ft. 
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We have not yet made use of the assumption that the straight line is tangent to 
f(x) at the points a and p, and therefore our result holds for any straight line 
that has two points a and p in common with /(.v). But for a given value of x, the 
lowest free energy is obtained by drawing the lowest possible straight line that 
has two points in common with f(x), on opposite sides of x. The lowest possible 
straight line is the two-point tangent shown. The compositions x 2 and x f are 

the limits of the solubility gap of the system. 

Once the system has reached its lowest free energy, the two phases must be in 
diffusive equilibrium with respect to both atomic species, so that their chemical 
potentials satisfy 

= /‘a ;t B , = Vn$- (9) 

We show in Problem 1 that /r A and /r B are given by the intercepts of the two- 
point tangent with the two vertical edges of the f(x) plot at x = 0 and .v = 1, 
as in Figure 11.2. 

ENERGY AND ENTROPY OF MIXING 

The Helmholtz free energy F = U — tc has contributions from the energy and 
from the entropy. We treat the effect of mixing two components A and B on 
both terms. Let u A and tr u be the energy per atom of the pure substances A and B, 
referred to separated atoms at infinity. The average energy per atom of the 
constituents is 

u = M* + iv s :V d )/A a u A + (fig - u A )x , (10) 

which defines a straight line in the u — x plane, Figure 1 1.3. The average energy 
per atom of the homogeneous mixture may be larger or smaller than for the 
separate constituents. In the example of Figure 11.3, the energy of the homoge- 
neous mixture is larger than the energy of the separate constituents. The 
energy excess is called the energy of mixing. 

If the - ter term in the free energy is negligible, as at t = 0, a positive mixing 
energy means that a homogeneous mixture is not stable. Any such mixture will 
then separate into two phases. But at a finite temperature the — ter term in the 
free energy of the homogeneous mixture always tends to lower the free energy. 

The entropy of a mixture contains a contribution, called the entropy of mixing, 
that is not present in the entropies of the separate components. The mixing 
entropy arises when atoms of the different species are interchanged in position; 
this operation generates a different state of the system. Because of such inter- 
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Figure 11.3 Energy per atom as a function of composition 
in a system with a positive mixing energy. A simple 
example for which a solubility gap may occur is that of a 
system in which the energy per atom of the homogeneous 
mixture is greater than that of the separate phases, so that 
d'tt'dx 1 < 0 Tor all compositions. The mixing energy is the 
difference between the u(.x) curve and the straight line. 

changes a mixture has more accessible states than the two separate substances, 
and hence the mixture has the higher entropy. 

In (3.80) we calculated the mixing entropy <r M of a homogeneous alloy 
A, _ S B X , to find 


(U) 

as plotted in Figure 1 1.4. The curve of a M versus x has the important property 
that the slope at the ends of the composition range is vertical. We have 





which goes to + co as x 4 0 and to - oo as x -* I. 



x 


( 12 ) 
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inSchanil ‘.“‘Ti l" miX ‘ UrC ° f ,W0 co " st “ uc "‘* an 

«f ‘wo atoms of different species leads to a new state of the 

mixing entropy ° f StateS rda,ed in ,his ^ is the 



Consider now the quantity 


/o(*) = U(x) - (a - cr M )x/N , (]3 ) 

^napo as the «(x) curve, but offset vertically. 

If wc add the mixing entropy contribution -r c v /N to / 0 (v) we obtain at 
-nous temperatures the /(x) curves shown in Fi'gure 111 In drawing the 
Luo. we axe ignored the temperature dependence of / 0 {.v) itself, because for 
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Figure 11.5 Free energy per atom versus composition, at three 
emperaiures. The curve /„ is the free energy per atom without the 

mixing entropy contribution. For illustration a parabolic composition 
ependcnce ts assumed, and the temperature dependence of/ 0 is 
neglected. The three solid curves represent the free energy including 
the mixing entropy, for the temperatures 0.8 r M , 1,0 r M , and 1,2 r M . 
where „ IS the maximum temperature for which (here is a solubility 
gap. The phase separation at 0.8 r A , is apparent. 

our argument this is irrelevant. Three important deductions follow from the 
construction of the f(x) curves: 

(3) [em P<f tures /(x) turns up at both ends of the composition 

r. ngc, because of the infinite slope of the mixing entropy contribution. 

(b) Below a certain temperature r M there is a composition range within which 
the negative second derivative of the f 0 (x) curve is stronger than the 
positive second derivative of the -ta M contribution, thereby making it 
^ possib.e to draw a common tangent to f(x) at two different values of xT 

fc) Above x„ the curve has a positive second derivative at all compositions. 
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We conclude that the A-B system with positive mixing energy will exhibit a 
solubility gap below the temperature t„. The composition range of the gap 
widens with decreasing temperature, but the gap can reach the edges of the 
composition range only as r -* 0. At any finite temperature there is a finite 
solubility of A in B and of B in A, a result obtained earlier in Chapter 3. The 
new result is that the mutual solubility is limited only below x M . Positive 
mixing energies arise in different ways. We now discuss three examples. 


Example: Binary alloy with nearest-neighbor interactions. Consider an alloy A, in 
which the attractive interaction between unlike atoms is weaker than the attractive inter- 
action between like atoms. For simplicity we speak of the interactions as bonds. There are 
three different bonds: A-A, A-B, and B-B. Let u AA , u A8 and u RB be the potential energies of 
each bond. These binding energies will usually be negative with respect to separated atoms. 

We assume the atoms are randomly distributed among the lattice sites. The average 
energy of the bonds surrounding an A atom is 

“a “ (1 - A + XU AB . (14) 

where (1 - x) is the proportion of A and x is the proportion of B. This result is written in the 
mean field approximation of Chapter 10. Similarly, for B atoms, 

*= (1 - x)w A „ + xu M . (15) 

The total energy is obtained by summing over both atom types. If each atom has p nearest 
neighbors, the average energy per atom is 

« = 2P[(i ~ *)u A + XU B ] 

“ M(! - x) 2 u aa + 2x(! - x)u AB + x J u BB ], (16) 

The factor j arises because each bond is shared by the two atoms it connects. The result (16) 
can be written as 

u = |p[(l - x)u AA + xu BB ] + u u . (17) 

Here 

= px(l - x)[li AB - |(U AA + U aB )] (18) 

is the mixing energy. On this model the mixing energy as a function ofx is a parabola, as in 
Figure 11.5. 
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A solubility gap occurs whenever d 2 f;dx 2 < 0, that is, when 
d*u _ d 2 u u d 2 a ^ 

dx 2 cl x 2 < 1 Jx 2 = T ~dx r ' 


“ “M _ n r ,, , 

— 2p[u AB |{u AA 4- U D d)]- 


N dx 2 


X(1 - X) 


The equal sign holds for x = J. With these results (19) yields 


Lu “ M“ab ~ AA + U 8B )] (22) 

as the lower limit of the temperature for a solubility gap. 

1 here are many reasons why mixed bonds may be weaker than the bonds of the separate 
constituents. If the constituent atoms of an alloy differ in radius, the difference introduces 
clastic strains that raise the energy. Water and oil "do not mix" because water molecules 
carry a large electric dipole moment that leads to a strong electrostatic attraction between 
water molecules. This attraction is absent in water-oil bonds, which are only about as 
strong as the weaker oil-oil bonds. 


Example: Mixture of two solids with different crystal structures. Consider a homoge- 
neous crystalline mixture of gold and silicon. The stable crystal structure of gold is the face- 
centercd cubic structure in which every atom is surrounded by twelve equidistant nearest 
neighbors. The stable crystal structure of silicon is the diamond structure in which every 
atom is surrounded by only four equidistant nearest neighbors. If in pure Au we replace a 
small fraction x of the atoms by Si, we obtain a homogeneous mixture Au , . ^Si, wiih the 
fee crystal structure of Au. Similarly, if in pure Si we replace a small fraction l - x of the 
atoms by Au, we obtain a homogeneous mixture Au, _,Si„ but with the diamond crystal 
structure of Si. There are two different free energies, one for each crystal structure (Figure 
U.6). The two curves must cross somewhere in the composition range, or else pure Au and 
Si would not crystallize in different structures. The equilibrium curve consists of the lower 
of the two curves, with a kink at the crossover point. Such a system exhibits a solubility 
gap on either side of the crossover composition. The curves shown in the figure are sche- 
matic; in the actual Au-Si system the unstable range extends so close to the edges of the 
diagram that it cannot be represented on a full-scale plot extending from x — 0 to x - 1 . 
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l E urc U.6 Free energy versus composition for crystalline 
homogeneous mixtures for which the two constituents of the 
mixture crystallize in different crystal structures. Two diiTercni 
free energy curves arc involved, one for each crystal structure. 


Saps incrTstalin^nt 'Jf PUW const,tucnts are ™ important cause of solubility 

fhe wo , miK,UrC / 5 ° Ur at « umcnl a PP»«« ‘0 mixtures of this kind, provided 
ton liLTnS n °* ,ranS -° rm C0Hl “'y -h other with changing composi- 
te hvo rVvvm , aS , SUmp "° n ' n 0ur dlscussion ‘ an assumption no. always satisfied when 

h s hantTi .r, TkT ***** S,m " ar - Thc 0thcr assum P t i° n we make throughout 
chapter is that no stable compound formation should occur. In the presence of com- 
pound formation the behavior of the mixture may be more complex. 

fur7£^r! e ' 4 IlC hm U '" ,pc,un,,cs - Tl ' e most interesting liquid mix- 

.^former be t ( ^ '* 1 ° f ““ W ° hc,ium isolo P« aild 4 »C. atoms of 

b low 0 8 K r ^ C ' a,lBr bOSOm * ThCrc is a so'ubilny gap in thc mixture 
fChin. v m ' SUCC hlS PrOP ° ,l> ‘ S uilliZi:d in the ,,clium dilution refrigerator 

„ , P 14 1 he mixing energy must be positive to have a solubility gap. Thc origin of the 
", t " ‘ bC r ° ,l0W{n8: 4HC *«“ - A« sufficiently low t^pera- 

alm0Sl aM 1 k al0ms 0CCU P> lh « SrounJ itaic orbital of the system, where they have 


ii 


Phase Diagrams for Simple Solubility Gaps 


purcHlJ 0 20 30 40 50 60 70 80 90 100 

Atomic percent ■< He pure 4 He 

Figure 11.7 Liquid mixtures of J He and 4 He. 


dhrn* ci- 1 . ptef '■ * h,s enef gy has a negative second derivative 

° t,U ' “ C U/eX ' Wh,ch b * <>9) is equivalent to a positive mixing energy. 


Phase Diagrams for Simple Solubility Gaps 

1 P !Ti? S 8 tT rcpreSCT,S ,he '“"P™"" dependence ofsolubimy gaps, as in 

cnrreTj H ,v. and .v, are plol.cd homomally, lire 

corresponding temperature vertically. The x, and .v, branches merge at tire 

maximum temperature x,, for which a solubility gap exists. At a given tempera- 
ure any mixture whose overall composition falls within thc range enclosed by 
mix, “^1 C ,“ 3 h ° m0gCneous mL ««re. The phase diagrams of actual 

formoTthe'f * S ° U 1 may be more com P ,ex * according to the actual 

form of the free energy rclat.on /(.v), but the underlying principles are the same. 
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Figure 11.8 Phase diagram for a binary system with a solubility 
gap. A homogeneous mixture of composition x will be unstable at 
temperature r if the point (x.t) falls below the stability boundary 
curve. The mixture will then form two separate phases of the 
compositions given by the intersections of the stability boundary 
curve with the horizontal line for temperature r. The stability 
boundary curve shown here was calculated quantitatively for the 
system of Figure 1 1.5, with a parabolic f 0 {x). 

PHASE EQUILIBRIA BETWEEN LIQUID 
AND SOLID MIXTURES 

When a small fraction of a homogeneous liquid mixture freezes, the composition 
of the solid that forms is almost always different from that of the liquid. The 
phenomenon is readily understood from the free energies for liquid and solid 
mixtures. We consider a simple model, under two assumptions: (a) Neither the 
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itItT h3S 3 SOlUbiiky g3p - (b) Tk mellin S temperature m of pure 

ns i uent A is lower than the melting temperature t b of pure constituent B 

We consider a temperature between r A and r a ' 

The free energies per atom, f s (x) for the solid and f L ( x ) for the liquid are 

FiE “ re “- 9a - Th ' “» aTsomTcom- 

P sttton. Let us draw a tangent common to both curves, touching f s at , v = r 

“.tnaU* WC “ "" ,hr “ ** 

^[j Cn * < * Lt the syslcm in equilibrium is a homogeneous liquid 
J.! , Cn x /- <x< the system in equilibrium consists of two phases, a 
rl u,r ° f composillon x i and a liquid phase of composition x t . 

(c) When x > x s the system in equilibrium is a homogeneous solid 
The compositions x s and * t of a solid and a liquid phase in equilibrium arc 
nperature dependent. As the temperature decreases the free energy of the 
,UOrC r ;‘ pi , d ‘ y the liquid. The tangential points in 

similar todmTT ‘ ^ bchavior is rc P rcscn ^ by a phase diagram 

similar to the carher rcprcscntat.on of the equilibrium composition curves for 

with phase separation. In Figure 1 1.9b the curve for x, is called the 
liquidus curve; the curve for x s is the solidus curve. 

The phase diagrams have been determined experimentally for vast numbers 
of binary mixtures. Those for most of the possible binary alloys are known.* 

t ,°QK m °K-? a i'° yS ,hC ph3Se dia8rams are morc complicated than Figure 
11 . 9b, which was drawn for a simple system, germanium-silicon 

When the temperature is lowered in a binary liquid mixture with the phase 
tagram of Figure 11.9b, solidification takes place over a finite temperature 
range not just at a fixed temperature. To see this, consider a liquid with the 
init.al composmon x iL shown in Figure 11.10. As the temperature is lowered 
solidification begins at t = t| . The composition of the solid formed is given 
by x iS so that the composition of the remaining liquid is changed. In the 
example x ;s > X(L , so that the liquid moves towards lower values of x where the 
so hdificahon temperature is lower. The temperature has to be lowered if 
solidification is to continue. The composition of the liquid moves along the 
liquidus curve until the solidification is completed at r = r A . The solid formed 
is nonuniform in composition and is not in equilibrium. The solid may homoge- 
nize afterward by atomic diffusion, particularly if the temperature remains 
high for a long time. But for many solids atomic diffusion is too slow, and the 
inhomogeneity remains “frozen in” indefinitely. 

r T P M * n anSC ? ConMon ***** McGraw-Hill. 1958; 

, ! * a 0ys ' finl su PP lem ‘ n L McGraw-Hill. 1965; F. A Shunt 

si it ur ion of binary alloys , second supplement, McGraw-Hill, 1969. 




thTex ., U ' 9 | PK T Cq “ ,l ' brium bctwccn !i 4uid and solid mixtures. In 

< <7 C Th ^ CXhibi,S ^ S ° lubilil > ^P. Wc assume 
, < >• 1 hC /L U PP cr fi £ urc (a) shows the free energies for the two oh 

and Tin thenhi^ I’ 0 * 5 corres P ondin S P^se diagram. The curve 
The oh H T im arC C2licd ihe '^idus and the solidus cur 

= I4ax 8ram 15 GC ' $i Ph3SC di3Bram ' whh Tc - 940 e C anc 
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Figure 11.10 Most liquid mixtures do not solidify at a sham 

il=II § hssi 

Advanced Treatment: Eutectics. Thom am . ■ 

liquid phase remains a linnid a y bl " ary systems in which tbc 

lower melting temperature of theT n l ° tCmperatures significantly below the 
system: a mixture of 69 pet Au and J^nctSuf ^ 8 ° !d ' SlIlcon al, °y is sucb a 

compositions solidification starts at a hiaherT 8 *° S ° hdlfy at 370 ° C At other 
temperature of the onset of SLtion a Whc " - P»ol the 

we obtain the two-branch liauichis r • Uncllon of alI °y composition, 
liquidus branches are called cuteef tT F ' gUre 1 11 *• Mixtures with two 

« above the eutectic ° *** *** * , “™' »* 

CXhibi ' 3 Solubi,il X sap in the 

free energy plots in Figure 1 1 . t u ^ Ca ° be UndefStood from the 

s m t tgure 1 1 . 1 2a. We assume / 5 (.v) for the solid as in Figure ]| .6. 
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Figure 11.11 Eutectic phase diagram of gold-silicon alloys. The liquidus consists of two 
branches that come together at the eutectic temperature T. = 370 : C. The horizontal 
line and the experimental data points at 370'C indicate that throughout the entire 
composition range the mixture docs not complete its solidification until the eutectic 
temperature is reached. 


corresponding to different crystal structures a and /? for the two pure con- 
stituents. Figure 11.12a is constructed for a temperature above the eutectic 
temperature but below the melting temperature of either constituent, so that 
the free energy of the liquid reaches below the common tangent to the solid 
phase curves. We can draw two new two-point tangents that give even lower free 
energies. We now distinguish five different composition ranges: 

(a) and (e). For x < x aS or x > x ps , the equilibrium state of the system is a 
homogeneous solid. In the first range the solid will have the crystal structure a; 
in the second range the structure is /?. 

(c). For x xL < x < x pL , the equilibrium state is a homogeneous liquid. 

(b) and (d). For x^ < x < x aL or x pL < x < x fiS , a liquid phase is in 
equilibrium with a solid phase. 

As the temperature is lowered, f aS and f ps decrease more rapidly than f L , 
and the range of the homogeneous liquid becomes narrower. Figure 11.12b 
shows the corresponding phase diagram, including the two solidus curves. 


Phase Equilibria Between Liquid and Solid Mixtures 



Figure 11.12 Free energies (a) and phase diagram (b) in a simple eutectic 
system. 


At the eutectic temperature i e the free energy of the liquid phase is tangential 
to the common tangent to and f fs , as in Figure 1 1.13. The composition at 
which f L touches the tangent is the eutectic composition. At x < x t , the free 
energy f L lies above the tangent, although f L may be below the free energy of 
a homogeneous solid. 

A mixture of composition equal to the eutectic composition solidifies and 
melts at a single temperature, just like a pure substance. The solidification of 
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Figure 11.13 Fret energies in a eulectie system al t - t. and al , < 


3wds a™U eutM^te 11 ' ' U ' CC1,C “ mposilion s,ar,s » higher (cmpcralurt 
and ends a. a higher tctnpST'' ‘ ' ' "" 8 S,ar ‘ S 3 ‘ lhe CU " Ctic " mpccau ' rc 

utifedtiT r P ! r,y 0f ,' hC '"¥■* *«»»"« °f eutectics is widely 
nology th cu cede neTmht 1 ’ 31 ' 5 “ “'»* r °' e device ,cd" 

TT UtC r ldi "« .of ““*1 comae, 

II 14) a, 183V „■ ta cvlccs ‘ L ca d-lin alloys exhibit a eutectic (Figure 

232'C Arm r , 8 f dCr 1 mCili " g k,n Pcralure Mow that of pure tin 

desired either 'the cx^cml ShafP ' Cm[>Cra, " re or a mdli "e range is 

„ . ,lct cu,CUlc composition (26pcl lead) or a different com- 

f ice becausc of t*« low 

Pb “ — 

contain i„ apprccbble c, V? 1 " 1 “ “" ,ilibn '““> " «'* 'He melt 

increases with^-cre ■ f ° f ,hc minoril >' constituent, and this fraciion 
snialiTr „ w t ,r ^'? PC ' a '“ re - oUlcr s)s, ™' s lhis fraction may be 
is an esan.pfe TI C r |m dccrcas,n S .>«npcrature. or both. The Au-Si system 

an Au-Si melt re l . K,M " c ™ mmumon of An in solid Si in equilibrium with 

HdropsXC,r“ 

assumed, ° f fr “ “"** ° f Figura 1112 a "« 11.13 we 

med that the composition a, which the liquid phase free energy touches the 


ngurc J 1.14 
of lhe Pb-Sn 
Jackson. 


(a) Phase diagram of the Pb-Sn system, after Hansen, (b) Microphotoeraph 
eutectic, magnified about S00 limes. Courtesy of J. D. Hunt and K. A. ~ 
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Problems 


tangent to the solid phase curves lies between the compositions x lS and x fiS . 
In some systems this point lies outside the interval, as if either and f L or 
and / L were interchanged in Figure 11. 12a. Such systems are called pcritectic 
systems. 


SUMMARY 

1. A mixture exhibits a solubility gap when the combined free energy of two 
separate phases side by side is lower than the free energy of the homogeneous 
mixture. 

2. The mixing entropy arises when atoms of different species are interchanged 
in position. For the alloy A, _ X B Z1 wc have 

°m ~ “N[(l “ -v) log(l - .x) + xlogx]. 

3. The mixing energy for nearest-neighbor interactions is 

U M = px( i - *)0 AB - i(u AA + W BB )] , 
for p nearest neighbors. 

4. The liquidus is the composition curve x L versus t for a liquid phase in 
equilibrium with a solid. The solidus is the composition curve x s versus t 
for a solid phase in equilibrium with a liquid. 

5. Mixtures with two branches to the liquidus curve are called eutectics. The 
minimum solidification temperature is called the eutectic temperature. 


PROBLEMS 

i 

1. Chemical potentials in two-phase equilibrium. Show that the chemical po- 
tentials p A and p a of the two atomic species A and B of an equilibrium two 
phase mixture are given by the intercepts of the two-point tangent in Figure 1 1.2 
with the vertical edges of the diagram at x - 0 and x - 1. 

2. Mixing energy in 3 He— *He and Pb-Sn mixtures. The phase diagram of liq- 

uid 3 Hc- 4 He mixtures in Figure 11.8 shows that the solubility of 3 He in 4 He 

remains finite (about 6 pci) as r 0. Similarly, the Pb-Sn phase diagram of 
Figure 11.14 shows a finite residual solubility of Pb in solid Sn with decreasing 


r. What do such finite residual solubilities imply about the form or the function 

3. Segregation coefficient of impurities. Let B be an impurity in A, with x « 1 . 
In this limit the non-mixing parts of the free energy can be expressed as linear 
functions of ,x, as / 0 (.v) — / o (0) + x/ o '(0), for both liquid and solid phases. 
Assume that the liquid mixture is in equilibrium with the solid mixture. Calculate 
the equilibrium concentration ratio k ~ x s /x L , called the segregation coefficient. 
For many systems k « 1, and then a substance may be purified by melting 
and partial resolidificalion, discarding a small fraction of the melt. This principle 
is widely used in the purification of materials, as in the zone refining of semi- 
conductors. Give a numerical value for k for f os ‘ - f OL ' = 1 e V and T « 1000 K. 

4. Solidification range of a binary alloy. Consider the solidification of a binary 
alloy with the phase diagram of Figure;- 11.10. Show that, regardless of the 
initial composition, the melt will always become fully depleted in component B 
by the time the last remnant of the melt solidifies. That is, the solidification 
will not be complete until the temperature has dropped to T A . 

5. Alloying of gold into silicon, (a) Suppose a 1000 A layer of Au is evaporated 
onto a Si crystal, and subsequently heated to 400°C. From the Au-Si phase 
diagram, Figure 11.11, estimate how deep the gold will penetrate into the 
silicon crystal. The densities of Au and Si are 19.3 and 2.33 gem' 1 2 3 , (b) Redo 
the estimate for 800' J C. 
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Cryogenics is the physics and technology of the production oflow temperatures. 
We discuss the physical principles of the most important cooling methods, 
down to the lowest temperatures. 

The dominant principle oflow temperature generation down to lOmK is the 
cooling of a gas by letting it do work against a force during an expansion. The 
gas employed may be a conventional gas; the free electron gas in a semicon- 
ductor; or the virtual gas of 3 Hc atoms dissolved in liquid 4 He. The force 
against which work is done may be external or internal to the gas. Below 
10 mK the dominant cooling principle is the iscntropic demagnetization of a 
paramagnetic substance. 

We discuss the cooling methods in the order in which they occur in a 
laboratory cooling chain that starts by liquefying helium and proceeds from 
there to the lowest laboratory temperatures, usually 10 mK, sometimes 1 pK. 
Household cooling appliances and automobile air conditioners utilize the 
same evaporation cooling method that is used in the laboratory for cooling 
liquid helium below its boiling temperature, to about 1 K. 


COOLING BY EXTERNAL WORK 
IN AN EXPANSION ENGINE 

In the isentropic expansion of a monatomic ideal gas from pressure p l to a 
lower pressure p 2 , the temperature drops according to 

T 2 = T lipilpi) 11 *, (1) 

by (6.64). Suppose p, = 32atm; p 2 = 1 atm; and = 300K; then the tem- 
perature will drop to T 2 - 75 K. We are chiefly interested in helium as the 
working gas, and for helium (1) is an excellent approximation if the cooling 
process is reversible. 

The problems in implementing expansion cooling arise from the partial 
irreversibility of actual expansion processes. The problems are compounded 
by the nonexistence of good low temperature lubricants. Actual expansion 
cooling cycles follow Figure 12.1. The compression and expansion parts of 
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Figure 12.1 Simple expansion refrigerator. A working gas is 
compressed; the heat of compression is ejected into the 
environment. The compressed room temperature gas is 
precooled further in the counterflow heat exchanger. It then 
does work in an expansion engine, where it cools to a 
temperature below that of the working volume. After extracting 
heat from the working volume, the gas returns to the compressor 
via the heat exchanger. 
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the cycle are separated. The compression is performed at or above room 
temperature. The hot compressed gas is cooled to near room temperature 

by ejecting heat into the environment. The gas is further precooied in a counter- 
flow heat exchanger by contact with the cold return gas stream at the low 
temperature of the cooling load. The gas is then cooled to its lowest temperature 
in the expansion engine, usually a low friction turbine. The cold gas extracts 
heat from the cooling load and then returns to the compressor via the heat 
exchanger. The heat exchanger greatly reduces the cooling requirements im- 
posed on the expansion engine. The design of the heat exchanger is as important 
as the design of the expansion engine. 

The work extracted by the expansion engine is the enthalpy difference 
between the input and output gas: The total energy flowing into the expansion 
engine is the internal energy 17, of the gas plus the displacement work p,K, 
done by the compressor, where both U, and l / , refer to a given mass of gas. 
The total energy leaving the engine with the gas is the energy U 2 of the gas 
plus the work p 2 V 2 required to move the gas against the pressure p 2 . The work 
extracted by the engine is the difference 

IV = .(U, + PM - (U 2 + p 2 V 2 ) = H x - H 2 . (2) 

For a monatomic ideal gas (7 == \Nx and pV - Nr, hence H = \Nx. The 
work performed on the engine by the gas is 

IF - |N( t, - r 2 ). (3) 

The counterflow heat exchanger is an enthalpy exchange device: it is an 
expansion engine which extracts no external work. 

Most gas iiquefiers use expansion engines to precool the gas close to its 
liquefaction temperature. It is impractical to carry the expansion cooling to 
the point of liquefaction: the formation of a liquid phase inside expansion 
engines causes mechanical operating difficulties. The final liquefaction stage 
is usually a Joulc-Thomson stage, discussed below. Helium and hydrogen 
Iiquefiers usually contain two or more expansion engines at successive tem- 
peratures, with multiple heat exchangers. 

The principle of cooling by isentropic expansion of an ideal gas is applicable 
to the electron gas in semiconductors. When electrons flow from a semi- 
conductor with high electron concentration into a semiconductor with a lower 

electron concentration, the electron gas expands and does work against the 
potential barrier between the two substances that equalizes the Uvo chemical 
potentials. The resulting electronic cooling, called the Peltier effect, is used 
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down to about 195 K quite routinely; in multistage units temperatures down 
to 135 K. have been achieved. 

Gas Liquefaction by the Joule-Thomson Effect 

In ter molecular attractive interactions cause the condensation of all gases. At 
temperatures slightly above the condensation temperature the interactions are 
strong enough that work against them during expansion causes significant 
cooling of the gas. If the cooling is sufficient, part of the gas will condense. 
This process is Joule-Thomson liquefaction. 

I he practical implementation is simple. Gas at pressure p, is forced through 
a constriction called an expansion valve into space with a lower pressure p 2 , 
as in Figure 12.2. The work is the difference between the displacement work 
-P../P, done on the gas in pushing it through the expansion valve and the 
displacement work +p 2 tlV 2 recovered horn the gas on the downstream side. 
Here dV l is negative and tlV 2 is positive. 

The overall process is at constant enthalpy. To see this, notice that the 
expansion valve acts as an expansion engine that extracts zero work. With 
IP - 0 in (2), we have H , = H 2 in the Joulc-Thomson effect. For an ideal gas 
H = |Nt, so that t, = t 2 in the expansion. There is zero cooling effect for an 
idea! gas. 

In real gases a small temperature change occurs because of the internal 
work done by the molecules during expansion. The sign of the temperature 



Figure 12.2 The Joule-Thomson effect. A gas is pushed 
through an expansion value. If the gas is nonideal, there will 
be a temperature change during the expansion because of work 
done against the intermolecuiar forces. If the temperature is 
initially below a certain inversion temperature, r ilu , the gas 
will cool on Joule-Thomson expansion. 
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Table 12.1 Liquefaction data for low boiling cases 


Gas 

7V 

K 

TV 

K. 

TV.. 

K 

AW. . 

kJ/mol j 

K 

cm J /mo! 

AW/K 
watt hr, liter 

CO, 

195 

304 

(2050) 

25.2 j 

22.3 

314 

CH* 

112 

191 

(1290) 

8.18 

34.4 

66 

O; 

90.2 

155 

893 

6.82 

28.1 

67 

N, 

77.3 

126 

621 

5.57 

34.6 

45 

Hr 

20.4 

33.3 

205 

0.90 

28.6 

8.7 

4 He 

4.18 

5.25 

51 

0.082 

32.0 

0.71 

3 He 

3.20 

3.35 

i 

(23) 

0.025 

S 50.8 

0.14 


note: T k «= atmospheric-pressure boiling temperature; T, = critical temperature: T u , = Joulc- 
"Ihomson inversion temperature; AH = molar latent heat of vaporization; l', = molar volume of 
the liquid. The last column. A ll/V, indicates the heat in walls that can be taken up for a refrigerant 
consumption of I liter per hour; T ta , values in parentheses arc van dcr Wauls values calculated 
from T, and not measured value. 

Carbon dioxide solidifies when cooled at atmospheric pressure, because its triple point occurs 
above atmospheric pressure. Solid CO, is known as dry ice. Methane, CH«. is the principal con- 
stituent of natural gas, which is liquefied in huge quantities for shipping as LNG fuel. Liquid 
oxygen and nitrogen are separated in the liquefaction of air. For helium, we give data both for the 
common isotope *He and for 3 He. 


change during a Joule-Thomson expansion depends on the initial temperature. 
All gases have an inversion temperature t inv below which such an expansion 
cools, above which it heats the gas. Inversion temperatures for common gases 
are listed in Table 12.1. 



Example: Joule-Thomson effect for ran dcr Wants gas. We found in (10.75) that 


H « §Nt + {.\ 2 /V){bx - 2a) (4) 

for a van der Waals gas, where a and b are positive constants. The last two terms are the 
corrections caused by the short range repulsion and the long range attraction. The correc- 
tions have opposite signs. The total correction changes sign at the temperature 

t; nv = 2a, b = 2 /t £ , (5) 

where r e is the critical temperature, defined by (10.46). 

The temperature r ln , is the inversion temperature. For r < r in , the enthalpy at fixed 
temperature increases as the volume increases; here in expansion the work done against the 
attractive interactions between molecules is dominant. In a process at constant enthalpy 
this increase is compensated by a decrease of the {Nt term, that is, by cooling the gas. For 
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I > ii n> the enthalpy at a fixed temperature decreases because now the work done by the 
strong short range repulsive interactions is dominant; at the higher temperature the 
molecules penetrate farther into the repulsive region. 



Linde cycle. In gas liquefiers the Joule-Thomson expansion is combined with 
a counterflow heat exchanger, as shown in Figure 12.3. The combination is 
called a Linde cycle, after Carl von Linde who used such a cycle in 1895 to 
liquefy air starting from room temperature. In our discussion we assume that 
the expanded gas returning from the heat exchanger is at the same temperature 
as the compressed gas entering it. We neglect any pressure difference between 
the output of the heat exchanger and the pressure above the liquid. 


To and from compressor 
or procooling stages 



Figure 12.3 The Linde cycle. Gas is liquefied 
by combining Joule-Thomson expansion with 
a counlerflow heat exchanger. 
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Input pressure, atm 

Figure 12 4 Performance of helium liquefiers operating by the Linde cvrle 
as a f uncllon „f the input pressure, for an outpu^c of ^ atm and ' ' 

or various values of the input temperature. Tire solid curves give the 
liquefaction coefficient. The broken curves give Q inl = // , * H lhc 
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Refrigeration load Q lol , in J mol' 
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Evaporation Cooling: Pumped Helium, to 0.3 K 

arrangement. Let' one nwko^^ ^ is a ccmsta,u “Whalpy 
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W out - n liq ' O) 

called the liquefaction coefficient. 

Liquefaction takes place when H out > H in ; that is, when 

HiT in ,p out ) > H{T in ,p ia ). (8) 
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Evaporation Cooling: Pumped Helium, to 0 3 K 
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I able 12.2 Temperatures, in kclvin, at which the vapor pressures of 4 Hc and 
3 Ho reach specified values 


P (torr) 

I(T 4 

10" 3 

10‘ J 

10~» 

1 

10 

100 

4 He 

0.56 

0.66 

0.79 

0.98 

1.27 

1.74 

2 64 

3 Hc 

0.23 

0.28 

0.36 

0.47 

0.66 

1.03 

1.79 


The lowest temperature accessible by evaporation cooling of liquid helium 
is a problem in vacuum technology (Chapter 14). As the temperature drops, the 
equilibrium vapor pressure drops (Table 12.2) and so docs the rate at which 
helium gas and its heal of vaporization can be extracted from the liquid helium 
bath. 

Evaporation cooling is the dominant cooling principle in everyday cooling 
devices such as household refrigerators and freezers and in air conditioners. 
The only difference is in the working substance. 

Helium Dilution Refrigerator: Millidegrees 

Once the equilibrium vapor pressure of liquid 3 He has dropped to HT’torr, 
classical refrigeration principles lose their utility. The temperature range from 
0.6 K to 0.01 K is dominated by the helium dilution refrigerator, which is an 
evaporation refrigerator in a very clever quantum disguise.* 

We saw in Chapter 7 that 4 He atoms are bosons, while 3 He atoms are fer- 
mions. This distinction is not important at temperatures appreciably higher 
than the superfluid transition temperature of “He, 2.17 K. However, the two 
isotopes behave as altogether different substances at lower temperatures. Below 
0.87 K liquid 3 He and “He arc immiscible over a wide composition range, like 
oil and water. This was discussed in Chapter 11 and is shown in the phase 
diagram of 3 He- 4 He mixtures in Figure 11.7. A mixture with composition in 
the range labeled unstable will decompose into two separate phases whose 
compositions are given by the two branches of the curve enclosing that area. 
The concentrated 3 He phase floats on top of the dilute 3 He phase. 

As T -» 0, the 3 Hc concentration of the phase dilute in 3 Hc drops to about 
6 pet, and the phase rich in 3 He becomes essentially pure 3 He. Consider a liquid 


' For good reviews, see D. S. Belts, Contemporary Physics 9. 97 {1 968) ; j. C. Wheatley. Am. J. Phys. 
36, 181 (1968); for a general review of cooling techniques below 1 K see W. J. Huiskamp and O. V. 
Lounasmaa, Rcpts. Prog, Phys. 36, 423 (1973); O. V. Lounasmaa, Experimental principles and 
methods below 1 K, Academic Press, New York, 1974. A very elementary account is O.V. Lounasmaa, 
Scientific American 221, 26 (1969). 
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3 He 

^■“evaporation’ 


3 He 

3 He^^ 

4 He — 


3 He + “He ' / ' •* 


Figure 12.5 Cooling principle of the helium dilution refrigerator. Liquid 
3 Hc is in equilibrium with a 3 Hc- 4 Hc mixture. When “He is added to the 


mixture, 3 Hc evaporates from the pure 3 He fluid and absorbs heat in the 
process. • ... _ 


3 He-“He mixture with more than 6 pci 3 lle at a temperature in the millidcgree 
range, near the bottom of Figure 1 1.7. At these temperatures almost all the 4 He 
atoms have condensed into the ground state orbital. Their entropy is negligible 
compared to that of the remaining 3 He atoms, which then behave as if they were 
present alone, as a gas occupying the volume of the mixture. If the 3 Hc concen- 
tration exceeds 6 pet, the excess condenses into concentrated liquid 3 He and 
latent heat is liberated. If concentrated liquid 3 He is evaporated into the “He 
rich phase, the latent heat is consumed. The principle of evaporation cooling 
can again be applied: this is the basis of the helium dilution refrigerator. 

To see how the solution of 3 He can be employed to obtain refrigeration, 
consider the equilibrium between the concentrated 3 He liquid phase and the 
dilute 3 Hc gas-like phase (Figure 12.5). Suppose that the 3 Hc:“Hc ratio of 
the dilute phase is decreased, as by dilution with pure “He. In order to restore 
the equilibrium concentration, 3 He atoms will evaporate from the concentrated 
3 He liquid. Cooling will result. 

To obtain a cyclic process the 3 Hc-“He mixture must be separated again. 
The most common method is by distillation, using the different equilibrium 
vapor pressures of 3 He and “He (Table 12.2). Figure 12.6 shows a schematic 
diagram of a refrigerator built on these principles. The diagram is highly 
oversimplified. In particular, in actual refrigerators the heat exchanger between 
the mixing chamber and the still has an elaborate multistage design. An alternate 
method* to separate the. 3 He- “He mixture utilizes the superfluidity of “He 
below 2.17 K. For a variety, of practical reasons it is less commonly used, 
although its performance is excellent. 



Helium Dilution Refrigerator ; MitUJegr, 
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ISENTROPIC DEMAGNETIZATION: 

QUEST FOR ABSOLUTE ZERO 

Below 0.01 K. the dominant cooling process is the iscmropic (adiabatic) demag- 
netization of a paramagnetic substance. By this process, temperatures of 1 mK 
have been attained with electronic paramagnetic systems and I /iK with nuclear 
paramagnetic systems. The method depends on the fact that at a fixed tempera- 
ture the entropy ofa system of magnetic moments is lowered by application of a 
magnetic field— essentially because fewer states are accessible to the system 
when the level splitting is large than when the level splitting is small. Examples 
of the dependence 0 r the entropy on the magnetic field were given in Chapters 2 
and 3. 

We first apply a magnetic field B, at constant temperature t,. The spin excess 
will attain a value appropriate to the value of If the magnetic field is then 
reduced to B z without changing the entropy of the spin system, the spin excess 
will remain unchanged, which means that B 2 /t 2 will equal If B z « B t , 
then j 2 « tj. When the specimen is demagnetized iscnlropically, entropy can 
flow into the spin system only from the system of lattice vibrations, as in Fig- 
ure 12.7. At the temperatures of interest the entropy of the lattice vibrations is 
usually negligible; thus the entropy of the spin system will be essentially constant 
during isentropic demagnetization of the specimen. 



1 ime at which Time at which 

magnelic field magnetic field 


is removed is removed 

Figure 12.7 During isentropic demagnetization the total entropy of the s 
specimen is constant. The initial entropy of the lattice should be small in 
comparison with the entropy of the spin system in order to obtain significant 
cooling of the lattice, 
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T, in mK 

Figure 12.8 fintropy for a spin } system as a function of temperature, assuming 
an internal random magnetic field 13 S of 100 gauss. The specimen is magnetized 
lsolhcrmally along ah, and is then insulated thermally. The external magnetic 
field is turned olf alone he. In order to keep the figure on a reasonable scale 
the initial temperature T, and the external magnetic field arc lower than would be 
used in practice. 


The steps carried out in the cooling process are shown in Figure 12.8, The 
field is applied at temperature Tj with the specimen in good thermal contact 
with the surroundings, giving the isothermal path ah. The specimen is then 
insulated (Aa = 0) and the field removed; the specimen follows the constant 
entropy path be, ending up at temperature x 2 . The thermal contact at x, is 
provided by helium gas, and the thermal contact is broken by removing the 
gas with a pump. 

The population of a magnetic sublevel is a function only ofiuB/t, where m 
is the magnetic moment of a spin. The spin-system entropy is a function only 
of the population distribution; hence the spin entropy is a function only ofniB/r. 
tf B A is the effective field that corresponds to the diverse local interactions among 
the spins or of the spins with the lattice, the final temperature r 2 reached in an 
isentropic demagnetization experiment is 

f 2 « (9) 

where B is the initial field and r, the initial temperature. Results are shown in 
Figure 119 for the paramagnetic salt known as CMN, which denotes cerous 
magnesium nitrate. 


t 
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° 0,1 °' 2 03 0.4 0.5 0.6 

Final temperature, in K 

Figure 1 2.9 Final magnetic field B , versus final 

liZT.'T/' f ° r magnCtk COO ' ins ° fccrous 

nitrate. In these experiments the magnetic field was not 
removed enurely. but only to the indicated values. The 
>mhul fields and temperatures were identical in all runs. 
After unpublished results Of J. $. Mill ail(1 j. H MiJncr 
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The process described so far is a single shot process. I, is easily converted 
c) etc process by thermally disconnecting, in one way or another the 

t working substance from the load, reconnecting U to the reser'voir 

at r,, and repeating the process.* 

Nuclear Demagnetization 

a B ™h n “ Ci ? ma u 8nCtiC m ° mentS are weak - nudear ™snetic interactions 
weaker than similar electronic interactions. We expect to reach a 

pTa™ 3 , ^ •“ '""y T r ' Vilh a nuclcar ta with an electron 

paramagnet. The mtltal temperatnre of the nuclear stage in a nuclear spin- 


R^n V bl A \ c B i-rT and"? !' r, ^ ^ ^ ^ '° S8 (1954 ^ W - P - Frau, S. S. 

. a- a»rcj crt. and J. A. Barclay, Cryogenics 17. 381 (1977). 
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Initial magnetic field in kG 



Initial B/7‘ in 10 s G/K 


Figure 12.1° Nuclear demagnetizations of copper 
S' ‘ hc ” ,C ‘ al - s,ar,in 8 from 0.012 K and various 
2 1902 wn " " nd N ' Kl1 " 1 - 
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TlTs^^* 1 ^ ^ ^'^wu^of^he^^imum^in^tropy 

Tins ,s sufhcient to overwhelm the lattice and from (9) we es. mate a final 

o c z:t r 10 *• The ,im nuc,ear ^ 

smge at about 0 02 C ° K WO S C “ “ * h ' from a fust 

stage at about 0.02 K as atta.ned by electron demagnetization cooling The 

lowest temperature reached in this experiment was 1 2 x l(r 6 K Th^ L t, 

111 Fi *“« 12.10 fit a line of the form of V 7\ - T 3 with r 
tint R _ t i . -rv • , ' 2 - ‘ with B in gauss, so 

% 3.1 gauss. This is the effective interaction field of the magnetic mo- 
ments of the Cu nuclei. The motivation for using nuclei in a met^rather than 

of Imtir, T “ ,,duc,bn elcctro " s help ensure rapid thermal comae 
of latnce and nuclei at the temperature of the first stage. 

co .uTT 5 !>W * ,<K ilaV,: bccn ac ' 1:cv ' (t * n experiments in which the 
toohng load was the system of nuclear spins itself. parLarly in c.xpcrimclL 
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that were combinations of cooling experiments and nuclear magnetic resonance 
experiments.* 


SUMMARY 

1. The two dominant principles of the production of low temperatures arc the 
cooling ora gas by lotting tt do work against a force during an expansion 
and the iscntropic demagnetization of a paramagnetic substance. 

2. Joulc-Thomson cooling is an irreversible process in which work is done 
against interatomic attractive forces in a gas. It is used as the last cooling 
stage in liquefying low-boiling cases. 

3. In evaporation cooling the work is also done against the interatomic forces, 
but starting from the liquid phase rather than the gas phase. Using different 
working substances, evaporation cooling forms the basis of household 
cooling devices, automobile air conditioners, and laboratory cooling devices 
(m the range 4 K down to 10 mK). 

4. The helium dilution refrigerator is an evaporation cooling device in which 
the gas is the virtual gas of 3 He atoms dissolved in 4 Hc. 

5. Isentrcpic demagnetization utilizes the lowering of the temperature of a 

system of magnetic moments, when an external magnetic field is reduced in 
strength, fhe magnetic moments may be electronic or nuclear moments, 
by using nuclear moments, temperatures in the microkelvin range may be 
achieved. 3 


PROBLEMS 

1. Helium as a van tier Waals gas. (a) Estimate the liquefaction coefficient 2 
for helium by treating it as a van der Waals gas. Select the van der Waals 
coefficients n and 6 ,n such a way that for one mole 2 Nb is the actual molar 
volume of liquid helium and that lajb is the actual inversion temperature. 
Use the data m Table 12.i. Approximate the denominator in (7) by setting 

~ H li(1 - AH -f §(r in - T i;<i ) , (10) 


849 C ( C i970) CXamPlC ’ M ' Chapcl!ief > M - Goldman, V. H. Chau and A. Abragam, Appl. Phys.41, 
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Where AH is the latent heat of vaporization of liquid helium. (Explain how this 
approximation arises if one treats the expanded gas as an ideal gas). The 
resulting expression gives /. as a function of the molar volumes V in and V oul . 
Convert to pressures by approximating the F's via the ideal gas law" (b) Insert 
numerical values for T = 15 K and compare with Figure 12 . 4 . 

2. Ideal Carnot liquefier . (a) Calculate the work W L that would be required to 
liquefy one mole of a monatomic ideal gas if the liquefier operated reversibly. 
Assume that the gas is supplied at room temperature T 0 . and under the same 
pressure p 0 at which the liquefied gas is removed, typically 1 atmosphere. Let 
/ i, be the boiling temperature of the gas at this pressure, and All the latent heat 
of vaporization. Show that under these conditions 

Hi - iRT 0 x (log I? - i * A/( . (!|) 

To derive (11) assume that the gas is first cooled at fixed pressure p 0 from T 0 
to T b , by means of a reversible refrigerator that operates between the fixed 
upper temperature I h = T 0 and a variable lower temperature equal to the gas 
temperature. Initially T, — F 0 , and at the end T, = 7 ft . After reaching T b the 
refrigerator extracts the latent heat of vaporization at the fixed lower tempera- 
ture r„. (b) Insert T 0 = 300 K and values for T b and AH characteristic of 
helium. Re-express the result as kilowatt-hours per liter of liquid helium. 
Actual helium liquefiers consume 5 to 10 kWh. liter. 

3. Claude cycle helium liquefier. Consider a helium liquefier in which 1 mol s~ * 
of gas enters the Linde stage at T in = 15 K and at a pressure p ia » 30 atm. 
(a) Calculate the rate of liquefaction, in liter hr” *. Suppose that all the liquefied 
helium is withdrawn to cool an external experimental apparatus, releasing the 
boilcd-off helium vapor into the atmosphere. Calculate tiie cooling load in 
watts sufficient to evaporate the helium at the rate it is liquefied. Compare this 
with the cooling load obtainable if the liquefier is operated as a closed-cycle 
refrigerator by placing the apparatus into the liquid collection vessel of the 
liquefier, so that the still cold boiled-off helium gas is returned through the heat 
exchangers, (b) Assume that the heal exchanger between compressor and ex- 
pansion engine (Figure 12.1) is sufficiently ideal that the expanded return gas 
that leaves it with pressure p oul is at essentially the same temperature T c as the 
compressed gas entering it with pressure p c . Show that under ordinary liquefier 
operation the expansion engine must extract the work 

Mi - - H(T in ,p in ) 

- (I - /)[H(T c ,p 0 J - H(T in . Po J ] a fz R(T C - TJ , (12) 
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a“ <V- »»« ^ have ,he s ame waning 

the minimum compressor nnuvr r *,-, i . ml. calculate (p f ,r C ).(c) Estimate 

that the compression is isothermaUrom P ° °foT-t llqUefier * by assumin S 
Combine the result with , °™ Paa ' Jt lc ‘npcrature 7\ = 50'C 

of refrigerator performance for bothmod"'^^^ UndW (a) int ° a cocfficic »‘ 
Carnot limit. ’ ' b °' h m ° deS of 0 P cra *'°n- Compare with the 

be achieved^” evapo^atfon" coohng oT liquid^He^ j|. e ^ ri ^ erat J! re [-u that can 
and the vacuum pumo has n„„ ° To 1 f coolm 8 load is 0.1 W 
"clium vapor prcssuT above 5T£Xfw“ "'"C' A “™ C tl '“' «» 
vapor pressure corresponding to T ..h ,UIU ,S | W,U: I ‘ I l ° ,1,e equilibrium 
t'P to room temperature and xnmtds ^“rT \ r ^ hc,ium * as 
Note: The molar volume S , bcfor ‘ •» enters the pump, 

pressure (760 torr) is about 24 lilts, Rcmtfocrl ,lT “ nd a,mos Pherie 

ChaterU 10 ‘ ^ ‘ pUmp : ( ,0 ' UlCr S ~ ‘h ^mp s^ced is defined'^ 

- ■»* ofSsr^s:r snifl - 
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9. Injection Laser 

10. Minority Carrier Lifetime 

11. Electron-Hole Pair Generation 


Swn i Y Vr ! UCn f0r . s,u< j cnu w L ith a Professional interest in semiconductors. We assume 
nTSlS! d “ nCC 1 elCCIl0nS and h0 '“ ; d0n0rs and acceptors. The 

n, = concentration of conduction electrons; 

n, = concentration of holes; 

n i “ va * ue °f n « or n » tor an intrinsic semiconductor; 

ft, = effective quantum concentration for conduction electrons; 

n. « effective quantum concentration for holes. 

In the semiconductor literature ft, and n, are called the effective densities of states for the conduction 
nd valence bands. Notice that we use p for the chemical potential or Fermi level, and wc use ij for 
earner mooilities. 
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ENERGY BANDS; FERMI LEVEL; 

ELECTRONS AND HOLES 

The application of the Fermi-Dirac distribution to electrons in semiconductors 
is central to the design and operation of all semiconductor devices, and thus 
to much of modern electronics. We treat below those aspects or the physics 
of semiconductors and semiconductor devices that are parts of thermal physics. 
We assume that the reader is familiar with the basic ideas of the physics of 
electrons in crystalline solids, as treated in the texts on solid state physics 
and on semiconductor devices cited in the general references. We assume the 
concept of energy bands and of conduction by electrons and holes. Our principal 
aim is to understand the dependence of the all-important concentrations of 
conduction electrons and of holes upon the impurity concentration and the 
temperature. 

A semiconductor is a system with electron orbitals grouped into two energy 
bands separated by an energy gap (Figure 13.1). The lower band is the valence 
band and the upper band is the conduction band.* In a pure semiconductor at 
t = 0 all valence band orbitals are occupied and all conduction band orbitals 
are empty. A full band cannot carry any current, so that a pure semiconductor 
at r 0 is an insulator. Finite conductivity in a semiconductor follows either 
from the presence of electrons, called conduction electrons, in the conduction 
band or from unoccupied orbitals in the valence band, called holes. 

Two different mechanisms give rise to conduction electrons and holes; 
Thermal excitation of electrons from the valence band to the conduction band, 
or the presence of impurities that change the balance between the number 
of orbitals in the valence band and the number of electrons available to fill them. 

We denote the energy of the top of the valence band by e,., and the energy 
of the bottom of the conduction band by e ( . The difference 

£ * = £ < - ( 1 ) 

is the energy gap of the semiconductor. For typical semiconductors E t is between 
0.1 and 2.5 electron volts. In silicon, ~ 1.1 eV. Because t ~ 1/40 eV at room 

• We treat both bands as single bands; for our purposes it does not mailer that both may be groups 
or bands with additional gaps within each group. 


1 
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Energy. * 


Conduction band 


• r if 


Empty 
at r = 0 


Energy gap 


Valence band 




|V l 


The L-Icctron orbitals oreu/in^ands^h' ^ semiconducIor or insulator. 
At - 0 all orbitals u p o , "e 0 Toft? ^ ^ ^ 

conduction band is empty ThV h band are fi!lcd - and the 

•he energy gap . P ‘ y ' ThC ,n,crvai between the bands is called 


™“?„m r cr Wi,h ° ,hcr ecdcS. gaPS for **““ 

cc,ura, i ;„ orholcs " i ; electrons and „ the con . 

pure semiconductor the two will be equal: 


n — >t. 

(2) 

•f the crystal is electrically neutral. 

impurities that may becon, c tTm nit 1 intenlional! y doped with 

temperature. Impurities that give 'an ele’T m the semiconductor at room 

Posili « | y charged i„ Ihe proc « s) ar " ? r .°" '° ,hc i (»"d become 

i wessj are called donors. Impurities that accept 


Energy Bands; Fermi Level; Electrons and Holes 
Tab ieU.! Band St ructure data of some important semiconductors 



Energy 
gaps at 
300 K 
e,. 

Quantum concentrations 
of electrons and holes 
at 300 K 

Dcnshy-of-statcs 
effective masses, 
in units of the 
free electron mass 

Dielectric 
constants, 
relative to 
vacuum 


eV 

cm 5 

cm' 3 

m/Jm 

w , ,*/m 

e/f 0 

Si 

Ge 

GaAs 

InP 

InSb 

1. 14 
0.67 
1.43 
1.35 
0.18 

2.7 x 10‘* 
1.0 x ]Q 19 
4.6 x 10 17 
4.9 x 10‘ 7 
4.6 x 10* 6 

1.1 x 10'* 

5.2 x io‘* 
1-5 x JO 19 
6.9 x 10“ 

6.2 x 10 18 

1.06 

0.56 

0.07 

0.073 

0.015 

0.58 

0.35 

0.71 

0.42 

0.39 

11.7 

15.8 
13.13 
12.37 
17.S8 


Tcts) tr a}TT?dTeptT e band ^ bCC ° me ne8atiVe,y Char ® cd «*» 

conccntr'a^ 3nd the 

(3) 

become?' "" i0ni “ d d °" 0t concenErat ‘on. The electrical neutrality eondition 


", - ", - An = (4J 

which speeifiea the difference between electron and hole concentrations 

be *» * *-*« *• 


exp[( e _ p)/ r ] + i ’ (5) 

where f is the chemical potential of the electrons. The subscript e refers to 

S l: Cm r T r ^° ry ,hC d “™ Arnica, potential is all? 
called the ferm. level. Further, in semiconductor theory the character u is 

n os always reserved for the electron and hole mobilities, and the Fermi 
cvcl des, S na,ed by e, or by f. To avoid confusion with the Fermi energy 
Of me, a whtch we designated as Cf and which stands for the Fermi tel 

chemic«ial PI ' Vi ° US " fer ,h = 
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Given /i and t, the number of conduction electrons is obtained by summing 
the distribution function f t (t) over al! conduction band orbitals: 

N ' = IfM ( 6 ) 

CB 

The number of holes is 

, 7 ) 

Vil 

where the summation is over all valence band orbitals. Here we have introduced 
the quantity 



which is the probability that an orbital at energy e is unoccupied, We say 
that the unoccupied orbital is “occupied by a hole"; then /„(e) is the distribution 
unction for holes just as f t (c) is the distribution function for electrons. Com- 
parison of (8) with (5) shows that the hole occupation probability involves 
ft — c where the electron occupation probability involves £ - /r. 

The concentrations n, = NJV and n k = NJV depend on the Fermi level. 
But what is the value of the Fermi level? It is determined by the electrical 
neutrality requirement (4), now written as n t (n) - n*(/i) = An. This is an 
implicit equation for n; to solve the equation we must determine the functional 
dependences n,(p) and n A (/i). 


Classical Regime 

We assume that both electron and hole concentrations are in the classical 
regime defined by the requirements that f r « 1 and f h « 1, as in Chapter 6. 
This will be true if, as in Figure 13.2, the Fermi level lies inside the energy gap 
and is separated from both band edges by energies large enough that 


ex P [ ( £ c - P)/t] « 1; exp[-(/i - E( ,)/t] « I. ( 9 ) 


To satisfy (9) both (e c - /r) and {/t - e„) have to be positive and at least a 
few times larger than t. Such a semiconductor is called nondegenerate. The 
inequalities (9) place upper limits on the electron and hole concentrations and 
are satisfied in many applications. With (9) the two occupation probabilities 
/,(e) and f h (e) reduce to classical distributions: 
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where we define 

w, = E~ p[ -u- e , )/r] . , 12) 

band ed E =t asOTi g Tn CrSy ^ 8 cond “ c 'i°n electron referred to the conduction 

for one elMUon indiV con“c!tan bl'n'T^ 1 f0n " ° f “ pa ' ti,io " funclion 
sunt denoted there by Z and we nd ' ,n Chapter 3 we evaluated a similar 

»i«* « approximate mod“,^„ “L h?'t ' '° pr “"' prob, “' 

rapid decrease of cxpf-le , w r i b d uclurc Because of the 
at e„ only the distribution or orb' ^ val “= 

matters the cvaluati^ of 1 1™ i n‘,t 'T °v I” ? C ‘ ml * 
make a negligible contribution Th» ■ “ ’ Th ° orbllaIs h, S h m the band 

electrons behave ™r' 1, r “ ^ ^ ‘ llc *"* edge 
mobile, which causes the T °' ^ W lhc *««» 

distribution of the orbitals near the bind V* Scm, " onduclor > but 'he energy 
particles only by a proportional r J e ^ 8e usua,, y dlfrcrs fr °m that of free 
sum for 2, pro P° rtlo " a h'y factor m the energy and eventually in the 

called the d ens it of-sea tes^ ffc^ct i ve pr ° P ° r ‘ * ona 1 1 1 y factor b y use of a device 
partition function 2, in (3 62)' but ToT? ** ^ wc CalcuIatcd the 

-U is larger by a ^ 5 "" 

N ' - z, « 2 n Q V = 2(»it/2rtA J ) 3/1 V. (13) 

Numerically, this gives 

NJV ~ 2 ’ 509 x 10 19 x (77300 K) i,2 cm~ 3 , {14) 

where T is in kelvin. 

dependence 1 as^f 13} SCmiC ° nd ‘ ,Ct0rS esl ' ibils »■= same temperature 

egress this ^ ^ 

= 2 (m e *z/ 2 nh 2 ) il2 V , (l5) 

r for ^ 

is more than a formalitv t ii i ' C imroduc[1 °n of effective masses 
fonnahty. the theory of electrons in crystais it is shown , hat 
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the dynamical behavior of electrons u-u , 
forces such as electric fields is that *r • , S ’ under tbe influence of external 
from the free eledro„ mass The a ° f 1 Wi,h £tetive different 

the density-of-states masses' however’ US “ a " y *” differem f ' 0m 
We define the quantum concentration for conduction electrons as 



By (ID the conduction electron concentration . N JV becomes 

= «,exp[-fc - „)/,]. (I7) 


ISmssrnm 

S.mtlar reasoning gives the number of holes in the valence band: 

Nk = § CXP[ ~ {,t ~ c)/x l * N » «P[ ~(R ~ e,)/t] , (18, 

with the definition 

N ■ 3 g eXp t-< £ ' - £ >/t]. (19) 

Wc define the quantum concentration n,. for holes as 



where is the density-of-states elTective mass for holes. By (IS) the hole 
concentration n h ~ N h /Vis y ' 1 ie 10 e 
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Like (17), this gives the earner concentration in terms of the quantum con- 
centration and the position of the Fermi level relative to the valence band 

edge. In the semiconductor htcruture n u is called the effective density of states 
of the valence band. 

Law of Mass Action 

The product is independent of the Fermi level so long as the concentrations 
are in the classical regime. Then 

»<»/, = fVi,exp[~( £c _ c j/ r ] - ji f n„exp(-^/r) , (22a) 

where the energy gap e 9 = e, - E „. In a pure semiconductor we have », = 
and the common value of the two concentrations is called the intrinsic carrier 
concentration n t of the semiconductor. By (22a), 


(22b) 


The Fermi level independence of the product n,»„ means that this product 
retains its value even when it, # a s in the presence of electrically charged 
impurity atoms, provided both concentrations remain in the classical regime 
We may then write (22a) as 


(22c) 

1 he value of the product depends only on the temperature. This result is the 
mass action law of semiconductors, similar to the chemical mass action law 
(Chapter 9). 

Intrinsic Fermi Level 

For an intrinsic semiconductor n t = »i,, and we may equate the right-hand 
sides of (17) and (22b): 

* f exp[ — (e c - /i)/r] = (vi u )‘' 2 ex p(-e ? /2t) 

e ~ e c ~ E c and divide by n c exp( — £ c /r): 

exp(/i/r) ==K/)? c ) l/2 exp[(£ c + e„)/2r]. 
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We take logarithms to obtain 

(i - -fie.- + £,.) -f log(n,/n,) = |( E , + E| .) + 3 rlog(m h */iii,*) , (24) 

by use of (16) and (20). The Fermi level for an intrinsic semiconductor lies near 
the middle of the forbidden gap, but displaced from the exact middle by an 

amount that is usually small. 

"-TYPE AND p-TYPE semiconductors 

Donors and Acceptors 

Pure semiconductors arc an idealization of little practical interest. Semicon- 
ductors used in devices usually have impurities intentionally added in order to 
increase the concentration of either conduction electrons or holes. A semicon- 
ductor with more conduction electrons than holes is called u-type; a semi- 
conductor with more holes than electrons is called p-type. The letters » and p 
signify negative and positive majority carriers. Consider a silicon crystal in 
which some of the Si atoms have been substituted by phosphorus atoms. 
Phosphorus is just to the right of Si in the periodic table, hence each P has 
exactly one electron more than the Si it replaces. These extra electrons do not 
fit into the filled valence band; hence a Si crystal with some P atoms will contain 
more conduction electrons and, by the law of mass action, fewer holes than a 
pure Si crystal. Next consider aluminum atoms. Aluminum is just to the left 
of Si in the periodic tabic, hcncc A1 has exactly one electron fewer than the Si 
it replaces. As a result, Al atoms increase the number of holes and decrease the 
number of conduction electrons. 

Most impurities in the same columns of the periodic table as P and Al will 
behave in Si just as P and Al behave. What matters is the number of valence 
electrons relative to Si and not the total number of electrons on the atom. 
Impurities from other columns of the periodic table will not behave so simply. 
Similar reasoning can be applied to other semiconductors, for example GaAs. 
For the present we assume that each donor atom contributes one electron which 
may enter the conduction band or fill one hole in the valence band. We also 
assume that each acceptor atom removes one electron, cither from the valence 
band or from the conduction band. These assumptions are called the approxi- 
mation of fully ionized impurities: all impurities when ionized are either posi- 
tively charged donors D + or negatively charged acceptors A~. 

The electrical neutrality condition (4) told us that 

An = n, — n k = n/ - n a ~. . (25) 


l! 
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equation for £ ^ ^ ““ maSS aCli °' 1 Iaw * wc scc (25) leads to a quadratic 


The positive root is 


"r 2 - if. An = 


n< " i ! [( A <0 2 + V] ,,J + A,,} , 


and because ,i* = ». - A/j we have 

M f l^'b) 

centration, SO that ciiher"^-^ '° the inlrinsic con- 

H ** ( 28 ) 
«- T an — Thc square roots in (27) 
[(Au) 2 + 4ii, a ]'« = + (2 ( ,./A«) J ] ,/i 

~ i d "! + 2 ii, j /JAiiJ. {2g) 

“ MyPC SCraiCOn<iuC, “ « Posi.ive a„ d (27) beconies 

"- = A„ + „,= /A „, a „. „^„ MniKni (jo) 

In a p-type semiconducior A„ is negative and (27) becomes 


- « ( 2 /|A"l « |A»| + V/JAi. 1 a: |A/r|. (31) 

tte Hmit (28) i$ near ‘y ^ to 

proportional to [A»j. * arner concen tration is inversely 


Fcnni Level In Extrinsic Semiconductor 
having to tlclZTlTfJZ bdtt f CU T r '° nCC!Urali0nS With0ut 

by solving (17) or (21) for p: ^ errm level is obtained from n e or 
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Conduction band 


"-lype. In = I0>2 cm - 3 ’ 
fntrinsic level 


Valence band 


° r "=~ * 

the band edges. A small decrease of , Crn,nc ' el * are c *P rcsscd relative to 
been neglected. $C ° f ,he cnc f»' ? a P with temperature has 


T RgLr,l3gii?„lerll a " d d ° Ping ‘ CVcl 


Degenerate Semiconductors 

i! irr d and ihe <«“«• 

carrier. The calculation ofL r ' ^ class,cal dlstribmion (>°) for that 

of the FejS in Cha teen, ration now follows thc treatment 

equal to thc number of electrons ! *T ^ aiI occu P icd orbitals, which !> 
states times thc distribution function :' ** ^ ^ dc " Si,y of 
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where for free panicles of mass m the density of states is 




That is, 0(c)(/£ is the number of orbitals in the energy interval (s,e + clc). To 
make the transition to conduction electrons in semiconductors we replace N 
by it,*'; in by m,* ; and e by e - E( . We obtain 


«. - -L (wy* r* Mr. - o 1/a 

2 tt \ h 2 J J'r 1 + cxp[(e - n)/zj 


Let x - (c - c,)/t and ?/ = ( fi - t c )/x. We use the definition (16) ofu c to obtain 

I he integral /(;;} in (36) is known as the Fcrmi-Dirac integral. 

When e, - n » x we have » 1, so that exp(.v - ;,) » 1. In this limit 

">< = J- f J HW- exp[<„ _ £ ,}/r], (37, 

the familiar result for the ideal gas. 

In semiconductors the electron concentration rarely exceeds several times 
the quantum concentration n e . The deviation between the value of n from (35) 
and the approximation (37) then can be expanded into a rapidly converging 
power series of the ratio r = nji i ( , called the Joyce-Dixon approximation:* 


>1 ~ log/- ~ ~ r - (~ - 

y/S V J 6 9 


r 2 + ---; r = n e /rt e , (38) 


Figure 13.4 compares the exact relation (36) with the approximations (37) and 


\ W v?'i 0 ^ C a r" d R r' W ' D ‘ X ° n : Appl - ***** Le,£ - 3i. 354 (1977). If the right side of (38) is written 
1 ' h * J™ four c ° cfr,clcnts ■«>*»“ 3.53553 -4.95009 x 10~ 3 ; A, = 

1.48386 x 10 ■*; A 4 = -4.42563 x 10‘ 6 . 
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"*>h = ''i 2 exp[-« f /ys„ c + ...] 


(39) 




Occupation of Donor Levels 



Impurity Levels 

“o r :a^r ico " duc,or movcs so ™ ° rbi,a,s «* 

as localized bound , ! * ner » ^P. where the orbitals now appea; 

P atom has I ^ 1 W ® consider Phosphorous in a silicon crystal. If th< 

S =n,ico"d U ao™s ve ’7'™' ,he bi " di "* —gy in ,h, 
energy is t„ b . divil J 77 of ™8n.lude lower, mostly because the binding 

Partly because of mass f ca ° C ° nS,anl ' 

column v ri . ■ Ij- 2. lives the ionization energies foi 

rr ii*r b r* - 
^“T"- 0rbi,al! arc sp,i ' ° fl 

-'bound «Nuh^Sta^r-T?T ofrh, " * 7 

“i^gIasT^ enCr8,eS f ° r C ° !Umn 111 accc P“>“ in S« are listed inTaTn 2 

close ,o 6 meV Torino 2T™ l°- V * d ° n ° rS CXCe P £ <*«« are 

zinc, the most important acceptor, Az a = 24mcV. Some 



Figure 13.5 Donor and acceptor impurity levels in the energy 
gap of a semiconductor. 


impurities generate orbitals deep inside the forbidden gap, sometimes with 
multiple orbitals corresponding to different ionization states. 

Occupation of Donor Levels 

A donor level can be occupied by an electron with either spin up or spin down. 
Hence there are two different orbitals with the same energy. However, the 
occupations of these two orbitals are not independent of each other: Once the 
level is occupied by one electron, the donor cannot bind a second electron with 
opposite spin. As a result, the occupation probability for a donor level is not 
given by the simple Fermi-Dirac distribution function, but by a function 
treated in Chapter 5. Wc write the probability that the donor orbital is vacant, 
so that the donor is ionized, in a form slightly different from (5.73): 


I aUc 13.2 Ionization energies of column V donors and 
column ill acceptors in Si and Ge, in mcV 



Donors 

Acceptors 


1’ As Sb 

0 Al Gu fit 

Si 

45 49 39 

45 57 65 16 

Gc 

12.0 12.7 9.6 

10.4 10.2 10.8 1 1.2 


/(D ’ I + 2cxp[(„ - Cl/!]' < 40 > 

Here e d is the energy of a singly occupied donor orbital relative to the origin 
of the energy. The probability that the donor orbital is occupied by an electron, 
so that the donor is neutral, is given by (5.74): 


/(D) = 


1 

1 + i exp [(e., - ;i)/r] 
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r . equ ' ra ™ ra '"““Slu. In the ionized condilion A” oflhc acceptor 

em con , ' °' ,dS bC, " ee " * hc aC “ p, “ alora a " d »« surrounding 

semiconductor atoms contains a pair orelectrons with antiparallel spins. There 

s on y one such state, hence the ionized condilion contributes only one term 
1 [(P O/t], to the Gibbs sum for the acceptor. In the neutral condition A 

of the acceptor. Otic electron is missing from the surrounding bonds. Because 

is bavee ' lbcr s P>u U P °r spin down, the neutral condition 

r presented twice m the Gibbs sum for the acceptor, by a term 2x1 = 2. 
Hence the thermal average occupancy is 

ftA-i - _ C X P^ ~ 0/0 1 

2 -f- exp[{^ - £o )/ r ] ( 42 ) 

JrobabW™' C0,Kli ' i0 " A ’ “ i,h " ,c accc P'° r °*“ a » unoccupied, occurs with 


2 + cxp[(;i - £ J/ t ] i + |cxp[{^ - O/t]* (4: 

The value ° r A,, s - „ a ~ is the difference or concentrations of D + and A" 
rrom (40) or (42) we have 


»/ = njfttT) = 


1 + 2 exp[(/i - £j )/ r ] ’ 




T + 2 exp[(g a - p)/x]' 


The neutrality condition (4) may be rewritten as 


n = n r + n a = n k + n ( j + = 


This expression may be visualized by a logarithmic plot of iC and n* as func- 
ions of the position of the Fermi level (Figure 13.6). The four dashed lines 
represent the four terms in (46); the two solid lines represent the sum of all 
positive and all negative charges. The actual Fermi level occurs where the total 
positive charges equal the total negative charges. 

For , 2 / - „ a - » as in Figure 136> the ho!es can bfi neglected; for 
«„ >> the electrons can be neglected. If one of the two impurity 
species can be neglected, the majority carrier concentration can be calculated 
in closed form. Consider an n-type semiconductor with no acceptors. The 
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Figure 13.6 Graphical determination of Fermi level and electron concentration in 
an «-typc semiconductor containing both donors and acceptors. 


neutrality point in Figure 13.6 is now given by the intersection point of the h* 
curve with the n t curve. If the donor concentration is not too high, the inter- 
section will be on the straight portion of the it, curve, along which the approxi- 
mation (17) holds. We rewrite this as 

exp(p/ T ) = («> f )exp(s £ /r); (47) 

ex P[^ “ £ <r)A] = (»A) ex P[k - £j)/r] - njn* , (48) 
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where 

m n t cxp[~( tt _ £j )/ r ] _ n,ap(~AcJz) m 

ionization energy, nere AEj = E < “ ^ is the donor 

We inser, (48) into (44) and set n t =. n, + to obtain 



ionization. FoT ' te t^T r ™ m C ° mP ' e,e 

the subject of Problem 6. 10n ’ Zed ' ^ hm,t ° f Wcak lonization is 



example ; ScmNnsutating ga /// unailJ ^ Q |d 

an intrinsic carrier conccmration at m ™, , r b pre P aned - “ uould have 
concentration of carriers, KT" less , hin znwf '.T 5 • , °’ Cm " 3 - Wilh such 3 low 

does not e, t a 


i 


i 


p-n Junctions jyj 

™<- in CaAs by dopil , g 

rities that have their bp y lev L 2c tie m " ?"? Chr ° mium -tpu 

As site and is a donor in gIas a r ! lhC CnCrgy ga P- °*»en enters an 

relative to As; the energy level* is abouTo 7 -vm ^ P ^. ltl ° n of ° m ,hc Periodic table 
energy level about 0.84 eV below e c . ° W E ‘‘ C uomium IS an acceptor vs i-h an 

concentrations is no? SiUtLt^ything with a^aCrrato 1 ^? 111 " 1 ' ^ ° f ,W ° 
will do. Ifthe concentrations of all other i n °' U raUo beUvccn al >oiii 1:10 and 10:1 

C, the position of ihe Perm ^ lev , w t ^r “ Tu C ° mpared ^ thosc ^ - «d 
on O and holes on Cr The on 1c “n equilibrium between cletfons 

over the indicated co “ "I 5 *«« ‘hat 

1 5r above the O level and 1 Sr hr!/,,, .t, i , erm ! cvc ls P lnne d to a range between 
middle ofthe energy gap, the crystal must .« aTneady ^rinste"" 1 ^ ^ 

i! pOSiib!c “ W. «W. iron Inking ,hc place o^romTuT “ *** ** 


P-n JUNCTIONS 

s S ,™l™f“ C ! ) ° rSUS ' d d " iCeS 3re a!mosl ncvcr “nibrmly doped. An under 
standing ofdevtces requires an understanding of nonuitiformly doped 

ofs, ~ called ^ i™*- » -Mctldoj;: 

nges ilh position from p-type to .,-lypc within the same crystal We cons' d« 
a sem, conductor crys, a! inside which the doping changes abruptly a, " 0 

Z “ r d T “ n “ nlrali0 " * <0 a uniform acceptor ^cemra.Ln 

device strJcn f “ 3n eXample ofa P-" Junction. More complicated 

PVO doselv ™ r C C “ p fr ° m Simp,e a bipolar transistor has 

1 Closdy spjccd P-" Junctions, ofthe sequence p-n-p or 

P-n junctions contain a built-in electrostatic potential step P„, even in the 
bsence or an externally applied voltage (Figure 13.7b). Whh no externally 
pphed voltage, the electrons on the two sides of the junction are in dilTusi ve 
equilibrium, whtch means that the chemical potentials (Fermi levels) ofthe two 
£ “* *™“ «* position of the Fertni level whhii the b!,Id 
shift n t[,e*u o° n f al dOP '" S ’ consla " cy “flic Fermi level forces a 

shift is tV Tl 1 " C " C ? y b ' 1ndS croS5 "’S 'bo junction (Figure 13.7c). The 
luffs el,,. The potent, al step of height eV„ is an example ofthe potential step 
required o equal, ze the to, a. ehemical potential of two systems when he 
intrinsic chemical potentials are unequal, as discussed in Chapter 5. 

• It. Zucra. J. Ap,,|. Pliys. as. 1937(1977). The c„e m m i s „„,c„, i, touiev hat uaoirlaia. 



Figure 13.7 A p-n junction. (a) Doping distribution. It is assumed 
that the doping changes abruptly from n-type to p-type. The two 
doping levels arc usually different, (b) Electrostatic potential. The 
built-in voltage V bl establishes diffusive equilibrium between the 
two sides with different electron concentrations as well as hole 
concentrations, (c) Energy bands. Because the Fermi level must be 
constant throughout the structure, the bands on the two sides are 
shifted relative to each other, (dj Space charge dipole required to 
generate the built-in voltage and to shift the energy bands. 




p-n Junctions 


We assume that the two doping concentrations n d , » a lie in the extrinsic but 
nondegenerate range, as defined by 

rii « n d « v e ; it,- « n a « n v . (55) 

If the donors are fully ionized on the n side and the acceptors fully ionized on 
the p side, then the electron and hole concentrations satisfy 

n e ~ >i d ; ts; n. , (56) 

one on the n side and the other on the p side. (We have dropped the superscripts 
+ from n d , «„.)The conduction band energies on the u and p sides follow from 
(17): 

e„ - /t - tlogOij/nJ; (57) 


by (22c). Hence 


n - T log(lt cr /n c ) = ft - T logK V'VO , 


eV bi = E <p - £ fn = t log(n fl n d /ti, 2 ) , 




For doping concentrations n d ~ 0.01 n f and n a ^ 0.01 n,, we find eV H = z 3 - 9.2r, 
which is 0.91 cV in silicon at room temperature. 

A step in electrostatic potential is required to shift the band edge energies on 
the two sides of the junction relative to each other. The electrostatic potential 
tp{x) must satisfy the Poisson equation 


where p is the space charge density and € the permittivity of the semiconductor. 
Space charge must be present whenever cp varies. In the vicinity of the junction 
the charge carriers no longer neutralize the impurities as in the bulk material. 
The space charge must be positive on the n side and negative on the p side 
(Figure 13.7d). Positive space charge on the n side means that the electron 
concentration is less than the donor concentration. Indeed, as the conduction 
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"—-'ll I ' I Jii 11 

(62) 

The Poisson equation (61) is 
dV __ p e 

dx * « i ^ “ ,, *M] * “[1 - exp(<? v / r )]. (63) 

Multiply by 2dtp/Jx to obtain 


2 tt? C— Y - * 

J - v ‘Ax \rf.v ; ~3x{ V “ J? cxp(e V /t} 

integrate with the initial condition <p(-oc) = 0: 


M 2 2en d 


<p+ exp(^/ t ) 


At the interface .v == 0 we assume that' 

-v(0)«K» t /«, (66) 

thcTsM ,S T, hat part 0f ,hc bui!t ' in eleclr °static potential drop that occurs on 
“ The exponential on the right-hand side of (65) can be neglect and 

E = [(2 ™je){V a - x/e)] 1 ' 2 (67) 

for .ho x component of. he electric field E _ - at thc interrace simj|ar|y _ 
£ -[W<l(^-tM]»., (6S) 


buil r> potential drop tha, occurs on 

we find T S m “ Sl C <hC SamC; fr ° m ,h!s a “ d fronl K + v r = Ki 

r* /2e UJ|, \l/2 

~UiJrr^ {Kw “ 2 T/c ?j. • 


( 69 ) 


Reverse-Biased Abrupt p-n Junction 
,he WyP = Side * *“«» »- — depicted 




Similarly, on the p side. 


, e£ fie \i/2 /-, 


*«• V e ". 


2c u. 


e + II,) 


(Ki - 2i/e)J . (71) 


The total depletion width w m + w is 


TT 04 ~ 2r;f) J 


_ 2jtj, - 2t/e) 


"“ , 3T,Vvr. ,0 H“' ,i ‘ “ '°^" d *5* - 2t/e - 1 volt.we,i„d 
A./b x 10 Vcm and w = 4.70 x 10~ s cm. 


Reverse-Biased Abrupt p-n Junction 

Let a voltage V be applied to a p-n junction, of such sign that the p side is a. a 
negative voltage relative to the „ side, which means that P raises , he ^,e„,L 

hrn hf JTT °" ‘ he ” SidC - ™ S V0 " agC u i “ conduction electrons 
rom the P sale to the „ srde. and holes from the „ side to the p side Bui the 

ac ™ Z 7 ? ' COnc ™ trali »'> of hoK consistent with the mass 

holes f “ re r ' VCry ' U,le Currem fl0 "S- The distributions of electrons 
holes, and potential are approximately the same as if ihe built-in voltage were 

ghTby J aPP! ' Cd V °" aSC ' Fie “ re 13 8 ' Th' fcld « 'he interface is now 




( 73 ) 
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Hgurc 13.8 Reverse-biased p-n junction, showing the quasi-Fermi 
levels p, and p e . 


and the junction thickness is given by 



Lrl V/ m k° Ct ° r deV1 “ literature we often find (73) and < 74 ) without the 
term 2t/c because certain approximations have been made about the space 

charge and field distribution; we have solved the Poisson equation with the 
correct electron distribution (62). 




Current Flan-: Drift and Diffusion 

nonequilibrium semiconductors 

Quasi-Fermi Levels 

When a semiconductor is illuminated with light of quantum energy greater 
than the energy gap, electrons are raised from the valence band to the conduc- 
tion band. The electron and the hole concentrations created by illumination 
arc larger than their equilibrium concentrations. Similar nonequilibrium con- 
centrates arise when a forward-biased p-n junction injects electrons into a 
p-type semiconductor or holes into an n-type semiconductor. The electric 
charge associated with the injected carrier type attracts oppositely charged 
earners from the external electrodes of the semiconductor so that both carrier 
concentrations increase. 

1 he excess carriers eventually recombine with each other. The recombination 
times vary greatly with the semiconductor, from less than 10’ 9 s to longer than 
0 s. Recombination times in high purity Si arc near 1 O' 3 s. Even the shortest 
recombination times are much longer than the times (— 10“ 12 s) required at 
room temperature for the conduction electrons to reach thermal equilibrium 
with each other in the conduction band, and for the holes to reach thermal 
equilibrium with each other in the valence band. Thus the orbital occupancy 
distributions ofeiectrons and of holes arc very close to equilibrium Fermi-Dirac 
distributes in each band separately, but the total number of holes is not in 
equilibrium with the total number ofeiectrons. 

We can express this steady state or quasi-equilibrium condition by saying 
that there are different Fermi levels ;, c and ,t„ for the two bands, called quasi- 
Fermi levels: 


/.for) = 


! + ex P[(e - P.)/r] ’ 


/for) = 


1 + exp[(e - /O/r ]■ 


Quasi-Fermi levels are used extensively in the analysis of semiconductor devices. 
Current Flow: Drift and Diffusion 

If the conduction band quasi-Fermi level is at a constant energy throughout a 
semiconductor crystal, the conduction electrons throughout the crystal arc in 
thermal and diffusive equilibrium, and no electron current will flow. Any 
conduction electron flow in a semiconductor at a uniform temperature must be 
caused by a position-dependence of the conduction band quasi-Fermi level. 
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«* « -V assu TO that the con- 
proportional to this gradient: ° 1 C t0taI eIectrical current density is 

J '* grad "‘- (76) 

Si a particlc flu * *■** *«■ ~* 

J ' = (-e) * (electron flux density) , (77) 

crossing unitTrca uniuime'-n^-f ** ^ ofconduclion electrons 

treated in Chapter 14 . Because the flmvT COf ! nccl < lon ° f <76) to ° hn, ' s Iaw « 
potential, the conduction electron flu.x CS “ fr0m high lo low chemical 
electrons car^ a ne^e chTo ",, ? p0Mte C ° grad but because 

in the direction of grad^W^v C ' the ?? mt « i e[ectrical density is 

For agiven dZZ tori ^ ** ** f ° rCe for this current. 

of conduction electrons. Thu" we writf Pr ° P ° rtl ° nal to thc concentration 

J «.= /y»*grad/t tf (7g j 

,h ?rt=TcZ fUSed " 

.he electron concentrate is i„ ,h= extrinsic bn, nondegene™; range. 

n > « ”< « ", . {79) 

11 “ — - - 

* l < ^ e ‘ + r Io s(» M- (so) 

Thus (78) becomes 

~ /V'* grade, + p t rgrad n c . (gj) 

grade, = -egradp = eE. 


(82) 


Current Flow: Drift and Diffusion 


Wc introduce an electron di ffusion coefficient D. by the E i„ s ,ei„ Nation 


D t = /We , 


discussed in Chapter 14 . We now write (78 ) or (81, in the final fern, 


J, = eji t n t E + eD e grad n t . 


"=r.rr,r=sr •— » •• — 

lo thc right is really an elec ‘ ' 0 LS,,rc nmsm 8 electrons; a hole current 

J * = ;V'Agrad/r u . (85 ) 

Carrying through the rest of th e argument leads to 

J * = + ep h n h E - efl A grad»* (S6) 

SSsS^sasas 

current, beause hoies ^a^TheTppo^ch^l^ C ° nlribUli0 " ‘° 




— ons in send- 

the lowest conduction band orbital becomes hLl » °" Cl,pa,i ° n ^ of 
valence band orbital the nnoitl-.u , hc 0CCU P allol '/«(Oorthe highest 

with a qua, '! “1 t L “« theory tdl. US ,h„ light 

condition to, P opula,SL Lerr'ion 5 MP "““ 1 by S ' imul “ ,cd T1 "= 

/cfe) > X(cJ. (g 7 ) 

W«h thc quasi-Fermi distributions (75) this condition is expressed us 


/V - /!„ > e t 


( 88 ) 
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Figure 13.9 Double-hcterostructurc injection laser. Electrons flow from the 
right into the active layer, where they form a degenerate electron gas. The 
potential barrier provided by the wide energy gap on the p side prevents the 
electrons from escaping to the left. Holes flow from the left into the active 
layer, but cannot escape to the right. When (88) is attained, laser action 
becomes possible. 

For laser action the quasi-Fermi levels must be separated by more than the energy gap. 
The condition (88) requires that at least one of the quasi-Fermi levels lie inside the band 
to which it refers. This is a necessary, but not a sufficient condition for laser operation. 
An important additional condition is that the energy gap is a direct gap rather than an 
indirect gap. The distinction is treated in solid stale physics texts. The most important 
semiconductors with a direct gap are GaAs and InP. 

The potation inversion is most easily achieved in the double heterostructure of Fig- 
ure 13.9; here the lasing semiconductor is embedded between two wider-gap semiconductor 
regions of opposite doping. An example is GaAs embedded in AlAs. In such a structure 
there ts a potem.at barrier that prevents the outflow of electrons to the p - type region and 
an opposite potcnt.al barrier that prevents the outflow of holes to the- «-typc region. 
Except for the current caused by the recombination itself, (he electrons in the active layer 
are in diffusive equilibrium wiih the electrons in the n contact, and the electron quasi- 
ermi level in the active layer lines up with the Fermi level in the n contact. Similarly, the 
valence band quasi-Fcrmi level lines up with the Fermi level in the p contact. Inversion 
an be achieved if we apply a bias voltage larger than ihc voltage equivalent of the active 
layer energy gap. Most injection lasers utilize this double heterostructure principle. 





Current Flow: Drift and Diffusion 
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fnm'Z/ r‘Z rec ° n f ,nation ,hr0 ^‘ a " /-e/. Electrons and holes can rc- 

ombine either by an electron falling directly into a hole with the emission of a photon 

i-domi :C °r * w T* a ° impUri,y 1CVd in ,he encrgy The impurity process 
dominant in silicon. \S e discuss the process as an instructive example cfquasi-equilibrium 

semiconductor statist.es. Consider an impurity recombination orbital at energy e in 
Figure 13 .10 Four transition processes are indicated in the figure. We assume thal'thc 

rate R at which conduetton electrons fall into the recombination orbitals is described by 
a law ol the form 3 

K, = (1 - J,)nji e , (89) 

where /, is the fraction of recombination orbitals already occupied by an electron (and 
hence not available), and i . is a characteristic time constant for the capture process. Wc 
assume the reverse process proceeds at the rate 

R r< ~ /,«</*/ , (90) 

" here j ? * is the time constant for the reverse process. Wc take R, c independent ofihe con- 
ccntration of conduction electrons, because we assume that »i, « n t . The time constants t. 



Figure 13.10 Electron-hole recombination through 
impurity recombination orbitals at t, inside the energy 

• gap- 


i 
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and V arc related, because in cquiHbnu* the two ra.es and «„ must ^ ^ 

?l-(L zl!k\ 

'* V S' ‘‘A* ’ (91) 

££H53^ 


(1 " “ ex P[-(/r - £,)/r]. 


Thus (9 i) becomes 


$ "|r a pr-fc (W) 

equilibrium FermUcre| lh ^®^““J j ,0 ”i“?“ n ' ra,io " ,haI wt >“' d be present irihe 


*. = *„- R„ - I [(1 _ /, K _ /A .j 
n ' a " d060US reCOmbi " a,i °" "*'* ^ ^ the iu b s ,i,„, ions 


(95) 

iimil - *" — <™ «*- by 


"** s "-“rf-fc - £,)/=] - (96) 

W.ih tb.se substitutions the he, hole recombination rate is 

«* = [/,ba-(I-/ K . ]/V (9?) 

-as^rssssrwi^a-- 


»««* - i!,- 2 

(,, ' + +~”^K + K* + lQT t ‘ 


Summary 
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Thts is thc basic result of the Hill ck« t,i „ 

are developed in ProbIcnis J0 and „ °^^y-Read recombination theory.- Applicants 



SUMMARY 

L into a valence band 

band (completely empty at T = 0 in * Sem,con ? ,uctor ) and a conduction 
an energy gap . Electrons Separatcd l »' 

2. T™* 7 my ° rbi,alS in ,he « «l W l“!« d C ° ndUC,i ' : 

by lhe ^"iPUirac'^^bution function ° r ^' ta ^ ' V “ h ' nerEy ' is s 0 '"”"' 


Ac) = i 

1 + ex p[(c - v)/r]‘ 

3. "I" ' iS thC “ POtentiaI electrons, called the Fermi level, 
conductor is gove^ neutral semi- 

n * ~ » h — An. 

and An is the excL^ co^mratfo^of dLT J e!cCtrons and ho! «, 

negatively charged impurities. f P t,VC,y Charged im Pnritics over 

4 ' «* T,tTr r “ Said t0 be * Ihe classical regime when n, « and 

n <.° = 2(w r . 4 *r/2*Ji 2 ) 3 « 

s rsrs r - -* « 

s^ a,,cd ,hc ^ or sla ,:rr % 
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5. In the classical regime 

n t = n c exp[-{e c - p)/ T ] , 

>h = /i r exp[-(p - £t )/t] , 

u-liere and £„ are the energies of the edges of the conduction and valence 
□anas. 

6. The mass action law stales that in the classical regime the product 

n e n„ = n. 2 = n c )! ll exp{-£ g /r) 

is independent of the impurity concentration. The intrinsic concentration 
"■ 1S lhe comrn °n value of it, and n h in an intrinsic ( = pure) semiconductor. 
The quantity 

c t — c c — e v 

is the energy gap. 

7. A semiconductor is called /Hype when negative charge carriers ( = con- 
duction electrons) dominate; it is called p- type when positive charge 
carriers ( = holes) dominate. The sign of the dominant charge carriers is 
opposite to the sign of the dominant ionized impurities. 

8. A p-n junction is a rectifying semiconductor structure with an internal 
transition from /Hype to /Hype. A p-n junction contains internal electric 
fields even in the absence of an applied voltage. For an abrupt junction the 
field at the p-n interface is 


2e n u n d 

. € "a + "d 


[(|*1 + K <) - 2 t /*] 


Here e is the permittivity, n a and /tj are ionized acceptor and donor con- 
centrations, and \ V\ and V bi are the applied and the built-in reverse bias. 

9. The electric current densities due to electron and hole flow are given by 

J„ - e/yi, E + eD e grad n e , 

J p = ejiiflk E - eD k gtadn h . 

- Here p c and p h are the electron and hole mobilities, and 
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D < “ D h = fi k x/e 

are the electron and hole diffusion coefficients. 


PROBLEMS 

1. Weakly doped semiconductor. Calculate the electron and hole concentra- 
tions when the net donor concentration is small compared to the intrinsic 
concentration, |A/i] « n t . 

2. Intrinsic conductivity and minimurtl conductivity. The electrical conduc- 
tivity is ... _ 

a = e[n,p r + njij , (99) 

where p, and p h are the electron and hole mobilities. For most semiconductors 
//, > p k . (a) Find the net ionized impurity concentration An = - n a ~ f or 

which the conductivity is a minimum. Give a mathematical expression for this 
minimum conductivity, (b) By what factor is it lower than the conductivity of an 
intrinsic semiconductor? (c) Give numerical values at 300 K for Si for which the 
mobilities are p t = 1350 and fi k = 480cm 2 V" 1 s“‘, and for InSb, for which 
the mobilities arc p, = 77000 and p„ = 750cm 2 V 1 s" 1 . Calculate missing 
data from Tabic 13.1. 

3. Resistivity and impurity concentration. A manufacturer specifies the re- 
sistivity p = 1/cr of a Ge crystal as 20 ohm cm. Take p e = 3900 cm 2 V" 1 s“ 1 
and /J h = 1900 cm 2 V 1 s What is the net impurity concentration a) if the 
crystal is n-type; b) if the crystal is p-type? 

4. Mass action law for high electron concentrations. Derive (39), which is the 
form of the law of mass action when n r is no longer smalt compared to n c . 

5. Electron and hole concentrations in InSb. Calculate n c , n h , and p - e f for 
n-type InSb at 300 K, assuming n„ + = 4.6 x 10 ,6 cm" 3 = n e . Because of the 
high ratio njn c and the narrow energy gap, the hole concentration is not 
negligible under these conditions, nor is the nondegenerate approximation 
n e « n c applicable. Use the generalized mass action law (39). Solve the tran- 
scendental equation for n e by iteration or graphically. 

6. Incomplete ionization of deep imparities. Find the fraction of ionized 
donor impurities if the donor ionization energy is large enough that Ae, is larger 
than x \og{nJ%n d ) by several times t. The result explains why substances with 
large impurity ionization energies remain insulators, even if impure. 
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Suppose that in a P - typc 

and Mu ofr =x P ::i:s d /”naL?r ,ra r n , at * - *• " »•- - -! « ». 

butlt-rn electric field i n the interval lx /w r 2 "* 3 - * “* **• What « 'be 

I° 3 and x 2 - x , 10-acm, Assert' ™ mmat hr »,/>’, = 

as this occur in the base region of manv „ K ' ,n, P un *y distributions such 

a,ds 10 drivi "S ihe injected electrons across 7he "base”" 1 " 5 ' ^ builMn fidd 

4— “« ioyce-Dixon 

concentrations approaching or exceeding", ° f '** ra "° DJP ‘ for dcclron 

>° «l™l«e at Pa 

condition (83), assuming no ionized impurities ’ h ‘ inVcrsion 

in a semiconductor arfrafced by ^boreth'd ‘^ru ^ h °'° conwnlrali ons 
minority carrier lifetime , by R “ A„?,r t CqU,l,bnum valu = s - Define a net 
carrier concentrations n and n • ih^ C ex P rcsslons for ' in terms of the 

expressed by n/ an d and the t.Wo f y ° f " e reco ™ bin ation level, as 

small and very large values of (5,111 t ° n f an,S 1 ‘ and r *’ in the b'mits of very 
dent of & i? 8 ^ ° t8a - Undcr what ^Ping conditions is t indepen- 

electrons and holra ^Ve"^niept n om LTrV' 3 ? P ~" junction both 
generation rate under these condilSine ^ a!cuIa{c 'he electron-hole pair 
(b) Find the factor by which ”* = ”** and r. 

rate in an n-type semiconductor from Jhkhthe ^ the fiCneration 
but in which the electron concentration «. h - lh '° ** haVe been swe P' out, 
numerical value for this a 
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In this chapter wc give a kinetic derivation of the ideal gas law, the distribution 
of velocities of gas molecules, and transport processes in gases: diffusion, 
thermal conductivity, and viscosity. The Boltzmann transport equation is 
discussed. We also treat gases at very low pressures, with reference to vacuum 
pumps. The chapter is essentially classical physics because the quantum theory 
of transport is difficult. 

KINETIC THEORY OF THE IDEAL GAS LAW 

We apply the kinetic method to obtain an elementary derivation of the ideal gas 
law, pV = N x. Consider molecules that strike a unit area or the wall of a 
container. Let v. denote the velocity component normal to the plane of the wall, 
as in Figure 14.1. If a molecule of mass Af is reflected specularly (mirror-Iikc) 
from the wall, the change of momentum of the molecule is 

2A/|r.|. U) 

This gives an impulse 2A/|i>.| to the wall, by Newton's second law of motion The 
pressure on the wall is 

momentum change \ / number of molecules striking 
per molecule ) unit area per unit time 

. Let a{v z )Jv z be the number of molecules per unit volume with the i component 
of the velocity between v z and v z + do,. Here la{v,)dv, *= N/V « The 
number in this velocity range that strike a unit area of the wall in unit time is 
a(iK)v z dv z . The momentum change of these molecules is ~2Mv z a(v.)v.do z . so 
that the total pressure is 

P = Jo mv M^ z = M j*j z 2 a{c z )tb,. (3) 

The integral on the right is the thermal average oft)* 2 times the concentration, 
so that p == Mn(v z 2 }. The average value of $Aft>. 2 is \t, by equipartition of 
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Figure 14 . 1 fhe change of momentum of a 
molecule of velocity u which is relieved from 
tne wall of the container is -2A/jo r j. 



energy (Chapter 3). Thus the pressure is 

P = «A/<r. 2 > = , it = {N/V)x . pV = a , t (4) 

This is the ideal gas law. 

result ' r f C,i °" " * * ■-a.cria, ,o ,he 

if thermal equilibrium is to be ^ ““ dis,tibuli “"' 

Maxwell Distribution of Velocities 

In Chanter 6 w, r L radl,1 ° n m physics whcn confusion is caused 
Chapter 6 we found the distribution function of an ideal gas to be 

/(cj = ;.exp(-£ n / T ) , (5 j 

* h ere/(r n ) is the probability of occupancy of an orbital of energy 


= M 2 
2 A/Uj 


in 3 cube of volume I / _ r 3 ti, .. . % . 

number betw^n ^ / T average number of acorns with quantum 

n n tUl " ” and ” + ^ (the number of orbitals in this ran*e) x fthe 

probabthty such an orbital is occupied). The number of orbitals 
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octant of a spherical shell of , hickncss da is whcnce lhc dcsirCiJ 

product is 

({nn 2 dn)f(c„) = U/.n 2 c\p{- ej^dn. ( 7 ) 

We take the spin of the atom as zero. 

To obtain the probability distribution or the classical velocity, we must 
find a connection between the quantum number n and the classical velocity 
ofa particle in the orbital c a . The classical kinetic energy jA/t > 2 is related to the 
quantum energy ( 6 ) by 


\Mv* *= ~(™S\ 2 • 1,71 A/C 

1 2A/U _ J’ n = l^ V - 


\ consider a system of N particles in volume V. Let NP{v)Ji> be the number of 
atoms With velocity magnitude, or speed, in the range dv at t>. This is evaluated 
from (7) and ( 8 ) by setting tin = (dn/dv)du = (ML/hn)dv. We have 


NP(v)dv = $7t/bi 2 exp(—£ n /T) dv 
dv 


= t ;2 exp( — A/o 2 /2r)f/t>. 


From Chapter 6 we know that 2. = n ; \ = (A'/L^tf^/Aft) 3 ' 2 , so that the 
lactor standing to the left of c 2 becomes 


nA'(27r) 3;J /i J A/ 3 L J ( M V'* 

2z7a/ j ‘V' 2 /iV “ 4,riV ( 2nr J ' 


P{v) = 4jt{A//2ni) 3 ' 2 i- 2 e.\p(-A/t’ 2 /2r). 


This is the Maxwell velocity distribution (Figure 14.2). The quantity P(i)dv is the 
probability that a particle has its speed in dv at r. Numerical values of the root 
mean square thermal velocity and the mean speed are given in Table i4 1 
using the results e, ms = (3i/A /)>-' 2 and c = (Sr ,nM)^ from Problem 1. 
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Figure 1-1.2 Maxwell velocity distribution as a 
function of the speed in units of the most 
probable speed i mt , « (2 t/A/) 1 '*. Also shown 
arc the mean speed c and the root mean square 
velocity 



Table 14.1 Molecular velocities at 273 K, in 10*cms“* 


Gas 

i>, m . 

c 

Gas 


c 

H 2 

18.4 

16.9 

Oj 

4.6 

4.2 

He 

13.1 

12.1 

Ar 

4.3 

40 

HjO 

6.2 

5.7 

Kr 

2.86 

2.63 

Ne 

5.8 

5.3 

Xe 

2.27 

2.09 

N, 

4.9 

4.5 

Free electron 

1100. 

1013. 


Experimental verification. The velocity distribution of atoms of potassium 
which exit from the slit of an oven has been studied by Marcus and MeFee.* 
The curve in Figure 14,3 compares the experimental results with the prediction 
of (12) below; the agreement is excellent. We need an expression for the velocity 
distribution of atoms that exit from a small hole* in an oven. This distribution is 
different from the velocity distribution within the oven, because the flux through 
the hole involves an extra factor, the velocity component normal to the wall. 
The exit beam is weighted in favor of atoms of high velocity at the expense of 
those at low velocity. In proportion to their concentration in the oven, fast atoms 


Prcss M t959 rCU * ^ J ' H ' McF “’ ReCen ‘ research « molecular beams, cd. I. Esterman, Academic 

’ “J ' X . pe ™ nen,s h , 0l f !s said t0 1,6 sma11 if ,hc diameter is less than a mean free path 

by"L aTsof h f 0V H n ' C n° C “ T * <h ‘ S thc fiow * from it will be governed 
by the taws of hydrodynamic Bow and not by gas kinetics. 


:.w-J 
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figure 14.3 Measured transmission points and calculated 
Maxwell transmission curve for potassium atoms that exit from 
an oven at a temperature 157'C.Thc horizontal axis is the transit 
time of thc atoms transmitted. Tlic intensity is in arbitrary units; 
the curve and the points are normalized to the same maximum 
value. After Marcus and McFce. 

strike the walls more often than slow atoms strike the walls. The weight factor 
is the velocity component ucostf normal to the plane of the hole. The average 
of cos 0 over the forward hemisphere is just a numerical factor, namely The 
probability that an atom which leaves the hole will have a velocity between 
u and u + dv defines thc quantity P bt ,Jv)dv, where 

P bcM ct cct> 3 exp(-Mi> 2 /2r) , (12) 

with P M , lwtI1 given by (11). The distribution (12) of the transmission through a 
hole is called the Maxwell transmission distribution. 

Collision Cross Sections and Mean Free Paths 

We can estimate the collision rates of gas atoms viewed as rigid spheres. Two 
atoms of diameter d will collide if their centers pass within the distance d of 
each other. From Figure 14.4 we see that one collision will occur when an atom 
has traversed an average distance 
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F gure 14.4 (a) Two rigid spheres will collide 

, ,r v ccnlers P ass a distance d of each 
each other, (b) An atom of diameter d which 
travels a long distance L will sweep out a 
volume nd L, in the sense that it will collide 
W , 1 a "y a!om w * 10se center lies within the 
volume. If n is the concentration of atoms the 
a' cragc number of atoms in this volume is 
UKd L Tllls ls Ihe number of collisions. The 
average distance between collisions is 

1 a = J_ 
nrJ'L and 1 ' 




, » 1 . 

: ■ ■ ■ J -. c i: - - - -• 


;ti 


■h).rfr: 


tiz h s i u r“?r per unit , voiumc - tj,c ,cng,h ; is ^ ** — 

“ *• -• >'• - » «. 

A as for helium, then the collision cross section ff , is 

a, = nd 2 » (3.14)(2.2 x 10“ 8 cm) 2 = 15.2 x KT'W. ( 14 ) 
of molccu,cs ° f an ^ sas « ^ 5 «« « gi ven by ^ 

»o - 2.69 x 10 19 atomscm _1 , ^I 5 j 

Tt n A?o S E a^n° 8a h r0 b * "-mo'ar volume a, OCand i aim. 

A '°Eadro number ,s the number of molecules in one mole- the molar 
olume ,s the volume occupied by one mole. We combined-!) and (6) to obtain 
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ihe mean free path under standard conditions: 


* = 1 

nd 2 „ 0 (l5T71cr“W = 2.44 x 10" s cm. (16a) 


This length is about 1000 times larger than the diameter of an atom The 
associated collision rate is 


‘hmi _ 10 5 cms“ 

/ * 10“ 5 cm 


(16b) 


, /J. S A U I e 6 0f '° atm or 1 dyne cm" 2 , the concentration of atom- s 
educed by 10 and Ihe mean free path is increased to 25 cm. At 10“ 6 atm the 
mean free path may not be small in comparison with the dimensions of any 
particular experimental apparatus. Then we arc in what is called the high > ac „v.m 
region, also called the Knudscn region. We assume below that the mean free 
path is small in comparison with the relevant dimension of the apparatus 
except in the section on laws of rarefied gases. 


transport processes 

Consider a system not in thermal equilibrium, but in a nonequilibrium steady 
state with a constant How from one end of the system to the other. For example 
we may create a steady state nonequilibrium condition in a system by placing 
opposite ends in thermal contact with large reservoirs at two different tempera 
ures. If reservoir 1 is at the higher temperature, energy will flow through the 
system from reservoir 1 to reservoir 2. Energy flow in this direction will increase 
the total entropy of reservoir 1 + reservoir 2 + system. The temperature 
gradient in the system is the driving force; the physical quantity that is trans- 
ported through the specimen in this process is energy. 

There is a linear region in most transport processes in which the flux is 
directly proportional to the driving force : 

flux = (coefficient) x (driving force) , ( 17 j 

provided the force is not too large. Such a relation is called a linear phenome- 
no ogical law, such as Ohm’s law for the conduction of electricity. The definition 
of the flux density of a quantity A is: 

J A = flux density of A = net quantity of A transported across 

unit area in unit time. (IS) 



Z = mean thermal speed = <|pj> E = electric field intensity 

I •= mean Tree path q « electric chirge 

C,. » heat capacity per unit volume M = mass of particle 

p u «=> thermal energy per unit volume p = mass per unit volume 

F x /A ~ shear force per unit area , p = momentum 
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Th e rtet transport is the transport in one direction minus the transport in the 
opposite direction. Various transport laws are summarized in Tabic 14,2. 

Particle Diffusion 

In Figure 14.5 we consider a system with one end in diffusive contact with a 
reservoir at chemical potential p,; the other end is in diffusive contact with a 
reservoir at chemical potential The temperature is constant. If reservoir 1 
“ a ' <he h ' gher ch ' mical Prffential. then particles will flow through the system 
rom reservotr 1 to reservoir 2. Particle How in this direction will increase the 
total entropy of reservoir 1 + reservoir 2 + system. 

Consider particle diffusion, first when the difference of chemical potential is 
caused by a d.fference in particle concentration. The flux density J is the 
number of particles passing through a unit area in unit time. The driving force 
of isothermal diffusion is usually taken as the gradient of the particle concentra- 
tion along the system: 

'J„ = — Dgrad n. ( 19 ) 

Hie relation is called Kick’s law; here D is the particle diffusion constant or 
diffusivity. 

Particles travel freely over distances of the order of the mean free path / 
before they collide. We assume that in a collision at position z the particles 
come into a local equilibrium condition at the local chemical potential »(_-) and 
local concentration Let /. be the z component of the mean free path. Across 
the plane at z there is a particle flux density in the positive z direction equal to 
* _ and a flux density in the negative z direction equal to -{n(z + 

: )c t . Here n(z - I.) means the particle concentration at z - l t . The net particle 



Figure 14.5 • Opposite ends of the system arc in diffusive 
contact with reservoirs at chemical potentials and p 2 . The 
temperature is constant everywhere. 


t 
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dCnSily iS ' he al > direction o„ a hemisphere of 

- ZZSXZZZE™-: '■ - *-« 

2-"A^£s* ~ 

is 2-1 Sin 0 dO. Thus “ ^ “•* Tt >= demem of surface area 

2k “ = 3 a > (21) 

so that 

l * _ 1—, <hi 

J * - (22) 
0n C ° mPariS0 " ' Vi ' h < 19 > - -e .ha. ,h= difTusivi.y is given by 

(23) 

particle 11 'difMon' ware^rnrf with”,^! f ° r °' hCr lra " Spor ‘ problems - ln 
conductivity with the transport of cnlre^ h ° fpar " C ' eS; in 'hermal 

transport of momentum by particles- afd ^ f”'- T “ v,scosily wilh 'he 
transport of charge by particles Tire i d ‘ ' Clrlcal con<iu e.ivity with the 

r,“:: f ihc , p,i f ai « * » -* « m 

density of A in the z direction is SJmt ^ ^ ^ lhe molecules * then the flux 

J * “ ^< |, «> • (->4) 

a aiwa" find asX^it: ^ °° "* ^ ° f 



* - /aPAv.) , 


( 25 ) 
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on fr d' 0 r r ^ The “ aCl Va! “ e 

of the Boltzmann transport equation by ,he mclhod 

simplicity we set / = i j nl{ll v . tcd dt the end of th,s chapter. For 

^thephe^^-— •, <19) f ° r ^ 

J d “ ~ T) grad p A , (26) 

with the particle diffusivity D given by (22). 

Thermal Conductivity 
Fourier’s law 

J u = -K grad r (2 7 ) 

thermal conductivity .and 

transport of energy but not of n, , 1 A f ? rrn aHUIncs lh « lh «* « a net 
tional energy is tmnsoorted part,cIcs - Anoti «r term must be added ifaddi- 

under the influence of an electdcfield PartlC ’ e ^ ^ Whcn ClCCtr0nS flow 
1 he energy flux density in the 2 direction is 

J “ ~ P “ <rr> ’ (28) 

validw'iUdn'a factorTf the ' ^ ^ Cnergy densily - This result is 

diffusion elation, the ^ * “** with the 

- Ddpjtlx = ~D{cpJ£x){Jxldx). (29) 





Reservoir I 

T i 

spis 

CldL±i^a± 

System 

. Reservoir 2 

S." ", r 2 S 


I'fZt'tt ° Pp0Si ' C £ndS ofthe s > s,cm at < in Fermat 
contact with reservoirs at temperatures tj and r 2 . 
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This describes the diffusion of energy. Now dpjci is just the heat capacity 

per unit volume, denoted by C v .. Thus 

J „ = -.DC,, grad r; (30) 

on comparison with (27) the thermal conductivity is 

(31) 

The thermal conductivity of a gas is independent of pressure until at very low 
pressures the mean free path becomes limited by the dimensions of the appara- 
tus, rather than by intermolecular collisions. Until very low pressures are 
attained there is no advantage to evacuating a Dewar vessel, because the heat 
losses are independent or pressure as long as (31) applies. 

Viscosity 

Viscosity is a measure of the diffusion of momentum parallel to the flow velocity 
and transverse to the gradient of the flow velocity. Consider a gas with flow 
velocity in the x direction, with the flow velocity gradient in the z direction. The 
viscosity coefficient jj is defined by 

„ di' 

= j s ( p j. (32) 

Here i>, is the x component of the flow velocity of the gas; p x denotes the x 
component of momentum; and X. is the x component of the shear force exerted 
by the gas on a unit area of the xy plane normal to the z direction. By Newton’s 
second law of motion a shear stress X, acts on the xy plane if the plane receives 
a net flux density of x momentum J : (p x ), because this flux density measures the 
rate of change of the momentum of the plane, per unit area. 

In diffusion the particle flux density in the z direction is given by the number 
density* times the mean drift velocity <f.> in the z direction, so that Jf = 
— — Ddn/dz. In the viscosity equation the transverse momentum density 
is tiMo x ; its flux density in the z direction is (nMv x )(v s ). By analogy with (26) 
this flux density equals - D d{nMc x \\h, within a factor of the order of unity. 
With p = nM as the mass density, 

TTPx) - p V X <V : > = -Dp dvjdz = - ij dvjdz. (33) 



i'iseosity 


Thus, with D given by (23), 



gives the coefficient of viscosity. The CGS unit of viscosity is called the poise. 

The mean free path is l = \/nd 2 n from (13), where d is the molecular diameter 
and n is the concentration. Thus the viscosity may be expressed as 

t] = Me find 1 , ( 35 ) 

which is independent of the gas pressure The independence fails at very high 
pressures when the molecules arc nearly always in contact or at very low 
pressures when the mean free path is longer than the dimensions of the 
apparatus. 

Robert Boyle in 1660 reported an early observation on the pressure inde- 
pendence of the damping of a pendulum in air: 

Experiment 26 . . . . We observ'd also chat when the Receiver was fid! of Air 
the included Pendulum continu'd Us Recursions about fifteen minutes (or a 
quarter of an hour) before it left off swinging; and that after the exsuction of 
the Air, the Vibration of the same Pendulum (being fresh put into motion) 
appear d not (by a minutes Watch) to last sensibly longer. So that the ecent of 
tins experiment being other than we expected, scarce afforded us any other 
satisfaction , than that of our not having omitted to try it. 

Although at first glance implausible, this result is readily understood. With 
decreasing pressure the rale of momentum-transfer collisions decreases, but 
each colliding particle comes from farther away. The larger the distance, the 
larger the momentum difference; the increasing momentum transfer per collision 
cancels the decreasing collision rate. 

It is easier to measure the viscosity than the diffusely. If D = qfp as predicted 
by (34), then K is related to ij by 

K = tjCy/p. (36) 

The observed values of the ratio KpfoCy given in Table 14.3 are somewhat 
higher than the value unity predicted by our approximate calculations. Im- 
proved calculations of the kinetic coefficients K, D, j } take account of minor, 
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* -d D*C, at O r C and 1 

K, in raWcm' 1 K -1 n • 2 — — 

K D, in ernes' 1 


n, in /(poise KpfyCy 


note; Values of ihc thermal conductivity , 


ureal 300 K. 


effects tve have neglected ; see the worts cited in , he 6cncra , 


CS ~Zi ; £i£ T l~'~ ' 7 M^rr- ■ -f 

dirrusivily ot^tf,f k sulp^d ta „id ^ pr0 .f? [li ™ al '» 'heir viscosity. The 

particles is 0 a r/6t»trt, wh.,. ^ ^ f ” »K»W 

he equal to the diftSy D. Th^ra, “l/tc'',' kinCn "“ lc '(*»*,; if (34) h„| ds , , shoo | d 
Keynold't number criterion for lamina, flow. “ “ U ° h > , ‘ ,rod >"amic theory and into the 


Ej g,V"-T- f 


XH -J/T ^757 " *’ ' ‘ *j— , vi* - :~rr **~ 


Try . t » — r-T-/ ^ 


Generalized Forces 

ofZZt^on 'pmasf We°cTn P rela7 V'''''"’ *° “ nolh ‘ !r is a 

!"“ d.nsity of particles a „? 0 Te n „I.t ‘ e , ra, | e ° fd ^ f«««W to the 
identity at constant volume, * Ul 0gy w,th l!lc thermodynamic 


da = - dU — i L dN 
t T 


we write the entropy current density J 
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co/dt ~ g a ~ div J„. ^ 

is ^ 10 ,h = 

Su 

Si = -div J„: (4 0) 

lire equation of continuity for the particle concentration „ is 

Cll 

T, “ ~ divJ - (41) 

Let us take the divergence of J, in (38): 

divJ, = ^divj„ + J„ • grad( l/ T ) 

- Oi/tJdivJ, - J„ • grad(/r/ T ). (42) 

-ss:t r* dcriva,ivc wi,h — 10 - 

££ __ £» ft Cm 

ct ret t dt ' (43) 

feip:^!! H43) 10 rCarra " S0 <39) “ f °™ -«“>» °I ohmic power 

9a = J- ' 8 ra «*(»/t) + J n • grad( — /r/r) , (44) 

or 

9* — d w ■ L„ f J n • F„. ^ 4 ^ 

Here F„ and F. are generalized forces defined by 

F „ = grad(l/T); F„ s grad(-,t/r). (46) 
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Einstein relation 

In an isothermal process F„ in (46) may be written as F„ = (- l/i)grad/i or, 
m terms of the internal and external parts of the chemical potential, as 

F„ = — (l/t)[grad n inl + gradp 41l ] (47) 

For an ideal gas /lin , = xlog(n/n Q ), so that grad/i ini = (r'n)gradn; for an 
electrostatic potential grad = q grad tp - -qE. Thus 

F n = -(I/r)[r/t“ 1 grad n - qE] (48) 

Now the particle flux density also has two terms, written as 

•J/i ~ -D n grad/i + up E , (49) 

where D n is the diffusivity and p is the mobility, which is the drift velocity per 
unit electric field. The ratio of the coefficients of grad/i to E is DJt ip in (49) 
and r/nq in (48). These ratios must be equal, so that 

(50) 


which is called the Einstein relation between the diffusivity and the mobility 
for a classical gas. 



Comment. Wc gain an advantage, for reasons related to the thermodynamics of irrevers- 
.ble processes, if wc use F. and F„ in (46) as ihe driving forces for the linear transport 
processes. Wc write 


— L U F B + E 12 F„; J„ - L 21 F U + L 22 F n , (51) 

The Onsager relation of irreversible thermodynamics is that 

hm = ( 52 ) 

where B is the magnetic field intensity. If B = 0, then L i} = L j: always. For (52) to hold, 
the driving forces F must be defined as in (46). Other definitions of the forces are perfectly 
valid, such as the pair grad x and grad n, but do not necessarily lead to coefficients L that 
satisfy the Onsager relation. For a derivation see the book by Landau and Lifshitz cited 
in the general references. 
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KINETICS OF DETAILED BALANCE 

Consider a system with two states, one at energy A and one at energy - A. In 
an ensemble of N such systems, N* arc at A and N" are at -A, with A' = 
N * + N “ . To establish thermal equilibrium there must exist some mechanism 
whereby systems can pass between the two states. Consider the rate equation 
for transitions into and out of the upper state: 

dN+fdt = uN~ — fiK* , (53) 

where a, ft may be functions of the temperature. The transition rate from — to 
+ is directly proportional to the number of systems in the - state. The transi- 
tion rate from + to — is directly proportional to the number of systems in the 
+ state. 

In thermal equilibrium < ilN'/ilt > = 0, which can be satisfied only if 

a/p = <iV + >/<N~> = cxp( — 2A/r) , (54) 

the Boltzmann factor. This result expresses a relation between rcfxjand p[x) that 
must be satisfied by any and every mechanism that assists in the transitions. As 
an example, suppose that the transition + -> — proceeds with the excitation 
of a harmonic oscillator from a state of energy se to a state of energy (s -t- 1)e; 
in the inverse process — -* + the oscillator goes from se to (s — l)e. In the 
quantum mechanical theory of the oscillator it is shown that 

p __ Prob(s -» s + 1) _ s + 1 
a Prob(s -* s — l) s 

for the excitation and de-excitation of the oscillator, a result derived in most 
texts on quantum theory. The value of <s> is found from (he Planck distribution : 

L . | , _ ex P( £ / T ) 

cxp(e/x) - 1 ’ exp(e/t) - I 

so that, with e = 2A to conserve energy, 

a/P = <s>/<s + 1> = exp(— 2A/x). (55) 

This satisfies the condition (54). 

The principle of detailed balance emerges as a generalization of this argument : 
in thermal equilibrium the rate of any process that leads to a given state must 
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commo^appiication^ ^ ,' nVe ^ sc P roc «s that leads from the state One 
-d emissiZ le- ??**?. *" «* 

of a wavelength that is absorbed 4: ^ion 
strongly — otherwise the^Mdni^n wniiM^ * * "** Wi,! aIso b * emitted 
thermal equilibrium with Hie radiation. **' “ P beCaUSe “ C ° U,d not Come into 

ADVANCED TREATMENT: 

BOLTZMANN TRANSPORT EQUATION 

is based on ,hc bou ™" -*« 

vc,oci,y v - Thc ci — dis!ribu,ion " nd 
f(r,v)tlr dv = number of particles in ,trjv. (56 ^ 

1 "S r0l,mvi " 8 arEU "’">‘- W “ answer 

■he.,™ ofclas^l J “ ,U U °s n ,ha e t t^°" ^ ^ U 

a flowline Ihc distribution is eonser "d '° W ‘ V0 ' Ume dement alo "« 

/(f + dt , r + f/r,v + rfv) = /(,, r,v) , (57) 

m the absence of collisions. With collisions 

T , /<f + ** + **’ + *> - = *KW«- (58) 


mat) + A ■ grad, /+«/,. grad> y = (59) 

Let a denote the acceleration Jv/rff ; then 

V ' §rad ' /+ 2 ' Srad v /. (<?//c/) £0li . (60) 

This is the Boltzmann transport equation 


(^)coi, = -(/ - fo)/r c . 


Particle Diffusion 
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i0 ' b=rmal °° - , 
distribution of velocities is set up by^uemal fo S “ PP0 “ ,h! “ a nonequilibrium 

The decay of the distribution towards equilibrium ^thct^oliu^^l'rom^61^as 

f‘ ~ t, - (62) 

^Mtton’torte^lMtou 0 ^ dCf ”’ ili0n ° nhe Cquilibrium distribution. This 

</ ~ /o), = (/ - /ol,.oCxp(-t/r,). (63) 

I> is not excluded that r, may be a function ofr and v 
tn E ^ - Boltzmann transport .nation 



In the steady state If/it _ 0 by definition. 

Particle Diffusion 

^itd;:«:tri s „ y ::roo h „ a gradien ‘ ° f ,h = par,; * 

mation becomes r equall0n ln lhe relaxation time approxi- 

V x df/dx = -</ _ / o)/t< , (65) 

fimaion r varks 

fl — fo ~ Vff'JfJdx , (gg) 

s:=:::£;s:r,r;;rr l “ 

fi = /o - Vff ( d//dx = /o - Vff c df 0 /dx + r>,V d 2 f a /dx\ (67) 

The i{eration is necessar y for ‘he treatment of nonlinear effects. 
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Classical Distribution 

Let/ 0 be the distribution function in the classical limit: 

/o = exp[( M - e)/r] , ( 68 ) 

as m Chapter 6. Wc arc at liberty to take whatever normalisation for the 
distribution function is most convenient because the transport equation is 

(56?Therf ^ *' W * norma!ization as in ( 6S ) rather than as in 

J M‘ ix = ( (/ /o /MWIdx) = (f 0 /x){dpfdx) , (69) 

and the first order solution (66) for the nonequilibrium distribution becomes 

f “ fo ~ ( v x* e fofc)(dn/dx). (70) 

The particle flux density in the x direction is 

J n x =*» , (7i) 

where 0( c ) is the density of orbitals per unit volume per unit energy range: 



as in (7.65) for a particle of spin zero. Thus 


- (4»fdx) J(d, 2 t c / 0 /t) 9( £ ) c / £ (73) 


The first integral vanishes because is an odd function and f 0 is an even func- 
tion of v x . This confirms that the net particle flux vanishes for the equilibrium 
distribution f a . The second integral will not vanish. 

Before evaluating the second integral, we have an opportunity to make use 
of what we may know about the velocity dependence of the relaxation time v 
n y for the sake of example we assume that r £ is constant, independent of 
velocity; t £ may then be taken out of the integral: 


J n x W}dx){zjz) J (74) 


Fermi- Dirac Distribution 


411 


The integral may be written as 

i jV/o©(e)</£ = ~ J {{Mu*)f Q f)( E )<k = nx/M , (75) 

because the integral is just the kinetic energy density \ nx of the particles. Here 
= « is the concentration. The particle flux density is 

J ** - « -( T ,z/M)(Jn/dx) , (76) 

because /r = t log n + constant. The result (76) is of the form of the diffusion 

equation with the diffusivity n 

D =* t £ t/A/.== .i<v 2 )r t . (77) 

Another possible assumption about the relaxation time is that it is inversely 

J * = -(dn/dx)(llx )$(v x 2 /v)f 0 ‘D(e)tk , (78) 

and now the integral may be written as 

i J »foO(s)de = in? , (79) 

where c is the average speed. Thus 

J - x “ -i(/cn/t)(^/c/x) - ~\tc(dn/clx) , ( 80 ) 

and the difTusivity is 

D = ( 81 ) 

Fermi-Dirac Distribution 
The distribution function is 

fo =— rr- 
exp[( £ 


1 

“ P)A] + T 


(82) 
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To form dfJdx as in m we nccd lhe derivalive ^ ^ argu= Wow ita( 

dUJu ± S(c - „) , (S3) 

property fofa general funct'^n f( t t that' D ‘ raC dC " a rUnC,i ° n ' Which has ,he 

- rt* - F(p). (84) 

r“r tal 1° A1 *» t^peratures ^ is very 

varylngnear ^ tayuk "f? ™ 

r we may take F( t ) outs.de the integral, with the value f W: 

Jo’WoWOt/e = Fwj; {WW£ = -FMj;-,,,/./*)* 

= ~Woii)]fl" = fM/ 0 ( 0) 1 (85) 

where we have used dLlda = _,//• /- w r, 

a, t rt ,„ , Jo/ap uj Qi d c . We have also used f n = 0 for f ~ ™ 

dfo/dx = 5(t - fi)dp/dx. 

The particle flux density is, from (71), 

J * « -{dpfdx)t t J c x a J(£ - ;«)©(£),/£ , ' (8?) 

^ICt^ ,i0n ,imt at ,he “** * = " 0f lha *rmi The 

3 if (3/i/ _£,-) = n fin , (S8) 

by use of 0(/i) = 3nf2e r at absolute zero, from (7.17) where c - L mv 2 
defines the velocity ty on the Fermi surface. Thus 

J « * -(»t t ;m)JiifJx. (S9 j 

At absolute zero ^(0) = (ft 2 /2 M ,)(3« V >, whence 


dtifdx = {WjlmMKY'fn'^dnjdx 

- iif.f/iijJii dx , 



( 90 ) 
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Lon s of Rarefied Cases 

so that (S7) becomes 

J ‘ = ~^ 3n 0c F dn/dx = -lv F \dnfdx. (9l) 

The diffusivity is the coefficient of dnfdx: 

D = \v F \ , (92j 

Electrical Conductivity 

vi,y ■( fo ' ,ows from ,he fot - 

and replace the graXn , « T' ' d ™ t >' by ,he P artid ' <*«■• 1 

-,E £££££** lh= chemical potential by the gradient 

electric fieid L „ “h T " ’ “ ,hc * of the 

a intensity. T he electric current density follows from (76): 

J ? = (nq\fm) E; * = u 9 J r c/ /» , {93) 

from <“ Wi ‘ h rekXa,! ° n ,ime V FOr ,h ' Termi-Dirac distribution 
J i - («9 2 T e /rt»)E; <r = „ 9 > Te//n . (94J 

laws of rarefied gases 

mdec!ilL i ml hiS r ChaP ' er u thC diSCUSsion ° f *™ S P°« burned «h« the 

path ofamolecule is of the order lf25cm- ThT™ ,crape r ra,ur '' ,he 

system connection may be o hc 

free path. We may usefully drawT t e L T ° " m “" 

1 X j A ~ ® t j m nc I - U J • h e and dcil0le pressures lower than 

1 x lO-Hucm- 1 ^ 7 T UUm ' T 4 h ‘ S pressure is approximately O.lNm' 2 or 

Ki'“irr«=a»:-=i!SS 

ime ns io ns of the apparatus. A knowledge of the 
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behavior of gases in (his pressure region is important in the use of high vacuum 
pumps and allied equipment. 

The terminology recommended by the American Vacuum Society is expressed 
in terms of torr, where 1 torr at ImmHg = 1.333 x 10 -3 bar» 133.3Nm~ 2 = 
1333 dyne cm” 2 ; here I bar = 10 6 dyne cm" 2 = 0.9S7 standard atmospheres. 


high vacuum 10“ 3 -10" 6 torr 

very high vacuum 10" 6 -10 -9 torr 

ultra high vacuum below 10~ 9 torr. 

Flow of Molecules Through a Hole 

In the Knudsen regime wc do not need to solve a hydrodynamic flow problem 
in order to gel the rate of efflux of gas molecules through a hole, because the 
molecules do not see each other. Wc have merely to calculate the rate J„ at 
which molecules strike unit area of surface per unit time. We find for the flux 
density 

(95) 

where n is the concentration and c is the mean speed of a gas molecule. To 
prove (95), consider a unit cube containing n molecules. Each molecule strikes 
the + z face of the cube times per unit time, so that in unit time ^/ic, molecules 
strike unit area. 

We solve for c. in terms of c. Because c. = ccos 0, we require the average of 
cos0 over a hemisphere: 



<cos0> = 


2n J q n cos d sin dO 
2k j* 2 sin Odd 


1 

r 


(96) 


Therefore c, - {c, and (95) is obtained. The expression (95) for the flux forms 
the basis for many calculations of gas flow in vacuum physics in the Knudsen 
regime. 

If A is the area of the hole, the total particle flux, which is the number of 
molecules per unit time, is 


‘D = ±Anc - nS , ( 97 ) 




Flow of Molecules Through a Hole 


S - i/lc. (98) 

The conductances of the hole is defined as the volume of gas per unit time flowing 
through the hole, with the volume taken at the actual pressure p of the gas. The 
conductance is usually expressed in liters per second. For the average air 
molecule at T = 300 K we have c a 4.7 x 10* cm s' »; for a circular hole of 

lher/?ec' ame ' er ’ ^ t0 3 COnductancc of 917 titer/sec, roughly 1000 

For a hole with a given conductance the total particle flux is proportional to 
the concentration » or, because p = nr, to the pressure p : 




Here wc have defined the quantity 

Q = PS , (100) 

sometimes called the throughput, which is widely used by vacuum physicists as 
a convenient measure of the flow. The quantity Q is numerically (not dimen- 
sionally) equal to the gas volume flowing per unit time, but referred to the 
volume at unit pressure, in whatever units are used to express pressure. Vacuum 
physicists like to express pressure in torr, hence they usually express flux in 
torr-liters per second. From the ideal gas law one finds that 1 torr-liter at 
300 K is equivalent to 5.35 x 10~ 3 mole or 3.22 x 10 1 9 molecules. 

Our calculations have expressed the flow of gas through a hole into a perfect 
vacuum. With gas on both sides, the net flux from side 1 to side 2 will be 

A® = U0I.I, - *A) = (101) 

The condition for zero net flux is 


Pi *2 ?! 


using the proportionality of c to r 1/2 . In the Knudsen regime equai pressures 
do not imply zero net flux if the temperatures on the two sides are different. 
At equal pressures gas will flow from the cold side to the hot side; zero gas 
flow requires a higher pressure on the hot side. 
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Ifxj — t 2 , Eq. (101) can be written 


A® - - -r 2 )S -i(,, -yJS.iAC, 


A Q = - Pis = e« - q 2 . 


a ? me ."r ,he mo, “" k ' 

assumed to be diffuse Thus when th * but iS ‘ thc Tcflec, ' on at llle surface is 

the tube, and w "'! n ° W lbcr ' is 3 « >™fcr to 

we of ,he sas £ “ e %£■££ 

»i>h the wail Ir^XTmormumtfV T"”’'' 0 " lha ‘ CW ' y “ llisi “ 

ULJ„l , (I05) 

m0m e ntum lranslir t0 lhe <ubc 

\nLd„cM(u) = AAp. (106 ) 

We solve for the How velocity <u> to obtain 

<u> = ~.R _J_ ^ _ A p 1 d 

n Me nLd ~n Me L' ( 10? ) 


The net flux is 


A® -„<„>a = A,-il = ^ S 
MIL r 


S = tA(I)/A P = A A 
Me L 


is the conductance of the tube, defined analogously to the conductance of a hole, Eq. (97). 
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carefully, leads rot .’Sr S/Sf"'"" '" 0 ' e 

S = — xAd = 2t</ 3 

3 ji McL ~ 2AfcL' 010 ) 

(JSSTtS Zl SSJ* Cann0, * ' ar8 “ ,h “ tf, “ ° U h °" " i "' - — area. From 
o /O _ 32 rd 4d 

. J lube/‘ 5 holt — r— 7— 5— • = ,, . 

3/t Mc 2 L 3L ( 11 1) 

compared to unity, which means 8 u S h to make the ratio (11J) be small 

L »i‘l. 012 ) 


Speed of a Pump 

u’lrr^d'LthT vtLtt ne<1 Simi ', arly 10 ,he cond — “ ho.= or ofa lu be : 

intake nres r ’°' UmC < ,um l* d P« “ ni > '™=, with the volume taken at the 
0 Mimt b 16 1 P “ mP - ThC Mme iymb01 5 is “«< « for conductance 

r p “ c« 0 cond r; ance of an aixr,ure « 3 <■ «*»! , 0 .. ta 

he p.odnct e - PS for a pump i s often called the throughput of the pump. 

lance sThLV ^ evacualcs a vacuum *y««n through a tube of conduc- 

S “ hC efrCCtlVe P um P !n 8 speed S crr of the combination is given by 


! i 

~ 7T + 7T . 


just as for the conductance of two electrical conductors in series. 

Proof: Let Pl denote the pressure at the input end of the tube, and let Pl 

cnote the pump ln takc pressure at the output end of the tube. Continuity of 
nux requires that y 


Placet — (Pi — p 2 )S t 
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SO that 



equivalent to (113). 

tions h^| laU ° n i ' * 13) f ° r Sel1 eXpla ' nS why in hi 8 h vacuu ™ systems the connec- 
asTare a ^ ^ ^ V#Ssel 10 be evacuated be as short and of 

use of a ! ^ P ° SS,b!e - A l0ng 3nd narrow connec ting tube makes poor 

us o a hlgh speed pump. Further, the speed of the pump itself cannot be larger 
than the conductance of its ow n aperture. 

How rapidly does a pump with effective speed S evacuate a volume V> From 
!o Eq C (W) we find^ = ^ ^ ^ ^ dcfiniti ° n ° f pmp Speed 2nal °S ous 


dp _ t <!N Q p S 

dt v di ~v~y 


(116) 


If the pump speed is independent of pressure, this differential equation has the 
solution 


WO = />lO)cxp(-r/r 0 ) ; t 0 = y/S. (117) 


For a volume of 100 liters connected to a pump with a speed of 100 liter/sec, the 
pressure should decrease by 1 e per second. 

Any user of vacuum technology soon discovers that the pumpdown of a 
vacuum system proceeds much more slowly in the high and ultrahigh vacuum 
regions than expected on the basis of pumping speed and system volume. The 
desorption of surface gas predominales-oflen by many orders of magnitude- 
over volume gas. The surface emits adsorbed molecules as fast as the pump 
evacuates molecules from the volume. 


SUMMARY 

1. 1 he probability that an atom has velocity in do at v is 

p (°)dv = 4.-r(M/2jrr) 3/2 o 2 exp( - Mv 2 /2x)dv , 
the Maxwell velocity distribution. 
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2. Diffusion is described by 

= — I>grad«; Z> = %dl , 

where c is the mean speed and l is the mean free path. 

3. Thermal conductivity is described by 

J u — —K grad r; K = ±C v dl , 
where € v refers to unit volume. 

4. The coefficient of viscosity is given by 

r'= i pel , 

where p is the mass density. 

5. According to the principle of detailed balance, in thermal equilibrium the 
rate of any process that leads to a given state must equal exactly the rate of the 
inverse process that leads from the state. 

6. The Boltzmann transport equation in the relaxation time approximation is 

Of f r 

J t + a ' gradv /+ v • grad, /= ~ J - ££. 

7. The electrical conductivity of a Fermi gas is 

a ~ nq 2 x e /m , 

where r e is the relaxation time. 

PROBLEMS 

I. Mean speeds in a Maxwellian distribution, (a) Show that the root mean 
square velocity v tna is 

- <v 2 y n - (3r/Af)*« (11 S) 

Because <»*> = + <„,=> and <„,>> = < iy _ ( ,y h fo ,. 

lows that 

<»,»>«= (,/MJ'n - (119) 

i 
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value of the speed u mp i s ‘ ^ ^ ow tbal l ^ e most probable 

' ‘ W*. (, 20) 

By most probable value of the sneed w- .u 

distribution as a function of Notice that v <1 of . thc Ma ™el! 

speed c is 31 m P v " ni ' ( c ) Show that the mean 

c = J;*t.p(,.) = (8i/rt,, , «. (121) 

The mean speed may also be wrillen as <|a|>. The ra.io 

v tmi/c — 1.086, (i2‘>) 

velocity of an ° f lh ' absolule value ° f lhe 1 component of the 

f ‘ s (|».-|> = Je = (2i IxM)' 11 . (j2t) 

aZ, , Fi " d " ,C ““ ki "='“ ««» i" » beam 
now that the mo eon f a ”co lim fh " an ° VC '! V lcra P eral “ re *' 0» Assume 
so that the molecules Z n! Z ^ ed ^ 3 f co " d hol = &r t h =r down the beam, 
velocity component no mat ^ . hr0 “S h ‘ lMsccond h °'« >®ve °nly a small 

w n at is ,i,e mean ^ 

thermal equilibrium after thev li 0 not co ^ lc * e a ”d are not in real 

oven is depleted ^ "? V* 7*“ gas ,cft '» the 

down if it is not reheated bv h -it n • U f S ’ 3n< the resiciual S as will cool 
reneated by heat flowing in through the walls of the oven. 

^ f * * *«*■» <» of 

K/, ° = W - or Wo = 3V/V (124) 

in conventional units for K and T. This is known as the Wicdemann-Franz ratio. 

k meaectronsat 300 k is of the order of 400 x 10" 8 cm. 
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The conduction electron concentration is 8 x 10 22 percm 3 Estimate M ,h» 

5^7 «o ^ 

r = /o -»a(-I + - £ 5 )/ 0 ±. ( 125 ) 

(b) Show that thc energy flux in the x direction is 

J “ = ~ (^) If + p)/o©(«WE . (126) 

(C) EVa ' UaIe thC imCgral t0 0btain for thc thermal conduc 

und^r r nrZc Sh VZ*' ^ ^ when 3 Kquid n ° ws lhrou 8 h a narrow tube 
P betWCCn thC CndS * lhc t0,al VO,ume "'rough 

V = (na*/t,iL)p t (127) 

where ,, is the viscosity; L is the length; „ is the radius. Assume that the flow is 
laminar and that the flow velocity at the walls of the tube is zero. 

7. Speed of a lube. Show that for air at 20X the speed of a tube in liters per 
second is given by, approximately, 1 


L + frf * 


where the length L and diameter d are in centimeters; we have tried to correct 
for end effects on a tube of finite length by treating the ends as two halves of a 
hole in series with the tube. 
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heat conduction equation 

— - - 

J " " -O.gradw , {J . 

Pir,iCl ' dim,SMt ' a " d '' - W<* concentration. The equation 

dll 

ir +divJ » = o > (2) 

pariic,es is c ° nscrved - ***** d iv gra d « 


du 

^7 = D n V 2 n. 
or 


This partial differential equation describes 
particle concentration n. 


the time-dependent diffusion of the 


have L?hT„lgc”l“ u C r„'!fdL q “ a ' i0n ^ d “ iVed Sin ’ ilarly - % < I4 2 ^14.30) we 

J “ “ ~K grad r. ^ 

The equation of continuity for the energy density is 


A 

c 4- divj„ = 0 , 


( 5 ) 


Dispersion Relation, to Versus k 
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where C is the heat capacity per unit volume. We combine (4) and (5) to obtain 
the heat conduction equation 

T, = »' = */£ ( 6 ) 

This equation describes the time-dependent diffusion of the temperature The 
eqtiat'on is of the form of the particle diffusion equation (3). The quantity O 

«r“ s,vi,,:fot a sas ii is approxim “ wiy ^ «• “» p-'i* 


J' ,e of electromagnetic theory has the same form as 

(. ) jihJ (6). If U is il>c magnetic field intensity, then 


rli 

Ji - W'b. 


The constant D may be called the magnetic diffusivity and in SI is equal to 1 /op: in CCS 
r haS Il,c ^'mensitjns (length) 1 (time)" and is directly proportional to the 

iohed S prota'r f " ,U ' 0Cy " h *“ S ° lv ' d ■» ™. » have 


Dispersion Relation, o Versus k 

We look for solutions of the diffusivity equation 

DV 2 0 — cO/ct (g) 

that have the wavelike form 

0 - 0 o exp[/(k« r -- wr)] , ( 9 ) 

with co as the angular frequency and k as the wavcvector. Plane wave analysis is 
an excellent approach to litis problem, even though it will turn out that the 
diffusion waves or heat waves are so highly damped that they are hardly waves 


See for exampk. W. R. Sm> the, Stone and Jyuamic electricity, McGraw-Hill. 3rd ed. 1968. p. ">69 
1 nis book has an unusual!) full treatment of eddy current problems. 
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ar ail. Substitute (9) in (8) to obtain the relation between k and 

Dk2 = 00 ) 

A relation ai(k) for a plane wave is called a dispersion relation. 

Penetration of Temperature Oscillation 

Consider the variation of temperature in the semi-infinite medium z > 0 when 
the temperature of the plane r . 0 is varied periodically with time as 

0 ( 0 , t ) — 0 o COS 0,7 , (jjj 

which is the real part of 0 o e Xp (-za,r), for real 0 Q . Then in the medium z > 0 
tne temperature is 

0 ( z , t ) = 0 Q Re(exp[i(fcz - cot)]} 

= 0 o Re{exp[i 3 ' 2 ( w /D) ,,2 z - icof]} , (I2) 

where Re denotes real part and i 3 ' 1 = ( / - l)/^. Thus, with <5 = (20/a,) 1 ' 2 , 

0(2,i) = 0 o Re{exp(— ;/5)exp[/(z/^) - &«]} 

= 9 0 e X p(-z/5)cos((ur - z/t5). ( 13 ) 

The quantity 5 = (20/u,) 1 ' 2 has the dimensions of a length and represents the 
c aractenstic penetration depth of the temperature variation: at this depth the 
amplitude of the oscillations of 0 is reduced by rT l . The characteristic depth is 
ailed the skin depth if we are dealing with the eddy current equation. The 
wave is highly damped in the medium— the wave amplitude decreases by e~ 1 
m a distance equal to a wavelength^. 

If the thermal diffusivity of soil is taken as D te 1 x KT’cmV 1 then the 
penetration depth or the diurnal cycle of heating of the ground by the sun and 
cooling or the ground by the night sky (o> = 0.73 x 10 -4 s“ *) is 

L(diurnal) = (2 D/oj) W 2 % 5 cm. 

For the annual cycle, 

L(annuai) « lm. 
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A layer of 10 cm of earth on top of a cellar will tend to average out day, 'night 
variations of surface temperature, but ihe summer/wimer variation at the Top 
of the cellar requires several meters of earth. Actual values of the thermal 
dilTusivity are sensitive to the composition and condition of the soil or rock. 
Nonce that a figure of merit for cellar construction involves the thermal 
dilTusivity, and not the conductivity alone. 

Development of a Pulse 

In addition to the wavelike solutions of the form (9), the diffusion equation has 
several other useful forms of solutions. We confirm by insertion in (8) that 

0[x,i) — (4a£>r)" 1/2 exp{ — x 2 /4£>f) ( 14 ) 

is a solution. The proportionality factor has been chosen so that 

J_ + ”fl(x,f)dx = 1. (]5) 

The solution (14) corresponds to the time development ofa pulse which at f — 0 
has the form ofa Dirac delta function c5(x), sharply localized at x = 0, and zero 
elsewhere. 

1 iic pulse might be a temperature pulse, as when a pulsed laser or pulsed 
electron beam heats a surface briefly. Let Q be the quantity of heat deposited on 
the surface, per unit area. The temperature distribution is then given by 

0(x,i) = (2Q/Cy)(4nDt)~ 112 exp(-x 2 /4Dt) , (16) 

where C v is the heat capacity per unit volume of the material. The function is 
plotted in Figure 15.1. The factor 2 arises because all heat is assumed to flow 
inwards from the surface, while for the solution (14) symmetrical flow was 
assumed. Another example of the application of (14) is the diffusion of impurities 
deposited on the surface of a semiconductor, to form a p~n junction inside the 
semiconductor. 

The pulse spreads out with increasing time. The mean square value of .v is 
given by 

<x 2 > = J* x 2 0(x,/)</x j J* 0(x,t)dx - 2 Dt , ( 1 ?) 

after evaluating the Gaussian integrals. The root mean square value is 

“ (x 2 y 12 = (2D0 1 '?. 


(18) 
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a general characS^ in «eases as ,«« which is 

quite unlike the motion of a wave pulse in a a* ^ pr ° b ems m one dimension. It is 
for which <o = c/c, where , is the co^« m ! dium * which « » medium 

or the random walk problem follows if we let f be the “ n " CCl,on wuh Brownian motion 
Va,kj thCn 1 * ^ * « *he number ofs^ h ° U ^ 

x r«w(0 = (2DtJ l,2 N in , (19) 

This is the rcsult'^^rL'liudi^^ 'of 0 -? 1 ft r ° 0t ° f UlC nun,ber ^eps. 

suspensions of small particles in liquids. Uto * nan maUon - ‘he random motion of 
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Diffusion with a Fixed Boundary Condition at x = 0 

indc^if 0 ," ° f ( S iS f Tcrcmia,cd “ integrated with respect to any of its 

s obteLed h VM ' ' rCS “ H may aBai " ^ a S0luli0 '’- ^ 11 important example 
IS obtained by integrating (14) with respect to x: P 


0(.v,f) - (4nDr)~* Jj j *rf.v*cxp(-x ,J /4Dr) 

I Cu 

~ ~7^ J° ^sexp(— s 2 ) = | erf u , 


where n = */(4 Dt)'» Here we have introduced the error function defined by 



ds exp{ — s 2 ). 


( 21 ) 


properties thC erf0r fUnCU ° n 3rC readiIy availab,e - The error function has the 

erf(O) - 0; lim erf(x) = 1. (22) 

Of particular practical interest is the diffusion of heat or of particles into an 
infinite sol.d from a surface at x = 0, with the fixed boundary condition 0 = 0 n 

solutbn°is nd ° = ° 31 * “ (F ° r ‘ < ° We assume 0 ~ 0 cv erywhere.) The 
0(x,t) = 0 O [1 - erf(x/(4Dr) l/J )]. (23) 


Again we see that the distance at which 0(x,t) reaches a specified value is propor- 
tional to (ADi) 1 . The application of this solution to the diffusion of impurities 
into a semiconductor is discussed in a problem. 


Time-Independent Distribution 

Let us look at a solution of (S) that is independent of the time. The diffusivity 
equation reduces to the Laplace equation 

V2 ° = 0. (24) 

Consider a semi-infinite medium bounded by the plane 2 = 0 and extending 

along the positive z axis. Let the temperature vary sinusoidally in the boundary 
plane: 


0(*.T>O) = 0 o sinkx. 


(25) 
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The solution of (24) in the medium is 

0(-W) = 0 a sin kx exp( - ki). (26) 

The temperature variation is damped exponentially with the distance from the 
boundary plane. The temperature distribution in the time-independent problem 
must be maintained by constant heat sources on the boundary plane z = 0. 

PROPAGATION OF SOUND WAVES IN GASES 

Results developed earlier in this book can be applied to the study of sound waves 
in gases. Thermal effects are important in this problem. Let 6p(x,t) denote the 
pressure associated with the sound wave; the form of the wave may be written 

<5? - <5p 0 exp[i(U - rnt)] , (27) 

where k is the wavevector and o> is the angular frequency. The wave propagates 
m the x direction. 

We suppose the equation of state is that of an ideal gas: 

pP = Nr , or p « px/M , (28) 

where p = NM/V is the mass density, and M is the mass of a molecule. The 
lorce equation referred to unit volume is 

p~ ^ = _JL££ _ £_*1 

dt dx M dx M dx' ^ 

Here u is the x component of the velocity of a volume element. The motion is 
subject to the equation of continuity 

dp/dt + div(pv) = 0 , (30) 

or, in one dimension, 

dp/dt + d{pn)jdx = 0. (3}) 

The thermodynamic identity is 

dV + pdV — r da , 


(32a) 
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which can also be written 


du dV do 

7 + p 7 = I y- (32b) 

If we assume (pending discussion below) that there is no entropy exchange 
during the passage of a sound wave, Eq. (32b) becomes 

C v (ct/dt) + (p/V){cV/ct) =s 0 , (33j 

where C v is the heat capacity at constant volume, per unit volume. We can re- 
write the second term in terms of dp/ci because p = NM/V and (1 /V)(dV/dt) = 
~~(Vp)(dpldi). Now the thermodynamic identity appears as 

Cyidx/dt) - (,p/p)(dp/ci) = 0. (34) 

Let us define the fractional deviations s, 0 by 

P — Pod + s); r ~ t 0 ( 1 + 0 ) , (35j 

where p 0) r 0 are the density and temperature in the absence of the sound wave. 
\\ e assume that u, s, 8 have the form of a traveling wave: exp[i(jfcx - tut)]. The 
three equations (29), (31), (34) that govern the motion now become 

-icupu + ik[(xp 0 /M)s + (p To /M)0] = 0; (36) 

~icop 0 s + ik(p 0 us + pu) — 0; (37) 

- i(oz 0 Cy9 + ia)[p/p)p 0 s = 0. (38) 

We assume that at sufficiently small wave amplitudes it is a good approxima- 
tion to neglect in these equations terms in the squares and cross products of 
u, s and 0 For example, pit = p 0 ({ + s)» becomes p 0 u if the cross product su is 
neglected. The equations thus reduce to, with the subscripts dropped from 
p and r, 

emi - (kx/M)s - (kx/M)0 = 0; (39) 

tos ku = 0; (40) 

xCyO — ps — 0; or C v 8 — jis = 0 , (41) 


Chapter 15 : Propagation 
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Wher ' " " “* COnCCmra,i0 ”' have a solution „„ Iy if 

w = (rc/M)U2 k ( . 

where y - (C„ + „),C y - <?,/<*„ i„ our units. The velocity of sound is 

(43) 

in-* up * hig h 

be much larger than the mean fr« X , h e S '' 0l " d 

criterion for the applicability of the hvdroriv hlS rCqUIrement is the 

force equation (29). J ynanne approach embodied in the 

Thermal Relaxation 

in«^ but as the frequency is 

sound increases. Tile transition region u , 1 . ab whlch t,lc '•'elocity of 

^^herma^reh 31 -' 0 ' 0 * S as ^ 

system. Energy Ihcn * ,a > equilibrium in a 

temperature; the dissipation is stromal P ‘‘ rtS ofa s y stcn ^ r e not at the same 
cooling half-cycle in the sound xnvA ^ ^ PC . r,od ° f lhe hcati "g and 
heat exchange between the different’ *8^”? r ^ !! me requircd for 

polyatomic gases under standard enndh- 8 ° frcedom of the system. In 

of 10- s in the transfcrTf enert b f; ; here ,imc of ** order 
molecule end the external translation state" V,bra,io,,al slal “ of : a 

*£^C^^T2rr t ‘ = + '’.>~=i„,er„a, 

becomes ” ( + °> refer 10 ">= trUBtational slates. Then (34) 

Clidx ' /d ') + Cy&m - (p/p)(dplci) « 0 . (44) 

or, in place of {3S}, 

- ,£3r ° Clffl ~ i(OT * C r° + Mp!p)PoS = 0. (45) 

lhc in,er " ai and 





(46) 


* 


Thermal Relaxation 


““»■ = I" - (47) 

^^“slltna!^ 'I" T "r C Wi " ”= Kpara ' e rela “' i °" *» for 

We combine (39) (40) (45 TndM7)to ‘5? V,brallona| - !ranslati onal transfer, 
l {WJ. (45) and (47) to obtain the dispersion relation 

k 2 = cu 2 (A//t)£l_L C i + ioit 0 C y 

C p + C, + itut 0 C p ’ ( 4S ) 

'«'<< fund' rCfcr ‘° ' he tri "’ S,a!ional sla, ' s 1" the low frequency li mit 

(r’ C + C y S ThJr W r r qUen ' y ° f ' he ' Mal " Ca ' ra P aci 'r ratio (C, + C,)/ 
(C v + C ,). The low frequency Iwnt of the velocity of sound is 

°.(0) = (y 0 T/Af)'« (50) 

In the high frequency limit cor 0 » 1 and 

- m ! (A//r)(Cy/C,) = ro’(M/y,r). ( 5I) 

= <7»t/Af)«« {52) 

Values of y 0 are given in Table 15.1; if no internal states at all arc excited 

I 13 5- ' 

The wave is attenuated when * is complex; the imaginary par, of k gives the 

tbZZlnT “‘“I COe f' dCm FrC "" HS) “ is found thal »'= maximum 

absorption per wavelength occurs when to - 2a/, 0 and is given approximately 




1 . £^z£y . c, 

2 C p Cy -T Cj 


( 53 ) 
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Table 15.1 Ralio C, C,. « y for 


note: for a monatomic ideal gas, CfCy «= 5/3 = 1.667. as 
for Ar and He. For a diatomic gas at a temperature high 
enough to excite the rotational motion. C r /C v = 7/5 = 1.40. 
as for 0 2 and H a at room temperature; at temperatures 
sufficiently high to excite also the vibrational motion. 
C,/C,- = 9/7 ~ 1.2S6, as for O, at 2000 T C. The values given 

ate of Vc applicable to static processes and to sound waves 
m the limit of low frequencies. For very high frequency 
sound waves only the translational motion is excited and 
7* = 5.3 is applicable. 


F °r C0 2 gas at the relaxation frequency of 20 kHz under standard conditions 
the intensity is observed to decrease by 1/e in about 4 wavelengths— a massive 
absorption, in agreement with theory. 

Example: Heat transfer in a sound h are. Equation (33) expresses the isentropic assump- 
tion. the equation neglects the thermal conductivity which gives rise to some transfer of 
thermal energy within the sound w ave between successive warm and cool half cycles. The 
assumption that da = 0 must be modified to take account of heat (low. The heat conduction 
equation (6) may be written as 

Kc 2 t/cx 2 - tca/dt , ( 54 ) 

where a is the entropy density, Then (34) becomes 

Cy{cz/dt) - ( p/p)(dp/dt ) - K(d 2 x/dx 2 ) , 


—iatzCyB + itops 




Summary 
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When we use this in place of (41). the dispersion relation w (k) becomes 



Cy + ill'* 2 \ 

c, + ilkpj * 


(56) 


with W = K/o>. At low frequencies \Vk : is much smaller than so that the sound velocity 
is equal to the isentropic result r- s - (y 0 x/M)' 2 , as before. The condition Wk* « C v is 
essentially the condition I « where i is the molecular mean free path and X is the wave- 
length of the sound wave. The attenuation of the pressure oscillation is given by the imag- 
inary part of the wavcvcclor k and is denoted by a. The result from (56) in the low frequency 
region Wk 1 « C v is that 


* = (Vo - 1)pKw 2 I2l 2 C p , (57) 

where C r refers to unit volume. 



SUMMARY 

1. The heat conduction equation is the partial differential equation that follows 
when the phenomenological transport equation (here the Fourier law) is 
combined with the equation of continuity. We obtain 

y t ® Dy t; D, s K/C. 

2. The time-dependent diffusion equation and the eddy current equation have 
the same form, so that their solutions may be translated from the solutions 
of the heat conduction equation, these being often more familiar in the 
literature. 

3. Frequently it is useful to construct solutions in the form of superpositions 
of plane waves of the form 

0 = 0 o exp[/(k- r - cof)]. 

The differential equation then gives the relation between a) and k, called the 
dispersion relation of the problem. 

4. The propagation of sound waves in gases depends on the rate of exchange of 
energy between the translational, rotational, and vibrational motions of a 
molecule. A low frequency sound wave is described by isentropic, and not 
isothermal, parameters— a result that seems paradoxical at first sight. 



436 


Chapter IS; Propagation 


PROBLEMS 

1 ~ 0 has 3 d ‘ Slribi ; tion that « ‘he initial time 

represented by a Fourier integral: " <5( ' V)> A dclta func,ion can be 

° iX ’ 0) " 5lX) = Tn /"• <lk “PPH (58) 

At later times the pulse becomes 

0(X, ° = Tn J-“o rf * - *>/)] , (59) 

or, by use of (10), 

fl(.v., ) = ij^ ( , texp(jfa _ WJ() (60) 

The ^nornod can be extended to 
•ion is /(x,0), then by thSaLTorSerZ^' ' “ * " ,h5diS ‘ ribU - 

/fcO)- Jjx'f( x '.0)S(x - S). m 

The time development of <5(x - x') is 

0(X " X ' A) “ (4n£>0-*exp[-(x - x') 2 /4Dr] , (62) 

by (14). Thus at time f the distribution /(*, 0) has evolved to 

/(-v,0 = (4 jt£»/)-* Jrf.v'/(.v',0)exp[-(x - x') 2 /4Dr], (6 3) 

This is a powerful general solution. 

in twfdimensions admits thc^XIioT '* ^ Sh ° W that th ' difTusion cc l uati °n 

“ (C z /l)exp(-rV4Di) (64) 

and in three dimensions 

(*3(0 ~ (C 3 /i J,2 )exp( — r 2 /4/)r). 


(65) 


Problems 
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aassar&ffta-s. 

both the daily aVd^annu'al wuiatiom^n ^ “ hypo,hcticaI dimatc which 

with amplitudes 0 , = io c The me in° etempcraturcare P urc Iy sinusoidal. 

the thermal difTusivity of th^s^ho^e* 1 ! 0 c^^^Wha^isTl ^"^Take 

depth at which water pipes should be buried in L cl,W? 

L^ramre^lf; ^ S,ab ° f lhfckness 2a and initial uniform 

mperaturc fl, is suddenly immersed into water of temperature 0 n < 0 

hereby reducing the temperature at the surface of the slab abruptly (0 0 n and 

keeping ,t there. Expand the temperature in the slab in a Fourier scr^s After 

wibhasTd bUt , ] 7T { Wavelcn S lh F °uricr component of the temperature 

I L vh ' n n u lhCn lhC Icm P cn,lure distribution becomes sinusoidal 
a ll “' Vl11 thc temperature difference between the center of the slab 
and .ts surface decay to 0.01 of the initial difference 0 t - 0 O ? 

lr:r? hn: *&"*>« from a fixed surface concentration. Suppose a sili- 
con ciystal is p-lype doped with a concentration of n a = 10 ,6 cm“* of boron 

atoms the lau^n *** ‘ S hCatCd an atmos P here containing phosphorus 

conduc or itev^w f ‘fa* ** °- S With a concen,ration ,,„(*) info the semi- 

■ a P ‘ H Juncll0n at that depth at which n. - 

don ?, ,t he f US,0n condllions are such that the phosphorus concent f > 
t on at the surface is mauUaincd at n 4 [0) - lO'W 3 . Take thc diffusion 

co ffiaem of donors to be D = 1 0 - cm 2 s ~ ‘.What is the value of the constant 
die lime? ° n * " ' where * is lhe de P th of thc J™ junction and r is 

5. Heat diffusion with internal sources. When internal heat sources are pres- 
ent, the continuity equation (5) must be modified to read 

C~ + di V J u =,g u , (66) 

tat' 8enC ™ i0n r rate P= r “»* volame. Examples include Joule 

heat generated m a wire; heat from the radioactive decay of trace elements 
inside ‘he Earth or the Moon. Give an expression for the temperature rise at the 
center of (a) a cyl.ndr.ca! wire and (b) .he spherical Each, o'n .he assumpJo, 
that g k is independent of position and is constant with time. 

7. Critical size of m, dear reactor. Extend .he considerations of lhe preceding 
P Ion lo pul.de diffusion, and assume .hat .here is a net particle generation 
rate g, that ts proportional to thc local particle concentration, g = where 

„ n a character, sttc t.me constant. Such behavior describes thc neutron genera- 

nuclear reactor. The value of depends on the concentration of ; Js U 


438 


Chap ter IS: Propagation 


L U «ti,/,Tr Urfa ? '°° k Pla “' ,he neulron “"«">ra«on would grow 

uLT^u fit T Ct ° r lhe Shape ° fa Cube of voinme “tume 

Eo HI r SCS Pln ' 1C neulron surface concentralion at zero. Show that 
Eq. (3), if augmented by a gcuemuon term s . , has solulions o( lhc f ™‘ 

"tW.O 01 «P(IA I )cos(k x x) cosffc,.)-) cos(Lz) , (67) 

where k L k y L and k.L are integer multiples of n. Give the functional depen- 

nne nf°/h C ^ J° nStant f > 0n C and 'o. and show that for at least 
one of the solutions of the form (67) the neutron concentration grows with time 
fL creeds a critical value L ctU . Express L C(il as a function of D„ and t 0 . In 
actual nuclear reactors this increase is ultimately halted because the neutron 
generation rate g n decreases with increasing temperature. 
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Appendix A 

Some Integrals Containing 
Exponentials 

THE GAUSS INTEGRAL 
Let 

l ° = J-» ex P(-* 2 M-x = 2 J*exp(~x 2 )rfx. (1) 

The following trick is used to evaluate I 0 . Write (1) in terms of a different 
integration variable: 

/o ~ )-~ c * p{ ~ y2)( 'y- (2) 

Multiply (1) and (2) and convert the result to a double integral: 

Io * - j:;exp(-xVxj;;exp(-^)d y = j;; j;; C x P - {x * + y v^. 

( 3 ) 

This is an integral over the entire x-y plane. Convert to polar coordinates rand 
cp, as shown in Figure A.l. Then, x a + y* - r 2 , and the area element dA - 
ilx uy becomes dA = r dr dtp-, 

7 ° 2 = Jo J->xp(-r J ) r r/r dtp = 2n J“exp(-r 2 )rr/r. 

Because of d[exp( - r 2 }] = - 2exp( - r 2 )rdr, the integral over r is elementary: 






generalized gauss integrals 

AND GAMMA FUNCTION INTEGRALS 
Integrals of the form 

/m==2 /c> Ve x P(~x 2 )Jx, (m>-j), ( 

^ rit by ‘he Lt' ;; dcly tabu,atcd gamm 
Im ~ Jo -I e ’dy- T(/I .f IX „ = (, n _ jj /2 {( 

values of r!^ " ^ ^ ^ “ “* ****» of PM fo, nontax positiv 

The gamma function satisfies the recursion relation 

r (« + !) =«!» . (7 

" “Xom >T <6 ’ by im ' Bral ™ * >■ •* osed ,< 

.s a,,a S - s p 0 :;: fj v ;r es ° f < 7 > 

interval 0 < z < |. F(z) for arb,lra *y **8“«»eot to a value in the 



The Stirling Approximation 
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Form = 0 ,h = -J; from (4): 

h = fcr'e-'Jy = T(i) « a ‘« (g) 

121 = 2 Jo° x2 ' ex P(~x 2 )dx = J 0 V-* e ->rfj, 

" r(/ + i) = (/ - i) x (/ - I) x ... X I X I X *«« (9) 

Form = l.ii = 0: 

'■ - 2 J 0 'vexp(-^)A- - _ r(l) = 1 . ( 10 ) 

If«. is an odd integer, ... - 2/ + 1 a l, „ is an imcgc ,. „ _ , „ d 

similarly, with the aid of ( 10 ), ' uinfl 

1:t + l “ 2 J 0 V ,+, exp(--*V* » J o Ve->Jy- 

= r(/ + l) = i x (I - |) x ... x 2 x I — /! ( 11 ) 

the T fl 8 ; mma fU ? Cli °" for P° silive integer argument is simply the factorial of 
the integer preceding the argument. 

I HE STIRLING APPROXIMATION 
bor large values of n, nl can be approximated by 



Here the term I/12n is the first term of nn expansion by powers of l/n, and 
U(i/n ) stands for omitted higher order terms in this expansion, of order l/n 2 
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r t o ctck TT^ CVen lhC lCrm 1/12,1 iS USU;il 'y 0miUed Its Principal role 
correction i T h C 3CCUracy 0f the approximation. If the effect of the 1/I2i,- 
orr.ct on introduces only a change below the desired accuracy the entire 
expression has the desired accuracy. 

To derive (12) we write, in accordance with (11), 


<.! - J 0 “Ve-'<fc = J 0 "«p[/(x)]^ , ( 13 ) 

where 



/(*) = « log X - X 

(14) 

We make the substitution 



x - " + >’"* = «d + y«’ 4 ) , dx = >Ady. 

( 15 ) 

Then 

/(*) = n log n ~ n + 5 (y) , 

( 16 ) 

where 

9(>’) = «[iog(l + y/j-*) - )•„-*]. 

07 ) 

With these. 

exp[/(.x)] - n-g--exp[ 0 (y)] , 

(18) 


n! - ” 1,2 >‘ n e~ n f* al „exp[g(y)]dy. 

( 19 ) 

The function g(y) has its maximum at y = 0: g( 0) = 0. Using the Taylor 
expansion of the logarithm. 


l°g(l +s) = s~\s 2 + ^-{s* + ... t (20) 


with s = (y 2 /n) 1 ' 2 , We expand g{y): 
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In the limit « -* oo, s - 0, and all but the first term in (21) vanish, and the 
integral m (19) becomes 

J-’ •* ex P l9(y)]dy = J_ + “ exp( — i' 2 /2)i7y = (2 tt) ,/2 , (2 2) 

with the a id of (4). If (22) is inserted into (1 9) the result is identical to ( 1 2a) except 
or the correction term 1/12». Its derivation is a bit tedious. We work with 
logu! and write 


= ilog2rt + (,i + jjlogn - n + ± + (/l\ 


If we replace n by w - 1, 


log(« - 1)! = } !og2n + (n - i)log(n - 1) - („ _ l) 

+ ^ 4 t + o (?} 


We subtract (23b) from (23a): 


log»! - log(« - i)! „ log « log n 


(n + i)logn - (;j - J)Iog(/i - 1) - 1 
A A J 1 \ 

7 + 0 ( ) , 

n H — 1 \n 3 J 


where all omitted terms are now at least of order I/» 3 . The two terms in A 
can be combined: 


± A A A fl\ 

n n — 1 «(«-!)“ + 


If this is inserted into (24), we find 


~2 = (« ~ i) lOg - 1 + (/-^ 
" « “ 1 111 3 


( 26 ) 
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Ifthis is inserted in (26) we see that A = j/i 2 

-h th a i: tits n^ n,y in ,os,j!> and ° niy to an 

true value decreases with inrr<* ■ c lipprox,,nate vaIuc of logn! and the 

neglecting all terms in (PM that'fr r appr ° ximation is obtained by 

~ b lhdt ,ncrease rapidly than linearly with n: 

(29) 
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Temperature Scales 



DEFINITION OF THE KELVIN SCALE 

fundam^t ah^ uniOs thi ° f lhe 

£SL Cd in 1954 by in " ma,i0nal e 
b y ™ r s f point ° ,pure 

TheT W Cr ' C ’ 3re ^ SUrC ^ rceZ111 ^ o^wlter (Uic^k^poini) ^Tq ~ ^TiVk* 

:55S^r±ie 

The Celsius temperature scale , is defined in terms of the Kelvin scale, by 

1 s T — 273.15 K. (|) 

Temperatures on this scale are expressed in degrees Celsius symbol V t, 
~ fences have the same value on both S Cell scale" 

Kelvin “are ** bC '"“ n rU " damC " ,al * and the 

1 - k ‘ T • ( 2 ) 

•' £ ** ** * preparation .1 this appear,!, 

proceedings of an international symposium la kina nlaLT”’? Icrnp<:ralure measurements is the 
‘ts measurement and cvntrol in science and indui’fvTh* ' JnJei llle lllle Temperature, 

liltc Vol. 1:0. O. Fairchild, editor- Relnhokl ^ publ “ hed und “ *an>c 
W.-!fc. editor; Reinhotd, 1955. AlihmicK i 94 °' / us . voiume 15 largely obsolete. Vol. 2: E. C. 

for its thorough introductory discussionf of orin''"? lhcS1alC of ,he arI > ,h,s volt me is still 
measurements, not all of which are repeated in the ht P “ ° f \ a /' ous mclhods of temperature 
editor; Reinhold, 1962. Perhaps */^ V *» 3 <3 parts): C M. Hettfcld. 

principles of various methods of temperature mm ^ausc of ns iniroductoiy discussion of 
Instrument Society of America, Pittsburgh 1972 Mos? useful P ' Umb - cdllor; 

of vanous methods of temperature measurements ‘ ! - V re P rMcn, ‘ n B *»«e of the art 
than Vol. 3. ‘ measurements, contains less introductory review material 
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is called the Boltzmann constant. Its numerical value must be determined 
expei internally; the best current value* is 

k a “ (i. 350662 ± 0.000044) x 10" ,6 ergK"‘. ( 3 ) 

The value of the Boltzmann constant is determined with the aid of certain 
model systems whose structures are sufficiently simple that one can calculate 
the energy d.stnbution of the quantum states, and from it the entropy as a 
function of the energy, - o(U). The fundamental temperature as a function 

of the energy is t(U) = {co/cVyK Examples of model systems used in the 
determination of lc g are the following: 

(a) Ideal gas. In the limit of low particle concentration all gases behave as 
i eal gases, satisfying pV « h’k B T. One obtains k B by measuring the pV product 
o a known amount of gas at a known kelvin temperature T, extrapolated to 
vanishing pressure. The determination of the number of particles N invariably 
involves the Avogadro constant N A , independently known. 

(4) Black body radiation. Wc can obtain k„ by fitting the measured spectral 
distribution of a black body of known Kelvin temperature T to the Planck 
radiation law (Chapter 4). Because this law involves t through the ratio = 

(,U) ' k » T ’ thls determination requires the independent knowledge of Planck’s 
constant. 

(e) Sptn paramagnetism. In the limit of vanishing interaction the magnetic 
moment M of a system of .V spins in a magnetic field B, at temperature i, is 
given by Eq. (3.46). Various paramagnetic salts, such as cerous magnesium 
nitrate (CMN) are good approximations to noninteracting spin systems if the 
temperature is not too low. By fitting measured values of M as a function of B/T 
to (3.46) we can determine the ratio m/k B , where m is the intrinsic magnetic 
moment of the electron, known independently. Usually only the low-field 
portion is used, m which case the number of spins must also be known, which 
involves again N A . Precision results require correction for weak residual spin 
interactions, similar to corrections for particle interactions in a gas. 

The k B value given in (3) is a weighted average of several determinations, 
ith an uncertainty of about 32 parts per million, it is one of the least accurately 
known fundamental constants. Most of this uncertainty is due to the difficulty 
of the measurements and to the nonideality of the systems used for these 
measurements. About 5 parts per million are due to the limited accuracy with 
which h and N A are known. 

* E. R. Cohen and B. N. Taylor. J. Phys. Chem. Reference Data 2, No. 4 (1973). 
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When expressing temperature as conventional Kelvin temperature T rather 
than fundamental temperature t, it is customary to absorb the Boltzmann 
constant into the definition of a conventional entropy S, 

S s k s a. ^ 

ffit^becomes^ = ^ heat and entro P>’ transfer 

*Q « TdS. (5) 

PRIMARY AND SECONDARY THERMOMETERS 

Any accurately measurable physical properly A’ whose value is an accurately 
known function of the temperature, A' « A ; (T), may be used as a Ihcrmometric 
parameter to measure the temperature of the system possessing the property 
A and of any system m thermal equilibrium with it. Used in this way the 
system with the property A' is a thermometer. Tltc principles underlying 
the most commonly used thermometers arc listed in Tables B.l and B.2. The 
thermometers listed in Table B.2 are called secondary thermometers, defined 
as thermometers whose temperature dependence A'(7 ) must be calibrated 
empirically, by comparison with another thermometer whose calibration is 
a ready known. The calibration of all secondary thermometers must ultimately 
be traceable to a primary thermometer. But once calibrated, secondary ther- 
mometers arc easier to use and arc more reproducible than the primary ther- 
mometers available at the same temperature. 

Any calculable model system that can be used to determine the value of the 
o tzmann constant k B can be used as a primary thermometer, and the three 
model systems discussed above are the most important primary thermometers 
(Table B.l). 

The precision and accuracy of thermometers vary greatly. Precision is 
expressed by the variation AT observed when the same temperature is measured 
at different limes with the same instrument. Accuracy is expressed by the 
uncertainty AT with which the thermometer reproduces the true Kelvin scale. 
Secondary thermometers based on electrical resistance measurements may 
achieve a precision of 1 part in 10 5 . The precision of thermometers based on 
mechanical pressure measurements is much poorer, particularly at low pres- 
sures. For example, helium vapor pressure thermometers at the lower end of 
their useful range have a precision of about 1 part in 10\ The accuracy of 
secondary thermometers is limited by the accuracy of the primary thermometers 




Thermodynamic Thermometry 


Jr iple!0f,h ' — 


Physical properly 

Thermoelectric voltage of thermocouples* 
Thermal expansion of liquid in glass 
ticcirical resistance 
metals* 

semiconductors (germanium)' 
commercial carbon resistors' 

Vapor pressure of liquefied gas 
He 
3 He 


Useful range 
in K 

400-1400 

200-400 

14-700 

0 . 05-77 

0 . 05-20 


not ultimate iTrrfits!'^' fan8CS appr0Xlmalc ran S« of wide utility. 
' w5l”i"'y POla,!nS ‘ nsIrumcn t in the 1PTS. 


thermodynamic thermometry 

iSSS=a£=s 

Sotlum Suppose a paramagnetic substance is initially at a 
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InrT -2? ° f heat iS added t0 thc substance * its entropy is raised by 
, . r\, substance 1S then isentropically re-magnet ized, and the 

magnetic fieki B 2 is determined at which the temperature has returned exactly 
o ,. The held B 2 will be found slightly different than B.:B 2 = B, + dB. 
hnlropy conservation requires 

(IS « dQ/T 2 = S(T u B 2 ) - S(T t .B 4 ) - (cS/£B) r dB. (6) 

From the thermodynamic identity for the Helmholtz free energy for a maenetiz- 
able substance, 

clF — —SdT — A {dB , (7) 

one obtains, by the usual cross-diirercntiation, the Maxwell relation 

(£S/dB) r = { dM/ 5 T) B . (8) 

We insert (8) into (6) to find the expression for the unknown temperature: 

T 2 = UrQ/<!B){dMldT) B . {9) 

The quantities ifQ at T = T 2 andr/BatT - T , are known, and the temperature 
envative of M at 7 = T, and B = B, is easily measured. Thc method makes 
no assumptions about the ideality of the paramagnetic substance, and it has 
therefore been used extensively at low temperatures. 

(c) Clausms-Clapcyron thermometry. Thc melting temperature T„ of a sub- 
Chapter* 1 ^ 5 PrCSSUfC P accordin S t0 the Clausius-Clapcyron equation of 

({T m/dp ~ T m AV/AH , (10) 

where AV is the volume change during melting, and AH the latent heat of 
us ton. If both quantities have been measured as functions of pressure, (10) can 
be integrated: 

TJT l = exp f“(A VjAH)dp. (I i) 

if T, and p, are known, a measurement of the pressure p 2 at which the unknown 
temperature T 2 is the equilibrium melting temperature permits calculation of 
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T 2 from (11). By utilization of the strong temperature dependence of the 
solidification pressure of liquid 3 He, the method has been used as an alternative 
to magnetic thermometry at low temperatures. 

INTERNATIONAL PRACTICAL TEMPERATURE 
SCALE (IPTS) 

Many known phase equilibrium temperatures can be reproduced far more 
precisely than the accuracy with which their exact location on the Kelvin scale 
can be determined by primary thermometry.To facilitate practical thermometry, 
a number of easily reproducible phase equilibrium temperatures have been 
determined as accurately as possible and have been assigned best values to 
define an International Practical Temperature Scale (IPTS). On the IPTS the 
selected equilibrium points are treated as if. their temperatures were known 10 be 
exactly equal to their assigned values. Intermediate temperatures are determined 
by a precisely specified interpolation procedure that is chosen to reproduce the 
true Kelvin scale as accurately as possible. The present version of the scale is 
IPTS68, adopted in 1968 by international agreement, covering temperatures 
from the triple point of hydrogen (13.81 K) upward.* Table B.3 gives the 

assigned temperatures for I PTS68. 

In the range between 13.81 K and 903.89 K, which is the melting point of 
antimony, a platinum resistance thermometer is used as the interpolating 
instrument. In thc range from 903.89 K to 1337.58 K, the melting point of gold, 
a platinum-plat in um/rhodium thermocouple is used. Above 1337.58 K black 
body radiation is used. 

Below 13.81 K no precisely defined procedure has been agreed, In thc range 
between 5.2 K and 13.SI K various scales based on thc vapor pressure of 
hydrogen are in practical use. Below 5.21 K, the critical point of 4 Ile, down to 
about 0.3 K, the 1958 and 1962 helium scales* are widely used as de facto 
extensions of IPTS68. The 1958 4 He scale relates the vapor pressure of 4 He to 
the temperature T ; the 1962 3 He scale uses the vapor pressure of 3 He. 

As the accuracy of primary temperature measurements improves, errors in 
practical scales such as IPTS become uncovered, leading eventually to revision 
of the practical scales. Table B.3 lists some errors now believed to exist in 
IPTS68. 


* S “- f xa ™ p!c - A " ,erican Institute of Physics handbook, 3rd ed., McGraw-Hill, 1972; Section 4: 
Heat, M w. Zcmansky, editor. Contains complete original references. 
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Temperature Scale: 




Appendix C 
Poisson Distribution 



The Poisson distribution Jaw is a famous result of probability theory. The result 
is useful ln the des.gn and analysis of counting experiments in physics, biology 
operations research, and engineering. The statistical methods we have developed 
lend themselves to an elegant derivation of the Poisson law. which is concerned 
with the occurrence of small numbers of objects in random sampling processes. 
It is also called the law of small numbers. If on the average there is one bad 
penny in a thousand, what is the probability that N bad pennies will be found in 
a g.ven sample of one hundred pennies? The problem was first considered and 
solved in a remarkable study of the role of luck in criminal and civil law trials 
in h ranee in the early nineteenth century. 

We derive the Poisson distribution law with the aid of a model system that 
consists of a large number R of independent lattice sites in thermal and diffusive 
contact with a gas. The gas serves as a reservoir. Each lattice site may adsorb 
zero or one atom. Wc want to find the probabilities 

m, P( 1), P(2) P(N) 

that a total of 0, 1, 2, .... N , ... , atoms are adsorbed on the R sites, if we are 
given the average number <JV> of adsorbed atoms over an ensemble of similar 
systems. 

Consider a system composed of a single she. It is convenient to set the binding 
energy of an atom to the site as zero. The identical form for the distribution is 
found if a binding energy is included in the calculation. The Gibbs sum is 

= 1 +'- • ( 1 ) 

where the term /. is proportional to the probability the site is occupied, and 
the term i is proportional to the probability the site is vacant. Thus the absolute 
probability that the site is occupied is 



The actual value of /. is determined by the condition of the gas in the reservoir, 
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because for diffusive contact between the lattice and the reservoir we must have 
/(lattice) = /(gas). (3) 

; r Chap,er 5 - c ™ ,ua,i ™ ° r «-» r ” « «-> - 
We now extend the treatment to R independent sites. Then 

?f' a ' ~ ' 3 k = (l + /.)*. (4) 

fn l i C ^\f Um ! nl USC i ‘ n Chapter 1 we know lhal the binomial expansion of 
p - r ? ! + ^ counts once and only once every state of the system of 

K sites - Each site has two alternative states, namely O for vacant or © for 
occupied, which corresponds in the Gibbs sum to the term 1 for and the 
term / for 

In the low-occupancy limit of/ « l we have / s /, whence 

<A') = fR = },R (5) 

is the average total number of adsorbed atoms. The Poisson distribution is 
concerned with this low-occupancy limit. We can now write (4) as 



ext we let the number of sites R increase without limit, while holding the 
average number of occupied sites <A> constant. The Poisson distribution is 
concerned with infrequent events! By the definition of the exponential function 
we have 

i™(‘ + tt)" = ex p< N > • (?) 

so that 

d-w - ex pW = ex P (;.i?) = (8) 

The last step here is the expansion of the exponential function in a power series. 
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The term in A* in is proportional to the probability P(A’) that A' sites 

are occupied. With the Gibbs sum as the normalization factor we have in the 
limit oi large R: 


PM Jilt . 1 - Wexp(-/A> ) 
Nl 3-u, 


or, because /.R ~ <A*> from (5), 


<A f ) w exp( — <A/)) 
N\ 


This is the Poisson distribution law. ’ 

ParlicuJar interest attaches to the probability P(0) that none of the sites 
is occupied. From (10) we find, with <N>° = 1 and 0! = 1, 

p(0) = exp(~</V»; logP(O) - -<N>. (li) 

1 hus the probability of zero occupancy is simply related to the average number 
(A) of occupied sites. This suggests a simple experimental procedure for the 
determination of <N>: just count the systems that have no adsorbed atoms. 

Values of P(A') for several values of <N) are given in Table Cl. Plots are 
given in Figure C.l for <N> = 0.5, 1, 2, and 3. 


Table C.l Values of Ihe Poisson distribution function PIN) ». < N > Wex P( <- N » 

N'. 



O.i 

0.3 

0.5 

0.7 

<N> 

0.9 1 

2 

3 

4 

5 

P{0) 

0.9048 

0.7408 

0.6065 

0.4966 

0.4066 

0.3679 

0.1353 

0.0-498 

0.0183 

0.0067 

P(l) 

0.0905 

0.2222 

0.3033 

0.3476 

0.3659 

0.3679 

0.2707 

0.1494 

0.0733 

0,0337 

P(2) 

0.0045 

0.0333 

0.0758 

0.1217 

0.1647 

0.1839 

0.2707 

0.2240 

0.1465 

0.0842 

P(3) 

0.0002 

0.0033 

0.0126 

0.0284 

0.0494 

0.0613 

0.IS04 

0.2240 

0.1954 

0.1404 

P(4) 


0.0003 

0.0016 

0.0050 

0.0! 1 1 

0.0153 

0.0902 

0.1 6S0 

0.1954 

0.1755 

P(5) 



0.0002 

0.0007 

0.0020 

0.0031 

0.0361 

0.1008 

0.1563 

0.1755 

P(6) 




0.0001 

0.0003 

0.0005 

0.0120 

0.0501 

0JO42 

0.1462 

P(7) 






0.0001 

0.0034 

0.0216 

0.0595 

0.1044 

P(8) 

DfO\ 







0.0009 

0.0081 

0.0298 

0.0653 

P(y) 

p#in\ 







0.0002 

0.0027 

0.0132 

0.0363 









0.0008 

0.0053 

0.0181 


l! 
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Figure C.I Poisson distribution, P versus N. for several values of </V>. 



g{R,N) 


R! 

(R - N]l iV! 


° f — — 

ausoroea a to, ns N. 1 he Gibbs sum is a sum over all states. 


levs as a system of many sites to which a bacterium 


k 



PROBLEMS 

l. Random pulses. A radioactive source emits alpha particles which are 
counted at an average rate of one per second, (a) What is the probability of 

a,phupacticle5in5s? < b ) 0fc ^'^i n g2inls?(c)Ofcounting 
none in 5 s? The answers to (a) and (b) are not identical. 
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<W>C!r* Sh0W ,ha! ,hc Poisso " function f>(,V) = 

approach « “ Gaussian function in for™ for 
t \ ). I hat is, show when N is close to <TY> that 

P{N) 2s /4cxp[~S(,V - <N» 2 ] , 

utThc S,irti„ r£ qUamiliCS 10 bc delcrmin ' d h >’ ^U' "»«■■ Work with logPlW). 

'. hC GaU “ ia " form bolh 'f “d i functions 
f L • ‘ VsfL VC °P mCn of the Po,sson function yon may find A B are 
functions of N, but the two forms of* B are closely equivalent over the rLntten 
wh.ch the exponential factor has significant values. gC 10 
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Pressure 

i n -- i 


Let a pressure p, be applied normal to the faces of a cube filled with a gas or 
liquid in quantum state s. By elementary mechanics (Chapter 3) the pressure 
is equal to 

Pm = -dUJdV , (i) 

where U, is the energy of the system in the state 5. We can also write the pressure 
as 

P, = -( dU/dV ), . (2) 

where (dU/dV), denotes the expectation value* of dU/dV over the state s at 
volume V. It is important that we can calculate p by (2) which is at a fixed 
volume with no ambiguity about the identity of the selected state s, whereas 

(1) involves following the state through two volumes, Kand V + t/K, with some 

possible doubt whether the state remains the same. The ensemble average 
pressure p is the average of p , over the states represented in the ensemble: 

P = <fO - -<(dU/dV) t > (3) 

Because the number of states in the ensemble is constant, the entropy is constant, 
so that the derivative is at constant entropy. We may therefore write 



The result (4) uses the energy of the system expressed as U(o,V , . . .); that is, 
as a function of the volume V and the entropy a— -not the temperature x. It is 
the entropy and not the temperature that is to be held constant in the 
differentiation. 

* The equivalence of (l) and (2) is an example of the Hellmann-Feynman theorem of quantum 
mechanics, according to which the derivative of the hamiltonian JtC and energy eigenvalue V with 

nml X ar V e! *‘^. by dv,dl “ The derivation may be found on 

p. 1192 of C. Cohcn-Tannoudji, B. Dm, and F. Laloe. Quantum mechanics, Wiley, 1977: sec also 
t. Mcr 2 bachcr, Quantum mechanics, 2nd cd., Wiley, 1970, p. 442. 
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of v pin as * *«*» - - 

Which iwuj, „ e , al = F fi F F ' SUr ' E1 ‘ No,i “ ,hi: «**» in 

of the upper LI ^ 1 N ' 8a,,vc 1 rara " s ">« <h= population 

condition obtain we say , h “f' P ° P f Uon of , lhc lo '™ r ^l=. When this 
Figure E.3. H h p0pulatlon is inverted, as illustrated in 

* 3 — 

•he spectrum of energy states Z IT' m “ l bc 3 finUe “P^ ^mit to 

would have an infinite energy* A fre h e!VJlSC 3 sys,em at a negative temperature 
cannot have negative temperatures f * T*”* par,lclc or a harmonic oscillator 



figure £.1 Entropy as function of energy for a two state system 

Tcs C a oflhc s(a!es {s £ = , ifl ihi5 example fn [he 

t dS t° f r * e/£U " posi,ivc > 50 lha{ 1 is Positive. 

On the right-hand side ca,‘cU is negative and r is negative. 
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Figure E.2 Temperature versus energy for the two 

stale system. Here 

I 1 



Notice that the energy is not a maximum at r = + x>, 
but is a maximum at t = -0. 


lure: the nuclear spin orientation in a magnetic field is the degree of freedom 
most commonly considered in experiments at negative temperatures, lb) The 
system must be in internal thermal equilibrium. This means the states must have 
occupanctes m accord with the Boltzmann factor taken for the appropriate 
negative temperature, (c) The states that are at a negative temperature must be 
isolated and inaccessible to those states of the body that are at a positive 
temperature. r 

The ordinary translational and vibrational degrees of freedom of a body 
have an entropy that increases without limit as the energy increases, in contrast 
to the two state or spin system of Figure E.l. If a increases without limit then r 
ts always positive. The exchange of energy between a system at a negative 
temperature and a system that can only have a positive temperature (because of 
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,=0 M t t t t t t t t 

B 

T = + ” t t I t t t t I M 

H±S! t f It It t II 
' = -'•( 11)111111 
' = -° 1 1 I I I I | | || 

P ° SSibiC Spin dislribulions for various positive and 
nega ,ve temperatures. The magnetic field is directed upward The 
co ™ ,em f >er . a ' ures cannot last indefinitely because of weak 
ZZ « j SP ‘ “ and thc lauicc - The can only be a. a 

Z too The T ra ' UrC ^ 3USC US CnCrgy kvcl SpeClrum is bounded 
on top. The downward-directed spins, as at r = - r , turn over one 

eoudh' • hCrCbyrdeaSing cnct ^ 10 thc and approaching 
£ TnZZt ‘ hC a * 1 P--- temperature A 

ove a i r of m m - at T* ^ slowly. 

° f u Ur5: th, ' S limC “Fronts at 

negative temperatures may be carried out. 

ys,cm a a bosi.ivc <cn,pc r a,„ re , c„e w win be .ranstod f“ “ >,e “ 
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n»c temperature scale from cold to hot runs + 0K +300K . „ K 

temperature ts not OK, but is ±coK. equilibrium 

spin tt * 0 be pr ° m ° ted { ° »«»p«*u«s 

y suitable radto frequency techniques. If a spin resonance experiment is 
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carried out on a spin system at negative temperature, resonant emission of 
energy is obtained instead of resonant absorption.* A negative temperature 
system is useful as an rf amplifier in radio astronomy where weak sienals must 
be amplified. 

Abragam and Proctor* have carried out an elegant series of experiments on 
calorimetry with systems at negative temperatures. Working with a LiF crystal, 
they established one temperature in the system of Li nuclear spins and another 
temperature in the system of F nuclear spins. In a strong static magnetic field 
the two thermal systems are essentially isolated, but in the Earth’s magnetic 
field the energy levels overlap and the two systems rapidly approach equilibrium 
among themselves (mixing). It is possible to determine the temperature of the 
systems before and after the systems are allowed to mix. Abragam and Proctor 
found that if both systems were initially at positive temperatures they attained 
a common positive temperature on being brought into thermal contact. If both 
systems were prepared initially at negative temperatures, they attained a 
common negative temperature on being brought into thermal contact. If 
prepared one at a positive temperature and thc other at a negative temperature, 
then an intermediate temperature was attained on mixing, warmer than the 
initial positive temperature and cooler than the initial negative temperature. 

FURTHER REFERENCES 
ON NEGATIVE TEMPERATURE 

N. F. Ramsey, “Thermodynamics and statistical mechanics at negative absolute 

temperature," Physical Review 103, 20(1956). 

M. J. Klein, “Negative absolute temperature,” Physical Review 104, 589 (1956). 

* E. M. Purcell and R. V. Pound, Physical Review 81, 279 (1951), 

A. Abragam and W. G. Proctor, Physical Review 106. 160 (1957); 109. 1441 (1958). 



Index 


Abragam, H.. 350. 463 
Abraham, B. M.. 209 
Absolute activity. 139 
Absorption refrigerator, 25S 
Absorptivity. 97 
Acceptor, 357, 363 
Accessible state, 29 
Activation energy, reactions, 271 
Active transport, 145 
Activity, absolute, 139 
Age, Sun, 111 
Air conditioners, 235 
room, 258 

Alloy, binary. 16, 310, 331 
gold in silicon, 331 
mixing energy, 318, 330 
solidification ranee, 331 
system, 16 

Anderson, A. C., 219 
Anlonini, E.. 142 
Atmosphere, 126, 145, 179 
Atoms, in a box, 74 
velocity distribution, 394 
Average value, 22 
Avogadro constant, 282 


Barclay, i. A., 345 
. Barnes, C. B., 345 

Barometric pressure, 125 
: equation, 126 

v Battery, electrochemical, 129 

j Bertram, B., 210 

; Belts, D. S.. 342 

i Binary alloy, 16, 310, 331 

i Binary model systems, 10 

|? Binomial distribution. 22 

\ expansion. 14 

f Biopolymer growth, 273 


Black body radiation, 98 
Bockris, J. O. M„ 248 
Boltzmann constant, 41, 45, 446 
Bolumann factor. 58, 61 
Boltzmann transport equation. 403, 421 
Born. M., 106 

Bosc-Einstcin condensate, 202 
Bose-Einstcin distribution. 157, 159 
Boson, 152 
Boson gas, 199 
condensation, 205 
degenerate, 221 
fluctuation, 222 
one dimension, 222 
Boson system, 223 
Bridgman, P. \V„ 279 

CMN, 348. 448 

Carbon monoxide poisoning, 146 
Carnot coefficient, 

refrigerator performance, 234 
Carnot cycle, 236 
ideal gas, 237 

thermodynamic thermometry, 449 
Carnot efficiency, 230 
Carnot engine, photon, 258 
Carnot inequality, 228, 232 
Carnot liquefier, 351 
Carrier concentration, intrinsic. 362 
Carrier lifetime, 38S 
Carrier recombination, 383 
Catalyst, 271 

Celsius temperature scale, 44S 

Centrifuge, 145 

Cerium magnesium nitrate, 348, 448 
Chapellier, M., 350 
Chandrasekhar limit, 222 
Characteristic height, atmosphere. 126 
Chau, V. H„ 350 


46S 


Index 


Index 


Chemical equilibria, 266 
Chemical potential. 118, 119, 148, ]61 
and entropy, 131 
equivalent definition, 148 
external, 149 
ideal gas, 120, 169 
internal, 122, 124 
mobile magnetic particles, 127 
near absolute zero, 199 
total, 122. 124 
two phase equilibrium, 330 
Chemical reaction, 266 
Chemical work, 230 
ideal gas, 251 

Classical distribution, 410 
function, 161 
Classical limit, 160 
Classical regime, 74, 153, 159, 358 
Claude cycle, 341 
helium liquefier, 351 

Ciausius-Clapcyron equation, 281 
Clayton, D, D., 222 
Closed system. 29 

Coefficient, refrigerator performance, 234 
Coefficient, viscosity, 402 
Coexistence curve, 278 
Cohen, E. R., 446 
Cohen-Tannoudji, C., 459 
Collision cross sections, 395 
Collision rates, 395 
Concentration iluctuations, 147 
Condensed phase, 203 
Conductance, hole, 415 
tube, 416 

Conduction band, 355 
Conduction electrons, 
semiconductors, 355 
Conductivity, electrical, 413, 421 
intrinsic, 387 
thermal, 401, 421 

Configuration, most probable, 33, 35 
Convective isentropic equilibrium’ 179 
Cooling, demagnetization, 352 
evaporation, 341 
external work, 334 
nonmctallic solid, 259 

of slab, 437 

Cooper pair, 250, 257 
Corresponding states, law of, 290 
Cosmic background radiation. 98 
Counterflow heat exchanger, 336 
Critical magnetic field, 253 


Critical point. 291 
van der Waals gas, 289 
Critical radius, nucleation, 295 
Critical size, nuclear reactor, 437 
Critical temperature, 276 
gases, 277 
Croft, A. J., 340 
Cryogenics, 333 
Crystal transformation, 307 
Crystalline mixture, 319 
Curie temperature, 298 
Cycle, Carnot, 236 

DNA molecule, 85 
Daunt, J. G., 348 
de Bruyn, R., 345 
De Maeycr, L., 270 
Debye T 3 law, 106 
Debye temperature, 105 
Debye theory, 102 
Degenerate Fermi gas. 219 
Degenerate gas, 182 
Degenerate semiconductors. 358. 36S 
Demagnetization, cooling, 352 
isentropic, 346 
nuclear, 348 

Density of orbitals, 187, 218 
Density of states, 186 
effective, in semiconductors, 360 
effective mass, 360 
Detailed balance, kinetics, 407 
principle of, 271 
Deviation, integrated, 54 
Diatomic molecules, rotation, 84 
Diesel engine, 180 
Differential relations, 70 
Diffusion 
current flow, 379 
equation, 437 
fixed boundary, 429 
heat, 437 

internal heat sources, 437 
particle, 399. 409 
p-n junction, 437 
Diffusive equilibrium, 120 
Djffustvity, 399, 428, 437 
Dilution refrigerator, helium, 342 
Dispersion relation. 425 
Distribution, classical, 161, 410 
Bose-Einstein, 158 
Fcrmi-Dirac, 154, 4 H 
Diu, B_, 459 


Dixon, R. W„ 366 
Donor, 356, 363 
levels, 369 

Donor impurities, ionization, 273 
Doping concentrations, 375 
Doping profile. 3S8 
Dry adiabatic lapse rate, 270 

Earth, distance from Sun, 1 1 1 
Eddy current equation, 425 
Effective density of stales, 361 
valence band. 362 
Effective mass, 360 
Effective work, 246 
Efficiency, Carnot, 230 
Eigen, M., 270 
Einstein condensation, 199 
temperature, 205 
Einstein relation, 406 
high electron concentrations, 388 
Einstein temperature, solids, 84 
Elasticity of polymers, 86 
Electrical conductivity, 413, 421 
Electrical noise, 98 
Electrochemical battery, 129 
Electrolysis, 247 

Electron-hole pair generation, 388 
Electron mobility, 380 
Elementary excitations, 212 
Elliott, R. P., 323 
Emissivity, 97 
Energy, conversion, 240 
conversion efficiency, 230 
degenerate boson gas, 221 
cquipartition, 77 
Fermi gas, 185 
fluctuations, 83, 113 
geothermal, 259 
ideal gas, 76 
magnetic, 252 
mean kinetic, 420 
mixing, 314, 330 
thermal average, 140 
transfer, 227 
two state system, 62 
van der Waals gas, 305 
Energy gap. 355 
Ensemble, average, 31 , 62 
construction, 32 
systems, 31 
Enthalpy. 246, 284 
van der Waals gas, 305 


Entropy, 42, 45, 52 
accumulation. 229 
and chemical potential. 131 
conventional, 45 
degenerate boson gas. 221 
degenerate Fermi gas, 219 
free energy, 165 
heat flow, 44 
law of increase, 54 
as logarithm, 50 
of mixing, 78, 178, 314 
and occupancy, 1 1 4 
and temperature, 52 
transfer, 227 
van der Waals gas, 305 
Equation of continuity. 424 
Equation of state, van der Waals, 287, 289 
Equilibria, chemical. 266 
' phase, 322 

Equilibrium, hydrogen, 269 
gas-solid, 285, 305 
particle-antiparticle, 274 
reactions. 266 
two phase, 330 
vapor pressure, 291 
Equilibrium constant, 268 
Equipariition of energy, 77 
Error function, 429 
Eutectic, 325 
Evaporation cooling, 341 
limit, 352 

Expansion, cooling, 334 
engine, 334 
Fermi gas. 259 
irreversible, 175 
isothermal, 171 
Extensive quantities, 264 
Extreme relativistic particles, 117 
Extrinsic semiconductor, 364 

Feher, G., 148 
Fermi energy, 155, 183 
Fermi gas. 183 
fluctuations, 222 
ground slate, 185 
irreversible expansion. 259 
liquid hclium-3. 219 
metals. 194 
relativistic, 218 
Fermi level, 155, 357 
intrinsic, 362 

extrinsic semiconductor, 364 


Index 


Fermi-Dirac distribution function, 
153, 177, 41 1 

Fermi-Dirac integral, 366 
Fermion, 152 
Ferromagnetism, 295, 302 
Fick's law, 399 
First law, 49 

First order transition, 302 
Flow, through hole, 415 
through tube, 416, 421 
speed, 422 

Fluctuations. Bose gas, 222 
concentration, 147 
energy, 83, 113 
Fermi gas, 222 
time of. 1 78 
Flux density, 397 
Fourier analysis. 436 
Fourier’s law. 401 
Free energy. 163 
Gibbs, 246, 262 
harmonic oscillator, 82 
Helmholtz, 68 
paramagnetic system, 69 
photon gas, 112 
two state system. 81 
Free energy function, Landau, 298 
Fruton, J. S., 142 
Fuel cell, 247, 248 
Fundamental assumption. 29 
Fundamental temperature, 41 

Gallium arsenide, semi-insulating, 372 
Gamma function integral, 440 
Gas constant, 166 
Gas, critical temperatures, 277 
degenerate, 182 
degenerate boson, 221 
degenerate Fermi, 219 
idea!, 72 
liquefaction, 337 
one-dimensional, 86 
potential energy, 145 
quantum, 182 
rarefied, 413 
sound waves, 430 
Gas-solid equilibrium 
Gauss integral, 439 
Gaussian distribution, 20 
Generalized forces, 404 , 405, 458 
Generation, electron-hole pair, 388 
Geothermal energy, 259 
Giauque, \V.. 167 
Gibbs factor. 134. 138 


Gibbs free energy, 246, 262 
van dcr Waals gas, 291 
Gibbs sum, 134, 138, 146 
ideal gas, 169, 180 
two level system, 146 
GilTard, R. R., [03 
Goldman, M., 350 
Grand canonical distribution, 138 
Grand partition function, 138 
Grand sum, 138 
Greenhouse effect, 115 
Guyer, R. A., 210 


Half-cell potentials. 131 
Hall. R. N.. 385 
Hall-Shockley-Read theory, 383 
Hansen, M., 323 
Harmonic oscillator. 52, 82 
free energy, 82 
multiplicity function. 24 
Harwit, M„ 219 
Heat. 44, 68 . 227, 240 
definition. 227 
isobaric, 245 
path dependence, 240 
vaporization of ice. 305 

. Heal capacity, 63, 165 

degenerate boson gas, 221 
electron gas, 189 
intcrgalactic space, 113 
liquid helium-4, 113 
photons and phonons, 1 !3 
solids, 1 1 3 
two state system, 62 
Heat conduction equation, 424 
Heat engine, 228, 230 
refrigerator cascade, 258 
Heat exchanger, counterflow, 336 
Heat flow, 44 

Heat transfer, sound wave, 434 
Heat pump, 235, 257 
Heat shield, 112 
reflective, 115 
Hecr, C. V., 348 

Helium dilution refrigerator, 342 
Helium liquefier, 351 
Helmholtz free energy, 6 S 
Heme group. 140 
Hemoglobin. 141 
Henshaw, D. G., 216 
High vacuum region, 397 
Hill, I. S.. 348 


Hobdcn. M. V., 349 
Holes. 177, 355 
conductance. 415 
quantum concentration, 361 
Hook, j. R., 217 
Huiskamp, W. J., 342 
Hydrogen, equilibrium, 269 

1PTS, 451 

Ice, heal of vaporization, 305 
Ideal gas, 72, 74, 160, 169 
calculations. 180 
Carnot cycle, 237 
chemical potential, 120 , 169 
chemical work, 251 
energy, 76 
Gibbs sum, 180 

internal degree of freedom, 179 
iscnlropic relations, 179 
Kelvin, 446 
law. 77 

law, kinetic theory, 391 
one-dimensional, 86 
sudden expansion, 243 
thermodynamic identity, 177 
two dimensions, 180 
Impurity atom ionization, 143 
Impurity level. 368, 383 
carrier recombination, 383 
Increase of enuopy, law of, 45 
Inequality, Carnot, 232 
Injection laser, 381, 38S 
Integrals containing exponentials, 439 
Intensive quantities, 264 
Intergalactic space, heat capacity, 113 
Internal chemical potential, 122 , 124 
International Practical Temperature 
Scale, 451 

Intrinsic conductivity, 387 
Intrinsic Fermi level, 362 
Inversion temperature, 336 
Ionization, deep impurities, 388 
donor impurities, 273 
impurity atom, 143 
thermal, 273 
water, 269 

Irreversibility, sources, 232 
Irreversible thermodynamics, 406 
Irreversible work, 242 
Isentropic demagnetization, 346 
Iscnlropic expansion, 114, 148 
Isentropic process, 173 
Isentropic relations, ideal gas. 179 
Isobaric process, 245 
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Isotherm, 276 
Langmuir adsorption, 143 
Isothermal work, 245 

James, H. M., 86 
Johnson, J. B., 98 
Johnson noise, 98 
Johnston, H. L., 167 
Joule-Thomson effect, 337 
van dcr Waals gas, 338 
Joyce, W. B., 366 
Joyce-Dixon approximation. 366 
Juttner, F., 219 

Kelvin temperature, 4! 
scale, 445 

Kinematic viscosity, 404 
Kinetic model, mass action, 270 
Kinetic theory, ideal gas law, 391 
Kinetics, detailed balance, 407 
Kirchhoff law, 96, 115 
Klein, M. J., 463 
Knudsen regime, 397. 413 
Kramers. H. C., 114 
Kurti. N., 348. 349 

Laloc, F., 459 

Lambda point, helium-4, 210 
Laudau free energy function, 298 
Landau function, 69, 298 
Landau theory, phase transitions, 298 
Langmuir adsorption isotherm, 143 
Laser, injection. 381, 388 
Latent heat, 281, 284 
enthalpy, 284 
increase of entropy, 45 
vaporization, 281 
Law of corresponding slates, 290 
Law of increase of entropy, 45 
Law of mass action, 268, 362, 382 
Laws of rarefied gases, 413 
Laws of thermodynamics, 48. 49 
Lcff. H. S-, 259 
Leggett, A. J., 217 
Lein, W. H., 195 
Linde cycle, 339 
Liouviile theorem. 408 
Liquid helium II, 209 
Liquid helium-3, 217 
superfluid phases, 217 
Liquid hclium-4, 207 
heat capacity, 1 13 
Liquid 3 He- 4 He mixture, 320 
mixing energy, 330 
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Liquidus curve, 323 

Long tube, flow, 416 

Lo schmidt number, 396 

Lounasmaa, O. V., 342 

Low orbital free atoms, 201 

Low temperature thermometry, 448 

Lynds, B., 1 1 1 

Me Fee, J. H., 394 
Magnetic concentration, 145 
Magnetic dilTusivity, 425, 437 
Magnetic energy, 252 
Magnetic field, adsorption of 0 2 , 147 
mobile magnetic particles, 127 
spin entropy, 1 70 
in superconductors, 253 
Magnetic susceptibility, 81 
Magnetic system, 23 
Magnetic work, 252 
Magnetization, 70 
Marcus. P. M., 394 
Mass action, law, 268, 270. 362, 387 
Maxwell distribution of velocities, 392 41 
Maxwell relation, 71, 272 
Maxwell transmission distribution, 395 
Maxwell velocity distribution 393 ’ " 

Mean field method, 288 
Mean free path. 395 

Mean speeds, Maxwellian distribution, 419 
Mean value, 22 
Meissner effect, 252 
Merzbachcr, E., 459 
Metastable phases, 278 
Meyer, L., 215 
Milner, J. H., 348 
Minority carrier lifetime, 3S8 
Mixing, energy, 314, 330 
entropy, 78, 178, 314 
Mixture, binary, 310 
crystalline, 319 
liquid 3 He- 4 He, 320 
phase equilibria, 322 
Mobile magnetic particles, 
chemical potential, 127 
Mobility, electron, 380 
Molecules, Earth’s atmosphere, 145 
Monkey-Hamlet, 53 
Most probable configuration, 33, 35 
Multiple binding of Oj, 148 
Multiplicity. 7 
Multiplicity function, 15, 18 
harmonic oscillator, 24 
Myoglobin, 140, 142 


Negative temperature, 460 
‘■Never," 53 

Niels- Ha kkenberg, C. G., 114 
Nondegencrate semiconductor, 358 
Nonequiiibrium semiconductors, 379 
Normal phase. 203 
Nuclear demagnetization, 348 
Nuclear matter, 198 
Nuclear reactor, critical size, 437 
Nucleation, 294 
critical radius, 295 
Nyquist theorem, 98 

Occupation donor levels, 369 
Onsagcr relation, 406 
Orbital. 9, 152 
occupancy, 202 
symmetry, 177 
Order parameter, 298 
Osborne, D. W.. 209 
Ovcrhauscr cIToct, 84 

Paramagnetic system, 69 
Paramagnetism, 52, 446 
Particlc-antiparticlc equilibrium, 274 
Particle diffusion, 399, 409 
Partition function, 61 
two systems, 85 
Pascal (Pa), back endpaper 
Path dependence, 240 
Pauli exclusion principle, 152 
Peltier effect, 336 

Penetration, temperature oscillation, 426 
Peimings. N. H., 345 
Peritcctic systems, 330 
Perpetual motion, 50 
pH, 269 
Phase, 267 
condensed, 203 
equilibria. 322 
normal, 203 
relations of helium, 210 
Phase diagram, 321 
Phase transitions, 298 
Landau theory, 298 
superconducting, 306, 307 
Phenomenological laws, 398 
Phillips, N. E., 195, 196. 254 
Phonon, 102 
heat capacity, 113 
mode, 104 
solids, 102 


Photon, Carnot engine, 258 
condensation, 221 
heat capacity, 1 13 
thermal, 1 10 
Photon gas, 112, 114 
free energy, 112 
iscnlropic expansion, 1 14 
one dimension, 112 
Pillans, H-, 111 

Planck distribution function, 89, 91 
Planck law, 91.95 
p-n junction, 373 
reverse-biased, 377 
Poise, 403 

Poisson distribution. 138, 453 
distribution law, 455 
Poisson equation. 375 
Pollution, thermal, 258 
Polymer, S6 
elasticity, 86 

Population inversion. 460 
Pound, R. V.. 463 
Pratt, W. P.. 348 
Pressure. 64, 164 
degenerate Fermi gas. 219 
thermal radiation, 1 1 1 
Principle of detailed balance, 271 
Probabililv, 30 
Proctor, W. G., 463 
Propagation, sound waves, 430 
Pulse, deselopment, 427 
Fourier analysis, 436 
random, 457 
Pump, speed. 417 
Purcell. E. M.. 463 

Quantum concentration, 73, 85 
conduction electrons, 361 
holes, 361 
Quantum gas, 182 
Quantum regime, 182 
Quasi-Fermi level, 379 
Quasipartide, 212 

Radiant energy flux, 1 14 
Radiant object, ! 14 
Radiation 

black body background, 98 
thermal, 111 
Ramsey, N. F., 463 
Rarefied gases, laws of, 413 
Reaction, chemical, 266 


Reaction rate, 271 
Read, W. T., 385 
Recombination, carrier, 3S3 
Reese, W„ 219 
Refrigerator performance, 

Carnot coefficient, 234 
coefficient, 234 
helium dilution. 342 
light bulb in, 259 
Rcif, F., 215 

Relativistic Fermi gas. 218 
Relativistic white dwarfs. 222 
Relaxation, thermal, 432 
time, 433 
Reservoir, 58 
Resistivity. 387 

Reverse-biased p-n junction. 377 

Reversible isothermal expansion, 171 

Reversible process. 64 

Room air conditioner. 258 

Rose, W. K... 197 

Rosenblum. S. S.. 348 

Rossi-Fanclli, A.. 142 

Rotation, diatomic molecules, 84 


Sackur-Tetrodc equation. 77, 165 
experimental tests, 167 
Schindler. H., 148 
Scholtky anomaly, 63 
Second law. 49, 240 
Second order transition, 304 
Segregation coefficient, 331 
Semiconductor, 353 
degenerate, 358, 365 
donor impurities, 273 
extrinsic, 364 

impurity atom ionization, 143 
n- and p- type, 363 
nondegenerate, 358 
nonequilibrium, 379 
Semi-insulating gallium arsenide, 372 
Shockley, \V„ 385 
Shunk, F. A., 323 
Simmonds, S.. 142 
Smythe, W. R., 425 
Soil, temperature variations, 437 
thermal diffusivity, 427 
Solar constant, 110 
Solidification range, 331 
Solidus curve, 323 
Solubility gap, 310, 311 
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Solidus curve, 323 
Solubility gap, 310, 311 

phase diagram, 321 
Sound wave, heat transfer, 434 
propagation, 430 
Specific heat, 63 
Speed, pump, 417 
tube, 422 
Spin entropy, 170 
additivity, 53 
Spin excess, 14 
Spin system, 10. 37. 52 
Srinivasan, S.. 248 
Stefan-Boltztnann constant, 96 
Stefan-Boltzmann law, 91 94 
Steyert, W. A.. 348 
Stirling approximation, 19. 44] 
Stokes-Einstein relation, 404 
Struve, O,, 111 

Sudden expansion, ideal gas 243 
vacuum, 175 
Sun 

age, 1 1 1 

interior temperature, 1 1 1 
mass and radius, 1 1 1 
surface temperature, 1 10 
Superconducting transition, 306 
Superconductor. 252 ' ' 

magnetic work, 252 
Supercooling, 278 
Superfluid phases, 217 
Superfluidity, 212 
Superheating, 278 

Superinsulation. 19 
Susceptibility, magnetic, 8! 

Swenson, C. A,, 210 

Taconis, K. \V„ 345 
Taylor, B. N., 446 
Teeters, W. D., 259 
Temperature, 41 
critical, 276 
Earth’s surface, 1 1 1 
estimation of surface, 97 
fundamental, 41 
Kelvin, 41 
negative, 461 
oscillation, 426 
scales, 445 
Sun’s average, 1 ! 1 
Sun's surface, 110 
. variations in soil, 437 


Temperature oscillation, penetration, 
426, 437 

Thermal average, 62 
Thermal conductivity, 401 42 1 
metals, 421 

Thermal contact, 33, 37 
Thermal diffusivity 425 
soil, 427 

Thermal equilibrium, 36, 39 
values, 36 

Thermal expansion, 272 
Thermal ionization of hydrogen 272 

rhcrmalphoton.110 

Thermal pollution, 258 
Thermal radiation, 1 1 1 
Thermal relaxation, 432 
Thermodynamic identity, 67, 133, 177 
Thermodynamic relations 71, 272 
Thermodynamic thermometry, 449 
I hermodynarnics, superconducting 
transition, 306 
Thermometers, 447 
Third law, 49 
Throughput, 415 
Torr, 414 

Transitions, first order, 302 
second order, 304 
Transmission distribution. 

Maxwell, 395 
Transport processes, 397 
Treloar, L. R. G., 86 
Triple point, 284 
Two state system, 62, 8 1 
free energy, 81 
heat capacity, 62 

Universe, entropy of, 1 10 

v. Kdrman, T., 106 
Vacuum physics, 413 
Valence band, 355 
effective density of states, 362 
van der Waals gas, critical points 289 
energy, 305 
enthalpy, 305 
equation of slate, 287, 289 
Gibbs free energy, 291 
helium, 350 

Joulc-Thomson effect, 338 
Vapor pressure, equilibrium, 291 
Vapor pressure equation, 276, 281 
Vaporization, latent heat, 281* 
ice, 305 
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Velocity of sound, 432 
Virial theorem. 1 1 1 
Viscosity, 402 
kinematic, 404 

Water 

calculation of dT/dp, 305 
ionization, 269 
Webb, R. A., 103 
Wcinstock, B., 209 
Weissman, M., 148 
Wheatley, J. C., 217 
White dwarf star. 196 
mass-radius relationship, 219 
relativistic, 222 
Wicbes. J., 114 
Wiedemann-Franz ratio 41 1 
Wilks, J., 219 


Woods, A. D. B., 216 
Work, 227, 240 
chemical, 251 
constant pressure, 245 
constant temperature, 245 
definition, 227 
irreversible, 242 
isobaric. 245 
isothermal, 245 
magnetic, 252 
path dependence, 240 


Zemansky, M. W. t 279, 451 
Zeroth law, 48 
Zipper problem. 85 
Zucca, R., 373 
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Unit conversions 

Energy 

1 J = 10 7 erg 
lea! s 4.184 J 

I eV - 1.60219 x 10— J - 1.60219 x 10— erg = 23.061 kcalmoT* 
1 kWh = 3.6 x 10 6 J 

1 BTU s 1055 J 
Power 

1 W = 1 J s ~ 1 — 1 10 7 erg s" 1 

1 hp = 746 W = 550 ft lb s“‘ 

Pressure 

1 Pa = 1 N m~ 2 s 0.01 mbar s 10“.* bar s 10 dyn cm" 2 
= 7.501 x 10" 3 mm Hg or torr 
1 bar s 10 6 dyn cm" 2 = 10 s N m~ 2 - 750 mm Hg 
1 mm Hg s 1 torr = 133.3 N m" 2 = 1333 dyn cm" 2 
1 atm s 760 mm Hg = 1.013 x 10 5 Nm' 1 
“ 1 - 013 x 10 6 dyn cm" 2 = 1.013 bar 

• A! 0-C where ihe acceleration of gravity has the standard value 9.80665 tn *"«. 




Table of Values 


Quantity 

Velocity of light 
Proton charge 

Planck's constant 


Avogadro's number 
Atomic mass unit 
Electron rest mass 
Proton rest mass 
Proton mass/elcctron mass 


h 

h = h/2n 


Value 

CCS 

SI 

2.997925 

10’°cms"'' 

10" m s~ 1 

.1.60219 

• 

10' >»c 

4.80325 

10~‘°esu 


6.62618 

10' 27 ergs 

10' 34 J s 

1.05459 

10" 3, ergs 

10' 34 J s 

6.02205 x 10” mol" 1 



1.66057 

10" J4 g 

1 0 ~ 2 7 kg 

9.10953 

10" 28 g 

10" 3 * kg 

1.67265 

IK 1 

10" 2 ‘g 

10— kg 


Reciprocal fine structure 
constant hc/e* 

Electron radius e l /mc 2 
Electron Compton 
wavelength fi/tnc 
Bohr radius h ‘/me 1 
Bohr magneton ehjlmc 
Rydberg constant me'jlh 1 


r 0 

t‘» 

or Ry 


5.29177 
9.27408 
2.17991 
1 3.6058 eV 


10“‘ 3 cm 
10"" cm 

10 -, cm 
10“ 21 ergG" 1 
lO—erg 


10— m 

10— m 

10" 1 1 m 
1Q-24JT- I 

io* u j 


1 electron volt 


1.60219 

2.41797 x 10’ 4 Hz 
8.06548 

1.16045 x 1Q‘K 


10—crg 


10' 19 J 
I0’m"‘ 


Boltzmann constant 
Permittivity of free space 
Pcnneability of free space 
Molar gas constant Nk a 
Molar volume ideal gas, at 
T 0 » 273.1 5 K, 
p 0 = 101325 Nm" 2 = 1 atm 


8.31441 

22.41383 


lO—ergK"* 


10~ 13 J K " 1 
10’/4nc 2 
4n x IO' 7 


lO’ergmor* K" 1 Jmor l K"‘ 
10 3 cm 1 mol" 1 10 ' 3 m 3 mol" 1 


Source: E. R. Cohen and B. N. Taylor, Journal of Physical and Chemical Reference Data 2(4). 663 (1973). 


